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Preface 


In this sixth edition of Additional Mathematics: Pure and Applied, the text has been 


reorganized. It covers all the work in Pure Mathematics and Particle Mechanics i in the 
Cambridge Additional Mathematics syllabus. 
The book is divided into three parts. 
Part I deals with the basic Pure Mathematics syllabus, covering all the essential topics 
for Paper 1. 
Part П contains materials for the further Pure Mathematics option in Paper 2. 
Part Ш deals with Particle Mechanics which is another option in Paper 2. 


There is a set of Revision Papers after each part of the book. 


New features of this edition include 

e more examples to illustrate the work in greater-detail; 

• new questions arranged in order of increasing difficulty for extensive practice; 

“ a revision exercise at the end of each chapter which includes questions from past 
Cambridge papers. Some more difficult or less direct questions are given in part B of the 
Revision Exercise to challenge and stimulate the more able students. 


Asin previous editions, the treatment is straightforward to allow rapid progress in grasping 
the techniques, with sufficient exercises for practice. The topics have been taken largely in 
the order of the syllabus for convenience, but this could be altered if desired. 


We are grateful to the University of London and the Cambridge Local Examination Board 
for permission to reproduce questionis from their past examination papers. 
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Geometry 


CARTESIAN COORDINATES 


The position of a point in a plane can be given by an ordered pair of numbers, written as 
(x,y). These are called the Cartesian coordinates of the point. (The name comes from the 
French mathematician Rene Descartes (1596 — 1650)). The coordinates measure the 
displacement (+ or —) of the point from two perpendicular axes, the ‘y-axis (Oy) and the 
x-axis (Ox), where O is the origin. 

For example, in Fig.1.1, the coordinates of point A are (4,3) and the coordinates of 
point B are (3,4). 4 is the x-coordinate of A and 3 is its y-coordinate. (The x-coordinate 
is sometimes called the abscissa and the y-coordinate the ordinate). 


Fig.1.1 


The x-coordinate is always stated first. As you can see, (4,3) is not the same point as 
(3,4). Now state the coordinates of the points C, D, E, F and G in Fig. 1.1. 


MIDPOINT OF TWO POINTS 


On graph paper, plot the points A(2,3) and B(8,7). Can you write down the coordinates 
of the midpoint of AB? Can you see how these are related to the coordinates of A and B? 
(Remember that the midpoint is halfway between A and B). 

We can find a formula for the midpoint of AB. We could use different letters for 
coordinates such as (a,b), (c,d), etc. but it is neater to use Suffixes attached to x and y for 
specific points. So we write the coordinates of A as (ху) and B as (x,,y,). 

Let the coordinates of the midpoint M be (хуыу,) (Fig. 1.2). AC and МЕ are parallel 
to the x-axis. MD and BC are parallel to the y-axis. 


Fig. 1.2 
Then AD = DC so x, x, =X, — Xy ОЛЫ 
апа ЕС-ВЕ 50 уму = У Y (1) 


From (i), 2х, = X, + x, and 
from (ii), 2, = у + Yy 


= x, +A, хан. УУ» 
Therefore, x,, = z and yy = 2553, 


2 


The coordinates of the midpoint are the averages of the two x-coordinates and of the 
two y-coordinates of the points. 


Example 1 


(a) Find the midpoint of (i) (3,4) and (5,2) (ii) (-2,-1) and (4,4). 
(5) If (-2,1) is the midpoint of AB, where A is (-3,2), find the coordinates of B. 


(а) 0) The midpoint is (2+5. , 442) = (4,3), 


(ii) The midpoint is (2224, "n = (1,-24). 


(b) If (х,у) are the coordinates of B, then —2 is the average of —3 and хь, 
во (-2) = 2 +X, 


Hence x, 7-1. 
Similarly y, = 0. 
Therefore the coordinates of B are (—1,0). 


Exercise 1.1 (Answers on page 606.) 


1 State the coordinates of the midpoints of: 


(а) (0,4) and (3,-2) 222 (b) (4-2) and (-2,6) 

(с) (4,-2) and (-6,9) (д) (0,4) and (4,0) 

(е) (-4,-1) and (5,2) (f) (5,-3) and (-5,3). 

(в) (p,2p) and (3p,-4p) (h) (a + 2b,b — a) and (a — 2b,3a + b) 
@ (ma-4)and(a 26a) 0) (225, 2) ana (225, 452) 


2 A(1,5) and В(7,-9) are two points. AB is divided into four equal parts at C, D and E. 
Find the coordinates of C, D and E. 


3 AG, 11 2» В(-5,-3) and С(7,-2) аге the vertices of triangle ABC. What are the 
celine: of M, the midpoint of BC and of Q, the midpoint of AM? 

4 The midpoint of is (2,3). If the coordinates of P are (-1,4), find the coordinates 
of Q. 

5 A is (a,3) and B is (4,5), If the midpoint of АВ is (3,5), find the values of а and b. 


6 The points A and В are (а,-4) and (-3,b) respectively. If the midpoint of AB is (2,3), 
find the values of а and b. i 


7 Lis the point (-3,-2) and M is the point (5,4). М is the midpoint of LM. State the 
coordinates of N. P is the midpoint of NQ and the coordinates of P are (23,4). Find 
the coordinates of Q. 


8 ABCD is a parallelogram. A is the point (2,5), B is the point (8,8) and the diagonals 
intersect at (33,24). What are the coordinates of C and D? 


9 The coordinates of A and B аге (9,3) and (3,4) respectively. B is the midpoint of AC 
and C is the midpoint of AD. Find the coordinates of C and of D. 


10 A is the point (-1,4), В is the point (5, -2) and С is the point (4,-5). If D is the 
midpoint of AB and E the midpoint of DC, find the coordinates of D and E and show 
that AE is parallel to the y-axis. 


11 The coordinates of A and C are (-6,-3) and (1,1) respectively. 
(a) If C is the midpoint of AB, find the coordinates of B. 
(b) BF is divided into three equal parts at D and E. If the coordinates of E are (6-1), 
find the coordinates of D and F. 


12 The points (ху), 05). (ұу) and (Х,у. in that order form a parallelogram ABCD. 
Show that x, + x, =x, +x, and y, y, = y, + yy. 


13 ABCD is a quadrilateral where A is (1,7), B is (4,3), C is (-1,-3) and D is (-4,5). Is 
ABCD a parallelogram? If not, state new coordinates for B so that ABCD will be a 
parallelogram. 7 


14 The points A(-1,4), B(4,10), C(6,-5) and D(-2,-8) form a quadrilateral ABCD. P, Q, 
R and S are the midpoints of the sides AB, BC, CD and DA respectively. Prove that 
PQRS is a parallelogram. 


DISTANCE BETWEEN TWO POINTS 
What is the length of AB in Fig.1.3? 


Fig. 1.3 


If we draw AC parallel to the x-axis and CB parallel to the y-axis, then AC = 3 – (1) = ` 
4 units and BC = 1 — (2) = 3 units. 

By Pythagoras’ Theorem, AB? = AC? + BC? = 16 + 9 = 25 units?. 

Hence the length of AB = N25 = 5 units. 

We can generalize this to find a formula for the distance between any two given points. 


Take А(х,,у,) and В(х,,у,) to be the two points (Fig.1.4). Fig. 1.4 
Now AC = x, — x, and BC = y, - у. 
Then AB? = AC? + BC? = (х, - x, + (y, — у). 


А В(х,.у,) 
So the formula for the distance between the 
points (х,у) and (x,,y,) is: 
УУ, 
Note: Take care with the subtractions if either A EEX С 
1 


2 


or both of the coordinates are negative. (х,у) 


Example 2 


Find the distance between 

(a) (7,13) and (2,1), 

(5) (2-3) and (-3,4). 

(a) Distance = V(7— 2)? + (13 - D? = V25 + 144 = V169 = 13 units. 


(b) Distance = Ү[2 – C3)P + [-3 - 4 = V25 + 49 = 474 = 8.6 units. 


Note that this could also be done as: 
distance = Ч [-3 - 2р + [4 - (C3)? = N25 + 49 units as before: 


"The coordinates can be subtracted in either order as the results are the same after 
squaring. Verify this for part (a). 


Example 3 


The vertices of a triangle ABC are А(-2,5), В(4,4) and C(5,-2). 
(a) Which is the longest side? 

(b) Is the triangle right-angled? 

(c) What type of triangle is ABC? 


We need only find the squares of the lengths of the sides. 
AB? = [-2 — 4f + [5 – 4] = 37 units? 

BC? = [4 — 5P + [4 — (2)P = 37 units? 

CA? = [5 — 2)P + [2 - 5P = 98 units? 

(a) AC is the longest side. 

(b) AC? AB? + BC? so the triangle is not right-angled. 
(c) AB? = BC’ so the triangle is isosceles. 


Example 4 


The vertices of a triangle ABC are A(1,3), В(5,11) and C(9,5). Find the lengths of the 
medians. 


You will recall that a median is a line from a vertex to the midpoint of the opposite 
side. 

The midpoint of ВС is (7,8). — A 

Hence the length of the median from B(5, 11) 

Ais V6 +5? = ҮбІ = 7.8 units. 

Now find the lengths of the other 

two medians. 

You should find that they are 


7 units and V40 units. 


Example 5 


The vertices of a triangle are A(—2,3), B(3,5) and С(0,-6) (Fig.1.5). D is the midpoint 
of AB and Е їз the midpoint of BC. Show that DE =! АС. 


It is simpler to work with squares of distances, 
so we find DE? and AC? 
Dis (1,4) and E is (13, - 4). 
Then DP = (5-13? «4 « 1y = 1 + 81 
AC? = (2-0)? + (3 + 6)? = 85 


Hence DE? = 4 AC? which means that DE = 1 AC. 


Exercise 1.2 (Answers on page 606.) 


1 Find the distance between the following pairs of points. [Where necessary give your 
answer correct to 2 significant figures.] 


(a) (1,2), (4,6) (b) (-1,-3), (2,1) 

(с) (7455) (1,7) (4) (0-3), (4,0) 

(е): (-1,-3), (-2,-5) (0 (2,1), (4,2) 

(в) (-5,0), (—7,—4) (b) (-5,-2), (0,-3) 

(D (0,0), (0,4) () (a,a + b), (a — b,b) 


2 А circle has centre at (1,2). One point on its circumference is (-3,-1). 
What is the radius of the circle? 


3 The vertices of a triangle are АС-4,-2), B(4,2) and С(2,6). 
(a) Is the triangle right-angled? 
(b) If a circle is drawn round this triangle, what are the coordinates of its centre? 
(c) Hence find the radius of this circle. 


4 The vertices of triangle АВС аге А(-1,3), B(2,7) and C(6,4). 
(a) Find the squares of the lengths of the sides. 
(b) Hence state completely what type of triangle ABC is. 
(c) Find the area of the triangle. 


5 The vertices of triangle РОК are P(3,4), Q(5,8) and R(7,4). 
(a) What kind of triangle is POR? 
(b) State the coordinates of the midpoint S of side PR. 
(c) Find the length of QS and deduce the area of the triangle PQR. 


6 The vertices of triangle АВС are А(-4,4), B(2,6) and С(0,-6). Find the lengths of the 
three medians of the triangle. | 


7 А(-6,3), B(2,5) and С(0,-5) form a triangle. D is the midpoint of ВС. 
(a) State the coordinates of D. 
(b) Find the values of AC’, AB?, AD? and DC?. 
(c) Hence show that AC? + AB? = 2(AD? + DC. 


8 The vertices of triangle ABC are A(2,3), B(4,5) and С(8,-2). P and О are the 
midpoints of AB and BC respectively. мм 
(a) State the coordinates of P and Q. 
(b) Find the values of PQ? and AC?. 
(c) What fraction of AC is PQ? 


9 Circle C, has centre (-3,4) and radius 2 units. Circle C, has centre (1,7) and radius 3 
units. Find the distance between the two centres and hence show that the circles touch 
each other. 


10 The centre of a circle is (—1,3) and its radius is 10 units. The centre of a second circle 
is (2,7) and its radius is 5 units. Show that the two circles touch each other and make 
a sketch showing the positions of the circles. 


11 The vertices of triangle РОК are P(2,5), 0(4,3) and R(-2,-3). If S is the midpoint of 
PR, show that triangle PSQ is isosceles. 


12 A circle has its centre at the origin and its radius is 3 units. P(x,y) is any point on 
the circumference. State an equation in x and y which is true for all possible positions 
of P. 


13 А(-3,2) апа B(4,3) are two fixed points. The point P(x,y) moves so that it is always 
equidistant from A and B (i.e. AP = PB). 
(a) Describe the locus of P . 
(b) Show that (х + 3? + (y - 2? = (х – 4? + (y - 3y. 
(c) Simplify this equation. (The result is called the equation of the locus of P). 


AREAS OF RECTILINEAR FIGURES (Optional) 


À rectilinear figure has straight line sides. 
The following method will be found useful 
but it is not essential in this Syllabus. It 
gives a quick way of finding the area of 
Such a figure using the coordinates of the 
vertices, written in a certain way. We will 
start with a triangle with one vertex at the 
origin O (Fig. 1.7). The other vertices are 
A(x,,y,) and B(x,y,. Then the area of 
AOAB = area of AOBC + area of 
trapezium CDAB — area of AODA. Verify 
that this is 


= loy, FAY, + ху, — XM, у — Xy) 


E Қау, =x) 

So, for example, the area of ЛОАВ, 
where A is (6,3) and B is (4,5) will be 
16 X 5 —3 x 4) = 9. The vertices were 
taken in the order О ~ A — B, їе, 
anticlockwise. If we take them in the order 
О-В- A, i.e. clockwise, the result would 
be —9 (check this). We now extend this 
to AABC (Fig. 1.8). Then the area of 
ДАВС = AOAB - AOAC - AOCB 
(taking each triangle anticlockwise) Fig. 1.8 


Ї23 
= IQ, -ху)- loy, -Хху)- 269, -ху) 
Е 501 + Ху, + хуу, = HY — Ху, — Х,у,) 


This result сап be easily calculated Бу arranging the coordinate pairs ав columns of a 
matrix, repeating the first pair at the end: 


Find the products shown. The area = 1 [The sum of the DOWNWARD * products – the 
sum of the UPWARD ~ products]. 
v LEE 1 
This gives 31e», + хуу, X) — Hy, + xy, ху). 
Check that this is the formula given above. 
For example, the area of the triangle shown in Fig. 1.6 will be 


-18 210 0 
ж ож ж 
1 ова Area =4[(0 +9 + 12) - (18-10 + 0)] 
2 
5 3 *6 =24% units? 
хо ә “2 


This method can be extended to give the area of a polygon, provided the vertices аге taken 
in order anticlockwise. 

For example, the area of the quadrilateral whose vertices are (4,3), (-2,-3), (-1,2) and 
(3,-1) is given by | 


-8 -4 -9 4, 
4 76 -2 3” 4” 
1 Draw а sketch to make sure the 
21, vertices are taken in order. 
2 -3 M 3 d 
є в by 3 ж 2 by 9 


Write the pairs as before repeating the first one at the end. Then the area - 
118-3%2-9)-(-3-4-9-01-21 units? 
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Optional Exercise 


Find the areas of the figures whose vertices are 

(а) (0,0), (3,7), (5,1) (b) (-1,-2), (-2,3), (4-4) 

(с) (-4,2), (0-8), (5,11) (4) (5,3), (2,5), (10,-1), (-6,3) 
(е) (-2,-4), (3,1), 15, (6-3) 


GRADIENT OR SLOPE OF A STRAIGHT LINE 


The rest of this Chapter deals with the coordinate geometry of straight lines. An important 
concept is the gradient or slope of a line. This is a measure of the steepness of the line 
relative to the x-axis. It corresponds to the slope of a path or road which we measure 
relative to the horizontal. Mathematically, if A and B are any two points on a line 
(Fig. 1.9) then the gradient is the value of the ratio 


vertical rise (or fall) ўе, YP in going from A to В. 
horizontal distance х-яер 


9 


Fig. 1.9 


The x-step and the y-step must be taken parallel to the x-axis and the y-axis respectively 
and either may be positive, negative or zero. 

Then, as we shall see, a gradient can be zero, or a positive or negative number. In a special 
case, it may have no value. 


Example 6 
Find the gradient of the line through (-2,-3) and (3,5) as shown in Fig. 1.10. 


(3,5) 


Fig. 1.10 


Gradient = ice = E ‚а positive gradient. 


: - saris 3-5 
If the coordinates are taken in the reverse order, then the gradient is 2-3 “15 


=2, giving the same value. The gradient is usually left as a fraction. 


Example 7 


What is the gradient of the line through the points 
(-2,5) and (4,-2) (Fig. 1.11)? 


5-2) 


Gradient = m 


=- 2 , а negative gradient. 


10 


Hence, if the coordinates че А ды В аге (x,,y,) and @,,y,) respectively, as in Fig. 1.12, 


then the gradient of AB is 91. , or alternatively 2-22, 


(The coordinates must be RN in the same en В(х,,у,) 


А(х,,у,) 


Fig. 1.12 


As the steepness of a straight line is clearly the same at all points on нь line, we can take 
any two points on it to calculate its gradient. 


Example 8 


State the gradients of the following lines: 

(a) through (—2,3) and (5,3), 

(b) through (3,-4) апа (3 

(a) Gradient = 273; = $ =0 
As we see in Fig. 1.13, the line is parallel 
to the x-axis. 


3-3 


(b) Gradient = 2-60 ш 8 which, is undefined as 
division by zero is not possible. ! 


From Fig. 1.11, we see that the line is parallel to the y-axis. 


Angle of Slope 
In Fig. 1.14, the slope or gradient of the line AB is 
z- = BC = tan ZBAC. 

AC 


x-step 
But ZBAC - 0 where 0 is the angle between the line 
and the positive x-axis. So the gradient = tan 0. 


9 is called the angle of slope and 0° < Ө < 180? (Fig. 1.15). 


iL 


у 


0-0 zero gradient 
H 9 < 90° 
positive gradient 


90°<0<180° 
negative gradient 


| Ө = 90° gradient . 
Fig. 1.15 undefined 
If Ө = 0°, tan Ө = 0; gradient = 0. The line is parallel to the x-axis. 


If 0° « 0 < 90°, 0 is an acute angle; tan Ө is positive and the gradient is positive. The line 
slopes upwards from left to right. УЛ 


If Ө = 90°, tan Ө and the gradient are undefined. The line is parallel to the y-axis. ` 


If 90° < Ө < 180°, 0 is an obtuse angle; tan Ө is negative and the gradient is negative. The 
line slopes downwards from left to right. ~, 


PARALLEL LINES y Fig. 1.16 


In Fig. 1.16, the lines AB and CD are parallel. Then 
. the angle of slope of each line is Ө. Hence they have 
the same gradient. 


Example 9 


A(2,3), В(5,7), С(0;-1) апа Р(-3,-5) are four points. 
(a) Which of the lines AB, BC, CA and DA are parallel? 
(b) What type of quadrilateral is ABCD? 


(a) The gradients of AB, BC, CA and DA are 3 8 2and 5 respectively. Hence BC 


> 5 , 
is parallel to DA. 


(b) Asit has 2 parallel sides, ABCD is a trapezium. 
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Example 10 


Two lines are drawn from А(-1,-3), one to B(4,2) and the other to C(—4,2). What are 
their angles of slope? 


Gradient of AB = 3 = 1 = tan Ө, so Ө = 45°. 
Gradient of AC = 3 = tan 6, so Ө = 121°. 


COLLINEAR POINTS 


Do the points А(-3,-5), В(0,-1) and C(3,3) lie in a straight line, i.e. are they collinear? 
If they are, then the gradient of AB must be the same as that of BC or AC, as these will 
be segments of the same line. 


Gradient of AB = 3 and gradient of BC = i. (Check gradient of AC). 


Hence the three points are collinear. 


Example 11 

If C(p,q) is a point оп the line AB, where A is (-2,1) and B is (3,2), find a relationship 
between p and q. 

The three points are collinear. 


Hence the ME of AC - the gradient of AB. 


1 
Then 2 554 ={. 


Now verify that this gives 5g — p = 7, which is the relationship required. 


Exercise 1.3 (Answers on page 606.) 
1 State the gradient of the line through the following pairs of points: 


(a) (2,3), (1,5) (b) (0,3), (3,0) () (2,2), (5,5) 
(d) (-3,-9), (1-1) (е) (1,4), (3,4) (0) (3—4), 8-1) 
(8) (1-2, (2,4) . (hb) (40), (3,-2) G) (а,0), (0,-а) 
0) (ab), (b,a) 00 ep’), (44°) 


2 А(-4,-2), В(5,-2), С(0,3) and D(1,0) are four points. State the gradients of (а) АВ, 
(b) CD, (с) AC and (4) BD. 


3 Which of the lines through the following pairs of points are parallel? 
(а) (-1,3), (4,5) (5) (3,-2), (5,1) (с) (-4,-3) (1-1) 
(d) (77,4), (2,4) (е) (0-4), (2-1) (f (ар 1), @+5,b + 1) 
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4 Find the angle of slope of the line through the following pairs of points: 
(а) (-2,-1), (3,4) (b) (-2,-1), (2,-5) (с) (1,3), (3,7) 


5 Are the points (-7,5), (-5,8) and (1,17) collinear? 


6 А(-6,-3), B(2,8), C(0,5) апа D(2,2) are four points. 
(a) Show that B, C and D are collinear. 
(b) P, Qand R are the midpoints of AB, AC and AD respectively. Show that Р, Q and 
R are also collinear. 


7 If the point (a,b) lies on the line joining (-2,3) and (2,1), find a relationship between 
a and Б. 


8 If the points (2,3), (3,5) and (13,p) are collinear, find the value of Pp. 


9 The coordinates of a point are given as (г — 1, 2t + 1). Show that the points where 
t — 0, 1 and 2 are collinear. 


10 (a) If the line joining the points (2,4) and (5,—2) is parallel to the line joining (-1,-2) 
and (p,6) find the value of p. 
(b) The line joining (-1,-4) and (а,0) is parallel to the line joining (a,1) to (11,3). 
Find the value of a. 


11 (a) Show that the points (2,—4), (5,0) and (8,4) are collinear. 
(b) The point (d,d — 2) also lies on this line. Find the value of d. 


12 If the points (-3,-2), (-1, a — 2) and (a, 7) are collinear, find the two possible values 
of a. 


PERPENDICULAR LINES 


The vertices of triangle ABC аге A(-4, —2), B(4, 2) and C(2, 6). Verify that this triangle 
is right-angled. Which two sides are perpendicular? Now state the gradients of these 
sides. If you multiply the two gradients, what result do you obtain? 

The result is surprising so we investigate it further. Given the points А(-5, -4), 
B(-2, 3) and C(-16, 9) show Бу using Pythagoras’ theorem that AB and BC are 
perpendicular. Now find the product of their gradients. We can show that this result is true 
in general excluding undefined or zero gradients. 

In Fig. 1.17, AB is a line with gradient m, and CD a line with gradient m, The lines 
intersect at right angles at T. The small triangle РОК shows that m, = “4. 
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Fig. 1.17 


Now imagine that line AB is rotated through 90° about T to lie along CD. Then triangle 
PQR takes a new position P’Q’R’. 
This shows that m, = b as a and b are now both positive. 
Then тіт,-- % х 5 = апа this will be true for any pair of perpendicular lines (except 
for lines parallel to the x- or the y-axis). 
If m, т, are the gradients of two perpendicular lines, 
then mm, = —] or m, = (т, #0, т, #0). 
т; 


‚ Conversely, if m, and т, are the gradients of two lines (m, # 0, т, # 0) апа 
| : : т т,= 21, then the lines аге perpendicular 


Example 12 


The vertices of triangle АВС are А(-2,-4), B(2,-1) and C(5,—5). 
(a) Show that the triangle is right-angled. 
(b) State the gradient of the altitude through B. 


(a) This could be done using the Pythagoras’ Theorem ЯН here we use gradients. 


The gradients of AB, BC and CA are 3-4 — 3 and — 1 respectively. 


As H х(- 4 ) =—1, AB is perpendicular to BC. ыг the triangle is right-angled 


(ZB = 90°). 


(b) The altitude through B will be perpendicular to AC. Hence its gradient 
71 


1 
7 


Exercise 1.4 (Answers оп page 607.) 


1 Which of the lines through these pairs of points are perpendicular? 
(a) (4,2), (-1,0) (b) .(0,-5), (4,-2) (с) (-2,1), (1,5) 
(d) (-1,-4); (2-8) (е) (1,2), 6-4) (f (2,3), (-2,7) 


15 


2 State the gradient of a line which is (a) parailel, (b) perpendicular, to AB where 
(i Ais (3,-2), B is (0,4) (ii) A is (0,—1), B is (2,1) 
(iii) A is (-3,-3), B is (2,4) (iv) А is (4,1), В is (3,0) 


3 15 the triangle formed by the points (—3,2), (0,4) and (4,2) right-angled? 


4 Find the gradient of a line perpendicular to the longest side of the triangle formed by 
A(—3,4), В(5,2) and С(0,-3). 


5 (a) Show that the triangle formed by А(-2,-3), B(2,5) and С(10,1) is right-angled 
and isosceles. 
(b) State the gradients of the three altitudes. 


6 Find the angle of slope of a line with gradient 4 and that of another line perpendicu- 
lar to it. 


7 Find the gradient of a line perpendicular to the line joining the points (а,За) and 
(2а,-а). 


8 CD is the perpendicular bisector of the line joining A(2,3) and В(5,7). 
(a) State (i) the coordinates of the point where'CD intersects AB and (ii) the gradient 
of CD. 
(b) If the point (p,g) lies on CD, find a relationship between p and q. 


9 (a) Show that the point (7,1) lies on the perpendicular bisector of the line joining 
(2,4) and (4,6). 
(b) The point (a,4) also lies on this bisector. Find the value af a. 


10 A semicircle with centre O (the origin) and radius 5 units, meets Ox at A and B and 
the positive y-axis at C. 
(a) State the coordinates of A, B and C. 
(b) If a point (x,y) lies on the semicircle, show that x? + y? = 25. 1 
(c) Verify that the point P(—3,4) lies on the semicircle and show by using gradients 
that ZAPB = 90°. : 


11 А(-1,-2), В(5,1) and С(6,-3) are three points and AB is perpendicular to BC. 
(a) State, in terms of b, the gradients of AB and BC. 
(b) Hence show that (b + 1)(b — 6) = —12. 
(c) Now find the two possible values of 5. 


EQUATION OF A STRAIGHT LINE y Fig. 1.18 


The point Р(х,у) lies on the line through А(-2,3) and В(4,-1) 
(Fig. 1.18). Can we find a relationship between x and y? 
(Note that we use the coordinates (x,y) as P is any point on 
the line). 


Since the three points are collinear, the gradient of AP = 
gradient of AB. 

-3 _4__ 
Then > ыо e P 
ie. y — 3y = -2(x + 2) or 3y + 2х = 5. 


UM 
4 
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This relationship is called the equation of the line through A and B. 

If the coordinates (x,y) of a point are substituted in the equation and both sides are 
equal, then the point lies on the line. We say the coordinates satisfy the equation. 
Conversely, if the point lies on the line, its coordinates must satisfy the equation. 

For example, the point (3-5) lies on the line 2x + Зу = —9 because 2 x 3 + 3 х (5) 
= —9. The coordinates (3,—5) satisfy the equation. ` 

The point (2,3) does not lie on the line because 2 x 2+ 3 x 3 # —9. The coordinates 
(2,3) do not satisfy the equation. 

Such an equation is called a linear equation, as it is the equation of a straight line. Its 
general form is ax + by = c where a, b and c are constants. For. example, 2x – 3y = 1, 
у = 3х— 5 are linear equations. Note that y = 2 (no x term) or 2x + 1 = 0 (no y term) are 
also linear equations. 


We now look at various forms of a linear equation and how to find them. The position 
of a line can be fixed in two ways. 


1 Given one point A(x,,y,) on the line and its gradient m. 


If Р(х,у) is any point on the line (Fig. 1.19), then its gradient is 2—2- = т. 
x x 


gradient m 


Fig. 1.19 


So the equation of the line is 


one-point, gradient form 
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Example 13 


(a) What is the equation of the line through (3,-1) with gradient 3 
(b) Does the point (2,3) lie on this line? 
(с) Find the coordinates of the points where this line cuts the axes. 


(a) Using the one-point, gradient form, the equation of the line 
is у—(—1) = 2 (х—3)1е. З(у + 1) = 2x — 3) 
which simplifies to 3y = 2x – 9 or 3y — 2x = —9. 


Substituting in the equation, 3 x 3 — 2 x 2 = 5. But 5 + 9 so the coordinates do not 
satisfy the equation and hence the point (2,3) does not lie on the line. 


The y-coordinate of any point on the x-axis is 0. 
"Substitute у = 0 in the equation of the line. 


Then 0 = 2x — 9 giving x = 41. The line cuts the x-axis at (42,0). 


Similarly, to find where the line cuts the y-axis, put x = 0 in the equation. Verify 
that this gives the point (0,-3). 


П Given two points A(x,,y,) and B(x, хау) 
Let Р(х,у) be any point on the line (Fig. 1.20). 


Fig. 1.20 


Then by gradients, Ж = 2 
1 


RR" 
Rewriting this in a more symmetrical form, the equation of the line is 


two-point form 
(note the order of the terms) 
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Example 14 
Find the equation of the line through (2,-3) and (—1 4). 
It does not matter which point is taken as (x,,y,). Take (2,-3). 


Using the two-point form, the equation is = = E = 2. 


х-2 
24.7 


Now remove the fractions to get -3(у + 3) = 7(x — 2), which simplifies to Зу + 7x = 5. 


Lines Parallel to the x- or y-axis 
Equations for these lines are special cases. 


Example 15 


Find the equation of the line through | 
(a) (3.2) and'(52), 
(b) (3,-1) and (3,5). 
2 x3 


(a) If we use the two-point form, we get 425 = туз which is not defined. We сап 


see however that the line is parallel to the x-axis (Fig. 1.21). Every point of the tine 
will have coordinates of the form (x,2) so its equation will be y = 2 as y is always 
= 2, whatever the value of x. 


Fig. 1.21 


(b) Similarly this line is parallel to the y-axis. Every point will have coordinates of the 
form (3,y). So the equation is x = 3. Hence, if К is a constant, then 
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Exercise 1.5 (Answers on page 607.) 


1 Find, in its simplest form, the equation of the line 
(а) through (2,3) with gradient 1 
(b) through (—1,—1) with gradient 2 E 


(c) through (1,3) with gradient -l 


(d) through (1,0) and (2,3) 

(e) through (0,1) and (-1,3) 

(f) through (3,-2) and (7-2) 

(в) through (2,4) parallel to the y-axis 

(h) through (1,2) and parallel to a line with gradient 2 

0) through (—3,—1) and perpendicular to a line with gradient — 
() through (-1,2) and (-1,7) 

(k) through (0,-3) апа (0,5) 


1 
3 


2 Find the coordinates of the points where each of the lines in Question 1 cut the axes. 
3 A line cuts the x-axis at (3,0) and the y-axis at (0, -2). Find the equation of the line. 


4 Р(0,9) and О(6,0) are two points. A line is drawn from the origin perpendicular to PQ. 
Find the equation of this line. 


5 Find the equations of the lines through (-1,-4) which аге (a) paraliel and (b) perpen- 
dicular to another line with gradient — 2. 


6 The gradient of a line is 2 and it cuts the y-axis at (0,3). Firid its equation and the 
coordinates of the point where it cuts the x-axis. i 


7 Find the equations of the sides of triangle ABC where A is (-2,3), B is (0,5) and Cis 
8-1. 
8 The points A(4,4), В(-2,0) and С(6,-2) form a triangle. 


(a) Find the equations of the medians of this triangle. 
(b) If AD is an altitude of the triangle, find the equation of AD. 


9 From the point (2,5), a perpendicular is drawn to the line joining (—1,-4) and (5,2). 
Find the equation of this perpendicular. 


10 ABCD is a parallelogram where A is (2,-1), B is (6,2) and C is (11,-2). 
(a) State the coordinates of the midpoint of AC. 
(b) Hence find the coordinates of D. 
(c) Find the equations of the diagonals of the parallelogram. 


11 A(-1,2) and С(3,4) are opposite vertices of a rhombus ABCD. Find 
(a) the coordinates of the point where the diagonals intersect, 
(b) the gradient of АС, ` 
(c) the equation of the diagonal BD. 
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GRADIENT-INTERCEPT FORM 


Suppose the equation of a line is 2x — 3y = 5. 
How can we find its gradient? 

. To do this we convert the equation to a 
special form — the gradient-intercept form. 
Fig. 1.22 shows a line with gradient m which 
cuts the y-axis at С(0,с). c is called the 
y-intercept Of the line. Let Р(х,у) be any point 
on this line. Then the. gradient of the line = 
Є =msoy-c= тх. 


Fig. 1.22 


ie. gradient-intercept form 


Hence, if an equation is written in this form, the gradient is given by the coefficient of x 
and the y-intercept by the constant term. 

To verify this, suppose the equation of line is y = 2x — 3 (gradient-intercept form). This 
line cuts the y-axis where x = 0, so y = —3 (the constant term). The points (2,1) and (5,7) 


lie on the line (check this). The gradient is $ = 2 which is the coefficient of х. 


Example 16 | 
Find the gradients of the lines (a) 2x — 3y = 5,(5)2у%х--4. 
(a) Convert to the gradient-intercept form, y = mx + c: 
-3y = -2х + 5 
Then уз 2 - 3 (dividing by -3) 
T T 


gradient  y-intercept 


2 


So the gradient is 2 (and the y-intercept is — 3 ). 
(b) 2у+х= 4 іе,.2у--х-4зоу--іх-2 


ав ар REN | 
The gradient is -. 


It is useful to practise this conversion, i.e. making y. the subject of the equation. 
The gradient is then obtained quickly. | 
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Equations of Parallel and Perpendicular Lines 


Example 17 


Find the equations of the lines through the point (1,2) which are 
(a) parallel, (b) perpendicular, to the line 2x — Зу = 4. 


(a) The gradient of the line 2x —3y 2 4 is 2, So the gradient of any parallel line is also 
2. Hence its equation will be y = ix tc. 


To find c, we substitute the coordinates (1,2) in the equation as (1,2) lies on the 
line. Then 2 = E + с giving с = 4. 


The equation is y = 2х + 5 ie. Зу = 2х + 4. 


(b) The gradient of any perpendicular line will be -3 so its equation is y = -3х tc. 


Substitute (1,2) to find c and verify that the required equation is 2y = —3x + 7. 


Exercise 1.6 (Answers on page 607.) 
1 State the gradients of the following lines: 


(a) х+у= 2 (b х-у--і (с) y - 2x 23 

(d) 2x+y=1 (е) 3x -2y = 6 () 5х-2у-5 
(g) y=4 (h) х-2у-0 (б) 2x+3y=1 
(D 2x-3y=4 (К) 4x = 3y -2 (1) 5x-2y= 10 
(m) x -y-t (n) py * x 22p (о) ax c by - 1 


2 Find the equation of the line which is 
(a) parallel to x — y = 1 and passes through (2,3) - 
(b) parallel to 2x + у = 3 and passes through (0,1) 
(c). perpendicular to 2x + y = 0 and passes through (-1,-2) 
(d) perpendicular to 3x + y = 5 and passes through (—2,-1) 
(e) parallel to y — 4 and passes through (0,1) 
(f) perpendicular to x — Зу = 1 and passes through (3,0) 
(в) perpendicular to x = 2 and passes through (—2;3) 


3 Find the equations of the lines parallel and perpendicular to 
(a) х+ у = 3 passing through (-1,2) 
(b) 2x — у = 4 passing through (0,3) 
(c) 4x + 3y = 1 passing through (0,2) 
(d) x —3y = 1 passing through (-1,-1) 


4 Aline is drawn through the point (—1,2) parallel to the line y 4- 5x — 2. Find its equation 
and that of the perpendicular line through the same point. 


5 The side BC of a triangle ABC lies on the line 2x — Зу = 4. A is the point (2,3). Find 
the equation of the altitude through A. 


22 


INTERSECTION OF LINES 


At what point do the lines 2x — Зу = —7 and 3x + 8y = 2 intersect? This point lies on both 
these lines so its coordinates must satisfy both equations. Hence its coordinates will be 
the solution of the simultaneous equations 


2x —3y 2-7 @ 
and 3х%8у-2 бі) 


These can be solved by any of ‘the methods you have learnt previously. We use the 
elimination method here. 


Multiply (i) by 3: бұ-9у --21 


Multiply (ii) by 2: бх + 16у 24 
Subtract: 5-25у =-25 soy=1 
Substitute in (i): 2х-3 = —7 sox =-2 


The point is (2,1). 


Suppose the lines were 2x — Зу = —7 and 4x — бу = 3. What happens in the solution? 
Explain this. 


Example 18 


From the point P(—1,3), a perpendicular PQ is drawn to the line joining A(-4,-8) and 
B(4,4). Find . 

(a) the equations of AB and the perpendicular, 

(b) the coordinates of the point where they intersect, 

(c) the distance of P from the line AB. 


А sketch diagram should always be drawn to help in such questions (Fig. 1.23). 


Fig. 1.23 
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(а) The equation of AB is 755 = **4 ie 3, 2) L4 


Now check that the equation of PQ is 2x + 3y -7. 


(b) Solving the equations 3x — 2y = 4 and 2x + 3y = 7, we get (2,1) as the coordinates 
of Q. Ч 

(c) The distance of P from AB is PQ. 

РО? = (-1- 2 + (3-10 = 3% + 2 = 13 so PQ = N13 


Example 19 


ABCD is a rectangle where А is (-3,2 ) D is (2,5) and B lies on the y-axis. Find 
(a) the equation of AD, 

(b) the equation of AB, 

(c) the coordinates of B, 

(d) the coordinates of C. 


Fig. 1.24 shows the facts given 


(a) Equation of AD is 7-2. = Es ie. 3x — 5y = 19. 


(b) AB is perpendicular to AD. The gradient of AD is 3 so the gradient of AB is — 3. 


Knowing the gradient and the point A, verify that the equation of AB is 
3у--5х-9. 


(c) АВ meets the y-axis where х = 0. Hence у --3. The coordinates of В аге (0-3). 


(4) Let the diagonals meet at М. М is the midpoint of BD, so M is (1,1). 
As M is also the midpoint of AC, therefore C is (5,0). 
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Example 20 


The (те 2x + Зу = 6 meets the y-axis at А and the x-axis at B. С is the point such that 
AB = BC. CD is drawn perpendicular to AC to meet the line through A parallel to 
5х+у= 7 ар. : 
(a) Find the coordinates of A, B and C. ; 

(b) State the equations of CD and AD, and hence find the coordinates of D. 

(c) Calculate the area of the triangle ACD. 


D А 
(а) The line meets the y-axis where x = 0, у = 2, so A is (0,2). 
It meets the x-axis where y = 0, x = 3, so B is (3,0). 
Since В is the midpoint of AC, then C must be (6-2). 


(b) CD is perpendicular to AC. Therefore its gradient is 3 and it passes through C. 
Verify that the equation of CD is 3x — 2y = 22. 


AD is parallel to 5x + y = 7. Therefore its gradient is —5 and it passes through A. 
Verify that the equation of AD is 5x + y = 2. 


Solving these two equations gives x = 2 and y = -8. So the coordinates of D are 
(2,-8). 


(c) As ACD is a right-angled triangle, 
its area = 5 x AC x DC = 1 х V52 х У52- 26 units”. 


Exercise 1.7 (Answers on page 607.) 


1 The line 4x — Зу = 12 meets the axes at A and В. Find the length of АВ. 


2 Find the equation of the line through the point of intersection of 2x + 3y = 5 and 
3x — y = 2, and which is parallel to 4y — x = 14. 
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3 Through A(2,3) two lines are drawn with gradients —1 and 2. These lines meet the line 
х- 2y = 5 at B and C. Find 
(a) the equations of AB and AC, 
(b) the coordinates of B and C. 


4 The lines x + 3y = 1 and 2x — 5y = -9 intersect at A. Find the equation of the line 
through A and the point (-1,-2). 


5 A line through A(5,2) meets the line 3x + 2y - 6 at right angles at B. Find the 
coordinates of B and calculate the length of AB. 


6 (a) Find the equation of the perpendicular bisector of the line joining A(-3,3) and 
В(1,-5). 
(b) If this bisector meets the x-axis at C, find the coordinates of C. 


7 The sides of a triangle lie on the lines y = —1, 2x *y-land4x-3y = –13. Find the 
coordinates of the vertices and show that the triangle is isosceles. 


8 The intersections of the lines 5x + бу = 36, x— 2y =4 and 7x + 2y = 12 are the vertices 
of a triangle. 
(a) Find the coordinates of these vertices. * 
(b) Obtain the equation of the altitude drawn to the longest side. 


9 OABC is a parallelogram where O is the origin and B is the point (5,7). C lies on the 
line x — 2y = 0 and A lies on the line 2x — y = 0. Calculate the coordinates of A and C. 


10 The sides of a triangle lie on the lines y = 1, x + y = 6 and 3х-у-2. 
(a) Calculate the coordinates of the vertices of the triangle. 
(b) Find the equations of the three altitudes. 
(c) Show that these altitudes intersect at a point and find the coordinates of this point. 


11 A(3,1) and В(0,6) are two points. BC is perperidicular to AB and meets the x-axis at 
C. Find 
(a) the equation of BC, 
(b) the coordinates of C, 
(c) the area of triangle ABC. 


12 The diagonals of a rhombus meet at the point (—1,5) and one of them is parallel to the 
line 2x ~ 5y = 3. 
(a) Find the equations of the diagonals. 
(b) If two of the vertices of the rhombus are (—3,10) and (9,9), find the coordinates 
of the other two. 


13 A is the point (—1,6). Lines are drawn through A with gradients 3 and -2, meeting the 
x-axis at B and C respectively. BD is perpendicular to AB and CD is perpendicular to 
AC. І 
(a) Find the coordinates of В and С. 

(Ы) State the equations of BD and CD. 
(c) Find the coordinates of D. 
(d) Calculate the ratio BD:CD. 
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14 А(1,2) and С(5,4) are two vertices of the rectangle ABCD. АВ and CD are parallel to 


the line y - x = 5. 

(a) Find the equations of AB and BC. 
(b) Find the coordinates of B and D. 
(c) Hence find the area of the rectangle. 


15 ABCDisa rectangle where A is (1,3) and D is (5,5). AC lies on the line 3y = 4x 4-5. 


Find 

(a) the equation of DC, 
(b) the coordinates of C, 
(c) the coordinates of B, 
(d) the area of ABCD. 


16 The point В(а,5) is the reflection of A(5,—2) in the line 2x — 3y = 3. 


(a) Find the equation of AB and show that 3a + 2b = 11. 

(b) State the coordinates of the midpoint of AB in terms of а and b and show that 
2a — 3b = -10. 

(c) Hence find the values of a and b. 


|. SUMMARY 


Am). 


Distance between (х,у) and 52) is V (x, - ху + o, - у). 


Gradient of line through (x,,y,) and (x,,y,) is эь 2 . 


Midpoint of (хуу) and (x, is (22 


Parallel lines have egual gradients. 


Three points A, B and с are collinear if the gradient of AB equals the gradient of 
BC. 


Le Ет, and т m, are the gradients of perpendicular lines, m,m, = —1. If m, and m, (m, . 


* 0, m, + 0) are the gradients of two lines and mm, = E then the lines are 
perpendicular. 1 
Equation of line through (x,,y,)-with gradient m.is.y — y, =m(x—x,).. 

БЭЛ = х-Х 
Equation of line through (хут) and (х,у) 18 Зур ea 


The form у = mx + с gives the gradient (т) and the y-intercept (с). 
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REVISION EXERCISE 1 (Answers on page 607.) 
A 


1 Find the equation of the line 
(a) through (—2,3) with gradient -i, 
(b) through the points (-3,2) and (-1,-5), 
(c) through (-1,-1) perpendicular to the line 3x — 2у-1. 


2 A and В are the points (—2,—1) and (4,1) respectively. BC is perpendicular to AB. 
(a) Find the equation of BC. 
(b) If the gradient of AC is 1, find the equation of AC and the coordinates of С. 
(c) Hence find the area of triangle ABC. " 


3 A(-1,0) аш B(3,4) are two vertices of triangle ABC. If the area of the triangle is 15 
units’, find the distance of C from AB. 


; 4 The line y = 2x + 3 intersects the y-axis at A. The points B and C on this line are such 
[s that AB = BC. The line through B perpendicular to AC passes through the point 
D(-1,6). Find А 
(а) the equation of BD, | 
(b) the coordinates of В, е 
(с) the coordinates of С. (C) 


5 (a) The line Ч - 3 = 1 meets the axes at A and B. Find the coordinates of the 


midpoint of AB and the length of AB. 
(b) A circle is drawn with its centre at the origin. If the point P(4,3) lies on this circle, 
find the equation of the tangent to the circle at P. à 


6 Fig. 1.26 shows a triangle ABC with A(1,1) and В(-1,4). The gradients of AB, AC 
and ВС are —3m, 3m and m respectively. y, 
(a) Find the value of m. 
(b) Find the coordinates of C. 


(c) Show that AC = 2AB. (C) 


Fig. 1.26 
7 A(-3,4) and C(4,-10) are opposite vertices of the parallelogram ABCD. 

The gradients of the sides AB and BC are — 1 and 3 respectively. Find 

(а) the equations of AB and BC, 

(b) the coordinates of B and D. 


8 Three points have coordinates А(1,-3), B(5,5) and C(5,9). Find the equation of the 
perpendicular bisector of (a) AB, (b) BC. Hence find the coordinates of the point 
equidistant from A, В and С. (C) 


28 


9 (a) Find the equation of the perpendicular bisector of AB, given that A is (2,7) and 
B is (6,-1). 
(b) The bisector meets the y-axis at C. Find the coordinates of C and the area of 
triangle ABC. 


10 А(0,6), B(1,3) and C(4,6) are three points. D is the foot of the perpendicular from A 
to BC. Find 
(a) the coordinates of D, 
(b) the length of AD. 


11 
y 
с 
B(2,8) 
|. р 
А(4,2) 5 
Fig. 1.27 o 


In Fig. 1.27, ABCD is a rectangle, and A and B are the points (4,2) and (2,8) 
respectively. Given that the equation of AC is y = x - 2, find 

(a) the equation of BC, 

(b) the coordinates of C, 

(c) the coordinates of D, 

(d) the area of the rectangle ABCD. (C) 


12 Two points have coordinates A(1,3) and C(7,7). Find the equation of the perpendicu- 
lar bisector of AC. 
B is the point on the y-axis equidistant from A and C and ABCD is a rhombus. Find 
the coordinates of B and D. 
Show the area of thé rhombus is 52 units? and hence calculate the perpendicular 


distance of A from BC. (С) 
1 С(5,1) 
13. 
D 
! в 
parallel to 
A(-1,5) у+5х=2 


ABCD is a parallelogram, lettered anticlockwise, such that А and С are the points 
(~1,5) and (5,1) respectively. Find the coordinates of the midpoint of AC. 

Given that BD is parallel to the line whose equation is у + 5x = 2, find the equation 
of BD. 

Given that BC is perpendicular to AC, find the equation of BC. Calculate (i) the 
coordinates of B, (ii) the coordinates of D, (iii) the area of ABCD. (C) 
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14 А(-2,2) and С(4,-1) are opposite vertices of a parallelogram ABCD whose sides are 
parallel to the lines x = 0 and 3y = x. 
(a) Find the coordinates of B and D. 
(b) If P and Q are the feet of the perpendiculars from D and B respectively to AC, 
find the coordinates of P and Q and show that PQ - i AC. 


15 Fig. 1.28 shows a quadrilateral ABCD in which A is (2,8) and B is (8,6). The point C 
lies on the perpendicular bisector of AB and the point D lies on the y-axis. The 
equation of BC is Зу = 4x — 14 and angle DAB = 90°. Find 
(a) the equation of AD, 

(b) the coordinates of D, 
(c) the equation of the perpendicular bisector of AB, 
(d) the coordinates of C. 


Show that the area of triangle ADC is 10 units? and find the area of the quadrilateral 
ABCD. - (C) 


Fig. 1.28 


16 The line x + y 2 3 meets the y-axis at A and the x-axis at B. AC is perpendicular to AB 
and the equation of BC is у = 3x — 9. 
(a) Find the equation of AC and the coordinates of C. AD is parallel to CB where D 
lies on the x-axis. 
(b) Find the coordinates of D. 
(c) Hence find the area of the trapezium ACBD. 


17 Fig. 1.29 shows the quadrilateral OABC. The coordinates of A are (k,2k) where 
k > 0, and the length of OA is 4/80 units. 
(a) Calculate the value of k. 
AB is perpendicular to OA and B lies on the y-axis. 
(b) Find the equation of AB and the coordinates of B. 
The point C lies on the line through O parallel to у + 3x = 5 and also on the 
perpendicular bisector of AB. 
(c) Calculate the coordinates of C. | 
Calculate the area of the quadrilateral ОАВС. (C) 
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іу 


B 
А(К2К) 
с 
Fig. 1.29 
О x 


18 The vertices of a triangle are (-3,5), (4,-2) and (6,2). 
(a) Find the equations of the perpendicular bisectors of the sides. 
(b) Show that they meet at the same point and find the coordinates of this point. 
(c) Find the radius of the circle passing through the vertices. 


19 A and B are the points (2,4) and (4,0) respectively. 
(a) Find the equation of the perpendicular bisector of AB. 
(b) The bisector meets the line through B parailel to the y-axis at C. Find the 
coordinates of C. 1 


(c) Calculate the radius of the circle which passes through A and touches the 
x-axis at B. 


- 


20 The sides AB, BC and СА lie on the lines 2y = x — 4, x + y = 5, and y = mx respect- 
ively. If the origin O is the midpoint of AC, find the value of m. 


B 


21 A(h,k) lies on the line у + 3x = —10. B lies on the line x + y = 4. If the origin is the 
midpoint of AB, find the value of h and of k. 


22 A(1,5) lies on the line y = 2x + 3. P lies on the perpendicular to that line through А. 
(а) Show that the coordinates of P сап be written as (11 — 2a,a). 
(b) If OP = N34, where О is the origin, find the possible values of a. 


23 A line with gradient m passes through the point P(3,2) and meets the y-axis at A. A 
line perpendicular to the first also passes through P and meets the x-axis at B. 
(a) Express the coordinates of A and B in terms of m. 
(b) If AB = V65, find the possible values of m. 
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24 Р and О are the points of intersection of the line 3 + 3 ‘= 1 with the x- and y-axes 
respectively. The gradient of QR is 1 and R is the point whose x-coordinate is 21, 


where 1 is positive. Express the y-coordinate of R in terms of t and evaluate t given 
that the area of triangle PQR is 21 units’. (C) 


25 A line through (3,1) has gradient m (> 4 ). It meets the x-axis at A and the y-axis at 
B. From A and B, perpendiculars to the line are drawn to meet the y-axis at C and the 
x-axis at D respectively. Show that the gradient of CD is 4 Я 

26 A(x,y,), В(х„у„), C(x,,y,) апа D(x,,y,) are the vertices of a parallelogram ABCD. 
(а) Show that x, + x, = x, + x, and y, + y, = у, жу, 

(b) If ABCD is a rhombus show that (x, — x,)(x, — x) + (у, - x96, — y) = 0. 
(c) If however ABCD is a rectangle show that хх Y, = хх, + У,у, 
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Simultaneous 
Equations 


Two linear equations, say Зх + 4y = —5 and 2x — 3y = 8, can be solved to find values of 
x and y which satisfy both equations simultaneously. As we have seen, this solution gives 
the coordinates of the point of intersection of the two lines represented by the equations. 

In this Chapter we consider two simultaneous equations where one of them is not a 
linear equation but is an equation of the second degree such as xy = 8 or x? + y? = 10, etc. 
These are the equations of curves. 


Example 1 


Solve the following equations: 
x+y=9 (i) 
xy =8 (ii) 
Equation (i) represents a straight line but equation (ii) is the equation of a hyperbola, 
a curve with two branches (Fig.2.1). 


The line meets the curve at two different points (A and B) so we expect to obtain two 
solutions, giving the coordinates of A and B. 

The usual method is to eliminate one of the variables. Make one variable the subject 
of the linear equation and then substitute this in the other (non-linear) equation. This 
will lead to a quadratic equation, which can usually be solved by factorization. 


From (i), x = 9 — y. 
Then substituting for x in (ii), 
0-уу-8 
ie. у? ~ 9у + 8 = О ог (у – 8)(у ~ 1) = 0. 
Hence у = 8 or 1. 
Now find the corresponding values of x from (i). 
When у = 8, x= 1; 
when у= 1, х= 8. 


So the solutions are x = 1, у = 8 (coordinates of A) 
or x = 8, у = 1 (coordinates ofB). 


Example 2 
Find the coordinates of the points where the line 
2x + 3y = –] (i) 

meets the curve x(x —y) = 2 (ii) 
We use the same method but the algebra will be more complicated as neither x nor y 
in (i) has a coefficient of 1. 
Choosing y as the subject, we obtain from (i) 

у= = zh : 
Then substituting for y in (ii), 

x(x— 2320 -2 or х(®++®) =2 


which simplifies to x(5x + 1) = 6 or 5x? + x 6 = 0. 


Hence (5x + 6)(х — 1) = 0 giving x = -$ ог: 
From (i), when x =-£,— 2 + 3у = –1 50 у = E А 


and when x = 1, 2 + 3y = -1 so y = –1. 


Hence the coordinates of the two points are c$, $) and (1-1). 
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Example 3 


Solve the equations 
x+2y=7 
and Х'-4х + у! =l 
What is the geometrical meaning of your answer? 


From (i), choosing x as the subject for simplicity, x = 7 — 2y. 
Then substituting for x in (ii), 


(7 – 2у) – 4(7 -2y)+ у? = 1 
ie. 49 – 28у + 4у: – 28 + 8у + y! = 1 
which reduces to у: - 4у + 4 = 0 
ог (у – 2)(у – 2) = 0 giving у= 2 or 2. 
Then х = 3 or 3. 
We obtain two equal solutions. This means that the line is 


a tangent to the curve. It touches the curve, which is a 
circle, at the point (3,2) as shown in Fig.2.2. 


Example 4 


A straight line through (0,-1) meets the curve х + y - 4x – 2y 44 = 0 at the point 
(3,1). Find the coordinates of the second point where this line meets the curve. 


L4 
First we find the equation of the straight line: 
y+] х-0 
Ізі. 3-0 


which gives 2x = 3y +3 or x = 2H. 
Then substitute for x in the equation of the curve: 


(2531, (3123) 2у+4=0 


Oy + 18у +9 


i.e. *yl-6y-6-2y +4 = 0. 
Clearing the fraction, 

9y? + 18у + 9 + 4y? – 24у – 24 - 8y + 16 =0 
and во 13y?— 14y + 1 =0 or (13y - 1Y(y – 1) = 0. 


Hence-y = Б огу = 1. 
: 21 
The corresponding values of х are then 13 or 3. 
fal 1 
So the second point is e 1 $). 


Example 5 
If the line 3x — Sy = 8 meets the curve 3 - 5 = 4 at A and B, find the coordinates of 
the midpoint of AB. 
First remove the fractions from the equation of the curve: 
3y —x = 4ху 
From the linear equation, x = È ES . 
Substituting for x in (1), 
3у- 83 5у 24 у(8-5) 
Clearing the sd we have 9y – 8 – Sy = 4y(8 + Sy) = 32у + 207°. 
or 20у: + 28y + 8 =0, 
ie. 5+ 7y+2=0 ог (5у + 2)(у + 1) =0 
Hence y = — 2 ог-1. 
Then x = 2 or 1. 


The coordinates of A and В are (2, 5 2) and (1 И and the coordinates of the midpoint 
are therefore (11, -% ). 


Example 6 


If the sum of two numbers is 4 and the sum of their squares minus three times their 
product is 76, find the numbers. 


Suppose the numbers are x and y. 
The sum of the numbers is x + y. 
Then х+у=4 
The (sum of the squares) — (3 x the product) is x? + у? — 3xy. 
Then х + у? – Зху = 76 
We solve these equations. 
From (i), х-4-у 
Substituting in(ii): 
(4 – у) + у? – 3у(4 – y) = 76 which is then expanded. 
16 ~ 8y + y! + y! - 12у + 3у? = 76 
ог 5y? – 20у – 60-0 
Hence y? – 4y — 12 = 0 which gives (y – 6)(y + 2) = 0 and y = 6 or 2. 


Then from (1), the corresponding values of x are -2, and 6. 
Therefore the two numbers are 6 and —2. 


Arithmetically, there is only one solution. Geometrically, the line x + у = 4 meets the 
curve given by equation (ii) in two points (6,-2) and (-2,6). 


36 


Exercise 2.1 (Answers on page 608.) 


1 Solve the following pairs of simultaneous equations: 


(а) х+у= 5, ху=х+3 (b) х-у= 2, (у +2) = 9 

(с) 2х+у= 5, 2 + y = 10 (d) x - 2y 2 2, ?+ ху = 20 
(е) 2x + 3у = 5, y(y- х) = 5 (f) 3х- 2у= 7, 2+ у = 10 
(в) Зх-у= 7, 2 + хуу = (b) х+ Зу = 1, 2 -xy + y! = 21 
0) 3x44y22,2-3y = 1 () 3x + 2у = 13, 32 + у = 31 
© 2-2 =1, 2+5=3 0 4-5=1,+ 5 =3 


(т) 3x – 2у = 11, œ- 10у+ 3) = 4 


2 The line y.2 x + 2 meets the curve у? = 4(2x + 1) at A and B. Find the coordinates of 
the midpoint of AB. 


3 Show that the line x + y = 6 is a tangent to the curve x? + y? = 18 and find the 
coordinates of the point of contact. 


4 A line through (2,1) meets the curve x? — 2x — y = 3 at А(-2,5) and at B. Find the 
coordinates of B. ` 


5 What is the relationship of the line 3x — 2y = 4 to the curve y = x - 2? 


6 The perimeter of a rectangle is 22 cm and its area is 28 ст2. Find its length and 
breadth. 


7 The line through (1,6) perpendicular to the line x y = 5 meets the curve y = 2x + 1 
again at P. Find the coordinates of P. 


8 A(3,1) lies on the curve (x — 1)(у + 1) = 4. A line through A perpendicular to 
x + 2у = 7 meets the curve again at B. Find the coordinates of B. 


9 The difference between two numbers is 2 and the difference of their squares is 28. 
Find the numbers. 


10 Fencing is used to make 3 sides of a rectangle: two pieces each of length a m and one 
piece of length b m. The total length of fencing used is 30 m and the area enclosed is 
100 m?. What are the values of a and b? 


11 The line x — y = 7 meets the curve x? + y? — x = 21 at A and B. Find the coordinates 
of the midpoint of AB. 


12 The line through (-3,8) parallel to y = 2x — 3 meets the curve (x + 3(y – 2) = 8at A 
and B. Find the coordinates of the midpoint of AB. 
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SUMMARY 


ө Tosolve simültaneóus equations, one c linear, the other of.the second degree: 


(а). make one:of the variables the subject of the linear equation, 
(b) substitute i in.the second degree equation, ©. 

i (c) simplify ғ and then solve the quadratic equation. obtained, 

| (d). find the corresponding values of the second variable. 


If two. equal : solutions áre obtainéd, the line із а tangent to the curve 2 given by | 
ше second degree equation, і 


REVISION EXERCISE 2 (Answers оп page 608.) 
A 
1 Solve the simultaneous equations 4x — Зу = 11 and 16x? – 3y? = 61. 


2 The line y — 2x — 8 = 0 meets the curve у? + 8х = 0 at A and B. Find the coordinates 
of the midpoint of AB. (C) 


3 А straight line through the point (0,-3) intersects the curve x? + y? — 27x + 41 = 0 at 
(2,3). Calculate the coordinates of the point at which the line again meets the curve. 


(С) 
4 Calculate the coordinates of the points of intersection of the straight line 2x + Зу = 10 
and the curve 2 + 3 = 5. (C) 


5 Solve the simultaneous equations 2х + 3y = 6 and (2x + 1? + 6(у-2)-49. (С) 


6 The perimeter of the shape shown in Fig.2.3 is 90 cm and the area enclosed is 
300 cm". All corners are right-angled. Find the values of x and y. : 


Fig.2.3 


7 The point A(0,p) lies on the curve y = (x — 2)”. A line through A perpendicular to 
у = х + 3 meets the curve again at B. Find 
(a) the value of p, 
(b) the coordinates of B. 
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8 Two quantities и and v are connected by the equation и + 2v = 7. A third quantity Р, 
is given by Р = u(v — 3). Find the values of и and v when P = —3. 


9 The hypotenuse of a right-angled triangle is (2y — 1) cm long. The other two sides are 
x cm and (y + 5) cm in length. If the perimeter of the triangle is 30 cm, find the 
possible values of x and y. 


10 Solve the simultaneous equations 2x + 4у = 9 and 4x? + 16y? = 20x + 4у – 19. (C) 


B 
11 Solve the simultaneous equations Зх — 2у = 11 and x? + xy + y? = 7. 


12 A(3,4) and B(7,8) are two points. Р(а,5) is equidistant from A and B such that 
АР = 426. 
(a) Show that a + Б = 11. 
(b) Find the values of a and b. 


13 In Fig.2.4, ABE is an isosceles triangle and BCDE is a rectangle. The total length 
round. ABCDEA is 22 cm and the area enclosed is 30 cm?. 
(a) State the distance of A from BE in terms of x. 
(b) Find the possible values of x and y. 


A 
5x 5x 
B E 
y y 
Fig.2.4 І с р 
2% 6х 
14 Solve the simultaneous equations x + у = 6 and тн т : + i Е 


15 The point Р(а,5) lies on ће line through А(-1,-2) апа В(3,0) and РА = 4125. Find 
the values of a апа b. 


16 A circle has centre (4,2) and radius V5 units. Р(х,у) is any point on the circumference. 
(a) Show that x? + y? - 8x – 4y + 15 = 0. 
(b) Find the coordinates of the ends of the diameter which, when extended, passes 
through the origin. 
(c) Find the coordinates of the ends of the perpendicular diameter. 
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Functions 


RELATIONS AND FUNCTIONS 


A relation links the members of two sets together. Relations can be of many kinds, e.g. 
“із the father of”, “is a divisor of”, “is the same age as”, “is the square-of” etc. Fig. 3.1 
illustrates the relation “is the father of” linking the set of men {A, B, C, D) and the set ' 
of children (р, 0, г, s, t, и, v). An arrow identifies the relation between a father and child. 
The diagram shows that A has two children (p and q), B has 1 child (t), C has 3 children 


(т, 8 and и) and D 1 child (у). So 2 arrows leave from A, 1 from В, 3 from C and 1 
from D. 


а 


Children 


Fig. 3.1 is the father of 


In our work the relation will usually be some mathematical operation. Fig. 3.2 shows 
the relation “у = 1 + x°” where the starting values (the inputs) are chosen values of x. 
These are linked to the values of y produced by the relation (the outputs), i.e. the set 
(1, 2, 5, 26}. 


Fig. 3.2 у-1-2 

Note that only ONE arrow leaves each input, unlike the relation in Fig. 3.1. In Fig. 3.2 
each input produces a unique output. This is a special type of relation called a function, 
one of the most important concepts in Mathematics. The relation in Fig. 3.1 is NOT a 


- function. 
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In Fig. 3.3, each member of set A is squared to produce the set of outputs B. As each input 


Fig. 3.3 


has a unique square, Fig. 3.3 illustrates a function f. f is "square the input". So, if x is the 
input, the output is 27. 

A function is also called a mapping and we say that x is mapped onto 22 by the function 
f. We symbolize this as 


f: x = x 


Read this as ‘f is the function which maps x onto 22°. 1 

f operates on the input x to produce x? so we write f(x) = х2. Hence the image of 2 is Қ2) 
= 2 = 4, The image of —3 15 Қ-3)-(-3) = 9. The image of a is Ка) = а? and so on. What 
is the image of 5? What is f(6), Қ-х) and f(2x)? If f(x) = 49, what is the value of x? 
Now look at the relation illustrated in Fig. 3.4(a). 


x үх 


Fig. 3.4 (a) (0) 


Is this a function? As you can see, each input has two outputs (2 arrows from each input). 
So this operation (taking the square root, x +-—» 4x) is NOT a function. It does not 
produce a unique image as x has 2 square roots + ¥x and — yx. 


However, if we defined V to mean the positive root only, then f(x) = + Nx would be a 
function (Fig. 3.4(b)). 


Summarizing, 

* a function f is a process or operation which takes an input х and maps it onto a unique 
output f(x), the image of x; 

* Ехі--- Қ); 


* to define f, we write, for example, f(x) = x? or f(x) = + x or Қо) = sin x etc. 


f and x are the usual letters for the function and the input respectively, but other letters 
can be used e.g. F(x), g(x) or А(р), etc. 

A function need not be defined algebraically. It may be stated in words, such as the 
function ‘Y is the father of x’, or given in the form of a table such as a table of sines. 


Example 1 
| A function f is given by f : x j———» x! — x +1. Find 
(a) $2), (b) 8-3), (c) the image of -2, (а) f(r), (e) f( 5 ). 
fx) =2-x+1 А 
(а) 2) =22-2+1=3 
| (b 6-3) = (3P - C3) + 1 = 13 
| (с) The image of -2 is f(-2) = (-2? - (2) +1= 7. 
(d f)=P-r+1 
(е) £3) = (4 -G) +15 £e 


Example 2 
The function h is given by h(x) = xt .xx1. Find 
(а) h(2), (b) h(5 ), (c) Мх + 1) 


(а) ҺО) = 241 =3 


ш-3 


1-1 
1-1 


(b 5) = 


(с) h@ + 1) = 11 = 42 x0 


2- 


Note: A function may not produce ап image for certain values of the input. In this 
example, x + 1. If x= 1, h(1) = ч which is impossible as division by zero is 


undefined. Hence 1 has no image under this function. 
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Example 3 
F(x) = ж? + x- 1. if F(x) = 5, find the values of x. 


F(x) = 5 is the equation х2 + x -1 = 5 іе. x? + x — 6 = 0 which we can solve for the 
values of x. 


x-x-620 
(х + 3)(х—2)=0 


Hence x = -3 or x = 2. 
These are the two values of x which have an image of 5. 
Check by finding Е(-3) and F(2). 


DOMAIN AND RANGE 


There are special names for the sets of inputs and outputs. The set of inputs is called the 
domain and the set of outputs the range. 

Fig. 3.5 shows the domain and range for the function f(x) = (1 — x". The domain is the 
set {-1, 0, 2, 4} and the range is the set (1, 4, 9}. 


x y 
D 


Fig. 3.5 


e 


The domain can be any set of numbers which have images. It could be just a few 
selected numbers ог all positive numbers or all real numbers, etc. If it is not specified it 
is taken to be all real numbers. However, as we saw in Example 2, some numbers may 
have no image and these must be stated. They are excluded from the domain. 


Example 4 


State the domain for the function f(x) = i. 


Every real number will have an image under this function except x = 0. So the domain 
will be {all real values of x, x + 0]. 


This is often briefly stated as f(x) = l хж0. 


x^ 
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Example 5 


State the domain for f(x) = Ух (positive root). 


Every positive number and 0 will have a square root but negative numbers will not. 
These must be excluded. So the domain is (all positive numbers and 0} or just x > 0. 


Example 6 


What values of x must be excluded from the domain of the function 


1 
fix) = ail! 


This function will always produce an image except when x? + x 2 = 0 or 
(x + 2) (х— 1) ZO ie. when x 2 20rx- 1. 

These values must be excluded from the domain., 

Hence the domain is (ай real values of x, x € 2 or 1) 


Exercise 3.1 (Answers on page 608.) 


1 For each of the following functions, find the images of —3, —1, 0, 1, 2, 4: 
(a) f(x) = pa 23 5 (b) g@)=@+1P 
(c) ho) = 2 E (d) F(x) = @ + 1)@ - 2) 


2 What value of x must be excluded from the domain of the function in Question 1 
part (c)? 


3 State the values of x which must be excluded from the domains of the following 
functions: 


(а) Қд- 5 Ф) gt) = 2 z= x 
(с) h@) = 2—5 


(d) ЁС) = з" E гіз 
4 f is the function ‘square х and add 2’. 
(a) Write f in the form f(x) =... 
(b) Find f(1), f(—1), f(0). 
(c) If f(x) = 27, find the values of x. 


5 F is the function “add 2 to x and then square’. 
(a) Write F in the form F(x) =... 
(b) Find F(1), F(-1), Е(0). - 
(c) If F(x) = 25, find the values of x. 
(d) I$ this the same function as f in Question 4? 


6 If f(x) = 3x + 2, what is the value of x which is mapped onto 8? 


7 A function such as f(x) = 5 is a constant function. State the values of f(0), f(—1) and 
f(5). 
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8 The function E, where E(x) = 27, is an exponential function. 
(a) Find the values of Е(1), E(2) and Е(5). 
(b) If E(x) = 16, state the value of x. 


9 f(x) = 243 
х-1 


(a) What value of x must be excluded from the domain of this function? 
(b) Find the positive value of x for which f(x) = x. 
10 If fx) = 233, » find the values of х for which f(x) = 2x to 2 decimal places. 
11 Given that р(х) = x? — 4x — 6 solve the equation g(x) = x. 
12 Given that f(x) = xi — 4x + 1 solve the equations 
(a) f(x) 2x—3, (b) Ох) = 13. 


13 For the linear function f(x) = ах + b, where a and b are constants, f(-2) = 7 and 
f(2) = —1. Find the values of a and b. 


14 f(x) = ax? + bx + c, where a, b and c are constants. If f(0) 2 7, what is the value of c? 
Given also that f(1) - 6 and f(-1) - 12, find the value of a and of b. 


15 For the function f(x) = px? + gx + r, where p, 4 and r are constants, f(0) = 4, f(-1) = 
8 and 8-2) = 18. Find the values of p, 4 and r. 


16 F(x) = x? — 2x. What values of x have an image of 15? 
17 The function h is given by 80) = 7t — 22. Find the values of t whose image is 5. 
18 00 = iz — 

(a) Find f(2) and 8). 


(b) Find x if f(x) = 0. 
(c) ‘What values of x must be excluded from the domain? 


19 The number of diagonals in a polygon with л sides is given by the function D(z) 
_ мп – 3) e 
mc нэн 
(а) State the domain of this function. 


(b) Find the number of diagonals in polygons with 4, 5 and 10 sides. 
(c) If D(n) = 20, find the value of n. 


20 The domain for the function f(x) = 2x? + 1 is (2, -1, 0, 1, 2). 
Find the range. 


21 The domain of the function f(x) = art) 15 (0, 2, 4}. 
Find the range of the function. . 


22 If the range for the function g(x) = x? — 2 is {-2, —1, 7}, find the domain. 
23 The range of the function f(x) = 1 — 3 is (-1, 2, 4}. Find the domain. 


24 S is the function S:x > sin x°, 0 € x < 180. 
(a) Find (correct to 2 decimal places) S(30), S(50), S(120). 
(b) If S(x?) = 1, what is the value of x? 
(c) State the range of S. 
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25 Functions f and g are given as f(x) = x? — x and g(x) = 2х – 3. 

(a) Find f(0), 8-1), g(0) and g(-1). 

(b) If f(x) + g(x) = 3, find x. 

(c) If р) + g(-p) = 1, find p. 

(d) If f(z) = g(z) + 1, find z. 
26 Given that f(x) = х? – 3x + 6 and that g(x) = x + 6, solve the equations 

(а) f(x) = 2:9, (b) f(x) = g(2x), (с) f(2x) = g(x) - 3. 
27 If f(x) = wth , find the value of А (other than k = 1) such that ҚА) = f(1). 


28 Given the function f(x) = x? — 3x — 2, express f(2a) — f(a) in its simplest form іп terms 
of a. 


29 Ёх----1-х-3 
Find Ер), Қ-2р) and f(p — 1) in their simplest forms. 


30 If f(x) = 3x + 1, find f(a), f(b) and f(a + b). 
Is Ка + Б) = Ка) + f(b)? 
31 If f(x) = x? + x — 3, find f(x + h) where А is a constant. 


Hence express шин шин in its simplest form. 


32 If f(—) = f(x), f is iid an even function, but if f(—) = —f(x), f is called an odd 
function. Which of the following functions are even, which are odd and which are 
neither? 

(a) 2x (b) 3х2 (c) à 
(d 1-x (е) 1 20) (0 x- i20) 


GRAPHICAL REPRESENTATION OF FUNCTIONS 


A simple way of illustrating a function graphically is to use two parallel number lines, 
one for values of the domain, the other for the range. Fig. 3.6 shows the function 
f(x) 2x -2, x = -1, 0, 1, 2, 3, 4. An arrowed line joins x in the domain to f(x) in the range. 


Fig. 3.6 ECCE E ae PES ED ME range f(x) 
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Example 7 


Illustrate the function f(x) = x? — x +2 on two number lines for the domain 
1-2,-4,0, 1,2, 3}. 


Verify that the range is (2, 4, 8}. Fig. 3.7 shows the result. 


This method is only suitable if the domain consists of a few values. If the domain. 
was all real numbers for example, it would be impossible to show all the arrowed lines. 
Furthermore, the pattern of the arrowed lines gives no idea of the type of function. 


A far better method is to use a Cartesian graph, with which you are already familiar. 
Here we use two perpendicular lines, the x-axis and the y-axis (Fig. 3.8). Values of the 
domain are placed on the x-axis and the range on the y-axis. Then x and its image f(x) give 
the coordinates (x,y) of a point. If sufficient points are plotted and joined up, we have the 
graph of the function. y = f(x) is the Cartesian equation of the curve. 


у= 0) 


о domain 
x 


Fig. 3.8 


Using this method of representing a function, we find that the graphs of various 
kinds of functions have characteristic shapes. Hence functions can be recognized from 
their graphs. 
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Common Functions And Their Graphs | 
Fig. 3.9 shows Ше graphs of some common functions. 


М y 


1 (0) Two quadratic 
(a) Linear function functions 


У. 


x 
ig. 3. | (с) Exponential (4) Sine 
Fig. 89 function function 


(а) is a linear function such as y = -3x + 4. 

(b) shows two quadratic functions such as у = x? — x + 4 (upper graph) and 
y-22-x-x. 

(c) is an exponential function such as 27, 

(d) is the graph of y = sin x (see Chapter 7). 


Example 8 
Which of the graphs in Fig. 3.10 is the graph of a function? 
y 
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Fig. 3.10 


For a function, each value of x in the domain must give just one and only one value of 
y. If there is more than one value of y for the same value of x in the domain, the graph 
does not represent a function. 


(a) is not the graph of a function, as there are 2 values of y for each value of x. 

(b) is the graph of a function. 

(с) is the graph of a constant function y = 3. The domain is the set of all real numbers 
but the range is just 3. 

(d) is the graph of a function provided x = 0 is excluded from the domain. 

(е) is the graph of a function for the domain (-3,-2,-1,0,1,2). The graph consists only 
of the points marked and these must not be joined up. The range is (2,1,0,-1). 
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GRAPHS OF TRANSFORMED FUNCTIONS 


| Example 9 


Fig. 3.11 shows part of the graph of a function у = f(x). Sketch the corresponding 
parts of the functions (a) у, = -f(x), (b) у, = f(-x), (c) y, = 2 + f(x), (d) y, = 3 — f(x), 
(е) у, = f(x + 1), Фу, = f(x 2). 


Fig. 3.11 


the x-axis (Fig. 3.12(a)). 


| 

| (a) For each value of x, у, = —у. So the graph of of y, is the reflection of y = f(x) in 
| 

| Points where у = f(x) meets the x-axis are unchanged. 


Fig. 3.12(а) 
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(b) When x = a, у = Қа) and у, = Қ-а). 
Now f(-a) is the value of y when x = —а. For example when x = 2, the value of y, 
is the same as the value of y when x --2. 
So the graph of y is reflected in the y-axis to produce the graph of y, (Fig. 3.12(b)). 
Points where y = f(x) meets the y-axis will be unchanged. 


Fig. 3.12(b) 


(c) Here 2 is added to each value of y. 
So the original graph is shifted upwards through 2 units (Fig. 3.12(c)). 


Fig. 3.12(c) 
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(d) y,=3-f@)=3+Cy)=3+y, 
So the graph of y, is shifted upwards through 3 units to obtain the graph of y, 


(Fig. 3.12(d)). 


Fig. 3.12(d) 


(е) Suppose x = 1. Then у, = f(1 + 1) = f(2), which is the value of y when x = 2. 
Again when x = 3, y, = КЗ + 1) = f(4), which is the value of y when x = 4. 
All the values of у have been shifted 1 unit to the left to obtain y, (Fig. 3.12(е)). 


Fig. 3.12(e) 
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(0 You will be able to work out that у, is the original curve shifted 2 units to the 
` right (Fig. 3.12(0). 


2 У, = Қх-2) 


тту гуй 
5. 
/ 


Fig. 3.12(f) 


It would be useful to summarize such transformations of the graph of a function 

у= f(x). 

e у= -f(x) is the reflection in the x-axis. 

e y= (х) is the reflection in the y-axis. 

* y= a f(x) shifts the graph through a units upwards if а is positive, and 
downwards if a is negative. 

e y=f(x + а) shifts the graph through а units to the left if a is positive, but to the 
right if a is negative. 


Exercise 3.2 (Answers on page 609.) 
1 Which of the following are graphs of functions? 


y y 


(b) 


Fig. 3.13 e (e) 


2 Each of the diagrams in Fig. 3.14 shows part of the graph of a function ТОО. Copy each. 
diagram and sketch the corresponding parts of 
© у=) Gi) y, = f(x - 1) 
(ii) y,=fe+1 — (iv) y, = 14 f+ 1) 


Fig. 314 (©) 


3 On another copy of the diagrams | 
in Fig. 3.14, sketch the corresponding | 
parts of 
@ y, =f — 2) 

(1) y, = 2 - f(x — 2) 
(ш) y, = f(1 —x) 

4 Fig. 3.15 shows part of the graph of 
y = f(x) with three graphs denved 
from it. State y,, y, and y, in terms 
of f(x). 


Fig. 3.15 
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5 The domain of a function f(x) is —1 to 4 inclusive. What would be the corresponding 
domain for the following? 
(a) y, = f(x) (b) y, = f(x - 2) 
(c) y, = х + 1) 


6 The range of the function y= f(x) is 0 to 5 inclusive. What is the corresponding range 
for the following? 
(а) y, = -f@) (b) y, = 1+ х) 

(с) y, = х-3) (d) y, = 9-3 


THE MODULUS OF A FUNCTION 


If y = х, the values of y are negative when x is negative. They can be converted to positive 
values by using the modulus y = |x|, read as “у = mod x’. |x] gives the numerical or 
absolute value of x. For example |-3.5| = 3.5. It does not alter 0 or any positive number: 
lol =0, 12| 22 etc. [x] is never negative. 


So we define the modulus of x as 


Similarly the modulus of a function f(x) written [Ке is the numerical value of f(x). 


Example 10 

State the values of | 1 —x | for x =—3, 2, 4. 
When x =-3, |1-x] = [143] 24 
Whenx=2, 11-х1-11-21-1. 
Whenx=4, |1-х|-|1-4| =3. 


Example 11 
f(x) = x! — x — 6. Find the values of |х) | for x =-I, 0, 2, 4. 
2 4 
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Example 12 
What is the least value of x if {2x —3 | = 2x 3? 


| 2x — 3 | will be equal to 2x — 3 if 2x — 3 is 0 or greater than 0. Hence the least value 
of x will be when 2x — 3 = 0, ie. when x = 11. 


Example 13 


Draw the graph of y = [x — 1 | for the domain -2 € x < 3 and state the range of y. 


— < x < 3 means that x can take any value between —2 and 3 (inclusive). 


We make a table for the integer values of x: 


Plotting the points given by x and y, the graph is seen to consist of the two lines AB 
and AC (Fig. 3.16). The range is 0 < y € 3. 


Fig. 3.16 
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However, if we extend ВА to D (shown dotted) where D is (-2,-3) we see that the part 
AC is the reflection of AD in the x-axis. So a quicker method of drawing the graph is 
to draw y = x — 1 for the given domain first and then reflect any negative part in the 
x-axis. 


Example 14 


Draw the graph of y = |2 – x | for the domain —1 < x € 3 and state the range of y. 


Draw the line y = 2 — x first (Fig. 3.17). (The negative part is dotted). 


Then reflect the negative part in the x-axis. 
The graph consists of two lines meeting on the x-axis where x = 2. 
The range is OS y € 3. 


MODULAR INEQUALITIES 


Suppose we know that | x | > 3. Suggest some values that x could take to satisfy the 
inequality. 

From the definition of a modulus, | x | > 3 means that either x > 3 or ~x > 3.-x > 3 
means that x < —3 (dividing by —1 and reversing the inequality sign). So the range of x is 
x <-3 or x > 3. We can show the range оп a number line: 


-3 3 х 
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х must lie on the thick lined parts. o means this value is excluded. 
So if | x | >k then x < -k or x > k. 


Next suppose | x | < 3. Then x <3. or x < 3 ie. x > -3. Hence x lies between —3 and 3 
(not inclusive) and we write -3 < x < 3. 
-3 3 


On a number line we have $$$ 
x 


So if | x | <k then -k «x < k. 


These rules apply also to linear and quadratic functions. 


Example 15 


Find and show on a number line, the range of values of x if (a) /x * 1 /> 4, 

(b) /1-2х /< 5. i^ 

(a) From the above, if Ix d | > 4 thn x+1<-4orx+1 > 4. Hence 
х«-5огх»3. 


-5 


(b) If | 1 - 2x | S5 then -5 < 1 - 2x < 5. Taking each part, -5 < 1 — 2x gives 
-6€-2xor32xie.x€3; 1 - 2x < 5 gives -2x < 4 i.e. x 2 2. 


50-2<х<3 
-2 3 


In this case the ө means the value is included (due to the < sign) 


Exercise 3.3 (Answers on page 610.) 


1 State the values of 
(a) |-6| € |- 1i (с) |сов1209| (9 [3?- €| 


2 By testing with x = 3, 0, 2 verify that | 1 — x | = Ix- 1]. 
3 What is the least value of x for which | 2x - 1 | = 2x 1? 
4 For what domain will the graph of y = | 3 — x | be the same as the graph of y = x — 3? 
5 Find and show on a number line the range of values of x which satisfy the inequalities: 


(a) |2х-31»5 w |2z3| <4 
(с) | 54| 2 (d) -4<3 
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6 For the domain —3 € x € 4, draw the graphs of 
(а) у= | х | (9 у= | х+1 | (с) у= -| х-2 | 
(d у= | 2х-1 | (е) у= [3-х | 


7 State the range for each of the functions in Question 6. 
8 Using the graph you have drawn for part (a) in Question 6, add the graph of y=- | x |. 


9 On the same piece of graph paper, draw the graphs of y = | 3x | and y = |x — 3 | for 
the domain -2 < x < 3. Hence solve the equation | 3x | = | х - 3 |. 


10 By drawing two graphs, solve the equation | х – 1 | = | 2x — 5 |. 
(Take 0 € x < 7 as domain). 


11 The range of the function y = |х — 1 is 0 € y € 3. Find a possible domain. What is 
the widest possible domain? 


12 The domain of the function у = | 2x – 3 | ends where x = 2. If the upper limit of the 
range is 7, what is the least value of the domain? 


13 Draw the graph of y = | x — 1 | for the domain -1 € x € 2. Now add the graph of 
yz2- | x- 1 | for the same domain. State the range of this function. 


THE INVERSE OF A FUNCTION 


Fig. 3.18 shows the mapping of the domain (—3, 0, 1, 2) by the function 
f:x > 3x – 2. Verify that the range is (-11, -2, 1, 4}. 


7 ? 
Fig. 3.18 Domain «—————— Range 


Is there a function that will map the range back to the domain? 
The function f in Fig.3.18 mapped x onto y where y 2 3x — 2. Now we wish to start with 
y and return to x. If 3x - 2 = y, then x = H3. 


So this new function will map y onto A 
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Testing this with у =—11, we get at? =~3 which is the original value of x. Check the 


other values. 

Such a function, if it exists, is called the inverse function of f and is written as f^. 
(Read this as ‘inverse Ғ.) It is usual to take x as the ‘starting’ letter so we have 
Pix ee tet 2, 
Summarizing, 


function Ех >» Зх – 2 and inverse fix rL—- ul 
It then follows that the inverse of f"! is f. 


Example 16 


Find the inverse function to Ех j— — 

f maps x onto y where y = Р. 

Make х the subject of this equation. 

£j =ysox-3 = 2y and x - 2y +3. 

Hence Ё! : y c 2у + 3. 

Changing to the usual letter x, Ё! : x — 2x + 3. 


Suppose —4 was a value in the original domain. Then f will map this onto 33. f^! will 
now map this value onto 2(—33 ) + 3 = 4, which is the original value. Repeat this check 
with other values of x, say 0, 1 and 5. 


Example 17 
Given the function Ё: x ;j ——*» хэр (x #3), where р is a constant, 
(a) find the value of p if 5) = 11, 
(b) find £^ in a similar form, 
(c) state the value of x for which £^ is undefined. 
OS ЛИ pe 
(а) К5)- Сээр! =; 
Then 5 + p = 3 and p =-2. 
(b) From (a), f(x) = 5-2 
or yx - Зу = x - 2, and x(y - 1) -2. 
Hence x = 2-2. 


3x-2 


Therefore Ё! :х ——— SF. 


Ё! is undefined for x = 1. (This means that there is no value of x in the original | 
domain which had an image of 1. So 1 does not exist in the range and therefore 
cannot be used). 
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Example 18 


Find the inverse of f : x К> 3-х. 


f maps x onto y where y = 3 — x. 


So x = 3 — y and the inverse function will be Ё! : x +» 3 — x, which is the same 
function as f. 

Check this by taking x = 3, –1 and 5. 

Such a function f is called self-inverse, i.e. it is its own inverse. 


Functions With No Inverse 
Some functions do not have an inverse. Take the function f : x I—— x? (Fig. 3.19). 


Fig: 3.19 


Two arrows arrive at 1 in the range. An inverse would have two paths to return from 1 to 
the domain and so could not be a function. There is no inverse function. 

An inverse function can only exist if the original function is a one-to-one function 
(Fig. 3.20(a)), i:e. there is only one arrow reaching each member of the range. There will 
be no inverse if the function is a many-to-one function (Fig. 3.20(b)), i.e. more than one 
arrow reaches some members of the domain. 


one-to-one 


many-to-one 
(a) 
i P3 
Fig. 3.20 
“has inverse no inverse 
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Graphical Illustration of an Inverse Function 


Verify that the inverse of f: x > 2x—3 is Ё! :х m xy? t 


Now draw the lines 


y=2x-3 xO) 
and y-ii (i) 


on graph paper (Fig. 3.21). Add the line y = x (shown dotted). 


LT 


Fig. 3.21 


How do the two lines (i) and (ii) appear in relation to the line y = x? 

Consider the point where x — 4 (point A) on (i). The image of 4 from f is 5, so the 
coordinates of A are (4,5). 

Now if we take x = 5, its image in Ё! will be 4. This gives point A'(5,4) which lies 
on line (ii). 

The gradient of AA’ 15-І so AA’ is perpendicular to the line y = x and the midpoint 
of AA’ (41, 43) lies on the line y = x. Hence A and А” are reflections of each other in the 
line y = x. 

We can repeat this for any other point. The coordinates will be interchanged by the 
inverse function, so the two points are reflections of each other. Hence lines (i) and (ii) 
are reflections of each other in the line y = x. You can also test this by folding the graph 
paper along the line y — x. 
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Exercise 3.4 (Answers on page 611.) 


1 Find the inverses of the following functions in the same form: 


(а) Т:хҥк = x (b) f:x i—- x+2 

(c) f:x ———- 2x-1 (d) g:x > 3x + 4 

(e) fix ж 244 (D f:x ~ 9-х 

(g) f:x ———- 2x-5 (h) f:x ———- 8-2х 

Ф ME d 1 () h:x ——-8 (20) 
(К) fix — т G£2-D0 0) ае а. Ged 
(т) Ё:х m it) (x #-2) (п) h:x -- 1 (x23) 


2 Which of the жог in Question 1 are self-inverse? 


3 Given f! : x —— —» 2x — 3, find f in the same form. 


4 If f! :x к= шин , find f in the same form. 


5 f:x > a — x, where а is a constant, is a self-inverse function. Given that 
f*(4) = 3, find the value of a. 


6 Given the function h : x i ———» i 


=F (x #4), find the value of һ-Қ-3). 


7 Given the function g : x i——» кез +3 (x #~2), find 8710-1). 


8 Given the function f: x -——» xti 1) and that f(2) = 5, . 
find (a) the value of d, (b) Ё. 
What can be said about this function? 


9 f:x mc + 


where ғ and s are constants and f(4) = 6, f(-1) =— 1, Find 


x t 5 2 
(а) the values of r and 5, 

(b) the value of x for which f is undefined, 
(с) Ё! in the same form, . 

(d) the value of x for which f^ is undefined. 


10 Fig. 3.22 shows part of the graph 
of a function y = f(x). Copy the 
diagram and sketch the graph of f^. 


Fig. 3.22 
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11 On graph paper, draw the graph of f : x +——» 3 — x. Construct the reflection of this 
graph іп у = x. Explain your result. 


12 (a) Find the inverse of £f: x i———*- $m. 


(b) On graph paper,draw the graph of y = S, 

(c) Construct the reflection of the graph in part (b) in y = x. Show that this is the 
graph of f'. 

x+3forx20 


13 The function f is defined as Ё: x г> 1 2x 43 forx<0 


Sketch the graphs of f and Ё". 
14 Copy Fig. 3.23 and sketch the inverse of the function y = f(x). 


Fig. 3.23 


15 (a) I£ fx) = 3 -2 , Solve the equation f(x) = x. 
(b) Draw the graph of f(x) fori <x<2. 
(c) Add а sketch of the graph of f(x) for -1 < x < 2. 


Composite Functions 


Consider the function f: x 1— —* 2x — 3 (Fig. 3.24). 4 is mapped onto 5. 


х ------->- Қ) 


Fig. 3.24 
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Let g be another function such that g : x H+» х + 1. 
We now use g'on f(4) to obtain g[f(4)] = 6. So 4 has been mapped onto 6 by f followed 
by g (Fig. 3.25). 


х — f(x). — gli) 


Nor ERR ТӘКЕН са 


Can we find a single function h which combines f and g? 

x is mapped onto 2x — 3 by f and this is the starting value for р. So g maps 2x – 3 
onto (2x — 3) + 1 = 2x - 2. Hence h: x >» 2x - 2. If x = 4, the final result is 6 as 
we have seen. h is called the composite (or combined) function g[f(x)] which we write 
briefly as h = gf. 


Fig. 3.25 


second first 


Note carefully that the first function is written on the right. 
Now suppose we do g first, followed by f, 1.6. fg. 


x Ertl i 2x41-3-22x-1 
fg 
The result is different. fg is not the same function as gf. We say the combination of 


functions is not commutative, i.e. the order in which they are done is important and 
cannot (in general) be interchanged, However for some values of x, fg may be equal to gf. 


NB: Take care! fg does NOT mean f x g when dealing with functions. 


Example 19 
Iff :x > 2x — 3, find (a) Ё! and (b) ff. 
(а) y22x-3sox- L3 


Therefore Ё! : x ———» un 


(b) ff means that we do f first, Ё! second, 
x Ё 2x -3 LL B1: =x 


So f'f : x > x 
ie. х) =x 


Verify that ff! gives the same result. 
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This follows from the definition of the inverse function. f maps x onto the range giving 


f(x). Р! operates on f(x) to return to the original element x. So ЇГ. х) = x. Similarly, if we 
start from the range, (х) = х. 


Example 20 


iff x pe» x! and g : x rx- 1, find in a similar form, (a) fg and (b) gf. 
(а) fg is g first, f second. 

x —R9x-1 pte (х- 1) 

So the combined function fg is fg : x -—— (x — 1}. 
(b) gf is f first, g second. ^ 

x pty? Be x-1 

The combined function gf is x? — 1. 

Note that fg + gf. 


Example 21 
Functions f and g are defined as 
f:x SG and g : x j——» Зх — 2. 
Find (a) fg, (b) gf, (с) (fg), (d) (gt). 
(e) For what value(s) of x is gf = fg? 


(a) x Ё. 3x- 2,5, = = ы i ee 


Gr- Dl = 3-1 
. 2206 1 
Hence fg : x  ——* зүсү»39 3. 


(b) f po—RERGGGh)-2 2 25-2х-2 


xl 


SM m 4 ‚х#-—1. 


(fg) is the inverse of ће ы function fg. 
Now fg maps x onto y = з= xu from (a). 
So 3xy -yz2 
у+2 
Зу ^ 
EEG 


ie. Зху = y + 2 giving x = 


Hence (fg)! : x - 
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(d) (gf) is the inverse of gf. 
Verify that (gf)! : x -—» LM. хж-2. 


(е) If gf = fg, then E - x x21, 1. 
So 2х + 2 = (3x 1)(4 - 2x) =-6 + Mx — 4 or 6x2 - 12x + 6 = 0. 
Then х2 -2x + 1 = 0 or (x - D(x- 1) = 0 giving х = 1. 


This is the only value of x for which gf = fg. 


Example 22 
Using the functions f апа в in Example 21, find Ғ and а. Show that (fg)! = өт, 


Suggest and test a similar result for (ву. 
Verify that Р: x ———- 2-3 and g: x ~—» х+2 


From (с) in Example 21, (fg)! : х > 4252, 


n . 1 
gf? is given by x E» 2-4 p x = 242 
X 


Hence (fg)! = gf. 
So the inverse of fg is the inverse of f followed by the inverse of g. This suggests that 
(gf)! = fg". Show that this is correct using (gf)! from Example 21. 


The results of Example 22 are true in general: 


Example 23. 
Given that f : x эн Y (x+ 2), find in a similar form (a) Ё, (b) В, (c) Ё and 
deduce an expression for В. 


(a) Ё means ff, i.e. f done twice in succession. 


х Ё m ana үн = х=-2,-% 


x * xit 
(b) Р means f? followed by f. 


207 


So б0)-ЯРо))--35 
xat? 


: BA zc. o Ж 22-05 8 _16 
(Qr ego wig t2 mae 2,- 3777 15 
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Studying the pattern, the numerator is always x. The denominators are 3x + 4, 7x + 8, 
15x + 16 so the next denominator will be 31x + 32. 


1 i 4 8 16 32 
P isx e 3Зу+30,Х5-—2,—3,—7,—15›—351- 


Example 24 


Iff: x j—— ax +b (a > 0) and f : x j—— 9x — 8, find (a) the values of a and b, 
(b) В, (c) Р. 
(d) Deduce f 


(a) We first find f? in terms of a and b. 
x f ax b Ё: alax + b) - bo ax cab b 
But this is 9x — 8. 


Hence a? = 9 which gives а = 3 (since а > 0) and ba + b = —8 so b = —2. 


(b) ГО) = ЁО = 3x - 8) - 2 = 27x - 26 
(с) f(x) = PEPE] = 9(9x - 8 - 8 = 81x — 80 


(d) The pattern in these results is: 


Р:9х-8 -3х-(3-1) 
8:27Хх-26-3х-1(3-1) 
f: 81х— 80 = 33x - (3*- 1) 
so ме. сап deduce that б = 35x — (35 — 1) = 243x – 242. 


| Example 25 


Given f : x j——» 2x — 5, find a function в such that fg : x їг 6x — 1. 


Clearly g must be a linear function as no squares appear in fg. 
Take g as x > ax + b. 


Then fg : x tà——*- 2(ax + b) - 5 = 2ax + 2b - 5. 

But this must be identical to 6x — 1. : 

Then 2a = 6, giving a = 3 and 2b — 5 = 1, giving b = 2. 
Hence g : x > 3x + 2. 
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Example 26 


Express in terms of the functions f : x t——» x + 3 and g:x t-—> 20, 
(a) х2 + 3,.(b) х? + 6x + 9, (c) x + 6, (d) xà + 6x + 12, (e) х? - бх + 9. 


(a) This is fg. 
(b) Note that x? + 6x + 9 = (х + 3Y.. f gives (x + 3). g gives the square. So this is gf. 


(c) Here g is not involved as there is no square. Try ff. 


(d) Note that x? + бх + 12 = (x + 3) + 3. We get (x + 3)? from gf. 
If we now use f, we obtain the result. The answer is therefore fgf (first f, then g 
and lastly f again). 


(e) xX — 6x + 9 = (x — 3). Now f does not produce (x — 3) but Ё! : x > x – 3. 
Hence the answer is gf". 


Exercise 3.5 (Answers on page 613.) 

1 Using the functions f : x 1 ——- x +2 and р: x ——> x — 3, find in the same form 
(a) fg, (0) gf, (c) ff, (d) gg. 

2 S:x ——— sin x? and T : x > 2x аге two functions. 
Find (a) ST(20), (b) TS(20). 

3 Taking f : x +—» x + 2 and g : x > Зх – 1, find (a) fg, (b) gf, (c) £^, 
(9) g^, (e) Ё!, (D gf. 

4 If f:x ҥ x + 1, find (a) Ё, (b) Ё and deduce (c) Р, (d) Ғ (e) f". 


5 Taking the function f as f : x --- 5-3 ,X + —2, find (a) f*!, (b) Ё, (c) (2). In 


each case, state the values of x which must be excluded from the domain. 


6 Iff : x — x - 2and g : x 1——» x + 3, find (а) fg, (b) gf. 
For what value of x is fg = gf? ` 


7 Given that g : x +——» x + 2 and h: x e» x? – 3, find the value of x for which 
gh = hg. 

8 For the functions f : x — x — 4 and g : x ——— 3x — 2, find similarly (a) f, 
(6) 87, (с) fg", @ gy’. 

9 Functions f and g are defined by x ~» 2x + 1 and x i——— 1 — Зх respectively. 
For what value of x is fg! = f'g? 


10 Functions f and р are defined as f: x +—» cd and g:x m 1 (x #0) 


respectively. Find similarly (а) fg, (b) gf, (c) Ее”. In each case, state the values of 
x which must be excluded from the domain. (d) For what values of x is gf = f-!g^'? 


11 The functions f and g are defined as f : x i ——» 3x+2 and g : x ———» 1 (x #0). 
Find similar expressions for (a) fg, (b) gf, (c) f'g, (d) gf'. In each case, state the 
values of x which must be excluded from the domain. 

Find the value(s) of x for which (e) fg = gf, (f) f'g = gf". 
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12 Given f: x >» 1 — t, x #0, and g: x > 


-- yer 1, find fg(x) and 
gf(x). Hence state the inverses of f and g. i 


1 


13 f is the function that maps x onto 2-4 1 (xs 1). 
(а) Show that f is self-inverse. 
(b) Find f. 


(c) Show that P = f. 


14 f:x > ax + b (a, b constants) and р: x > 2x + 3 are two functions. 
(a) If fg — gf, find a relation between a and b. 
(b) Given ШагГ (7) = —1, find the values of a and b. 


15 If f maps x onto 5 — Е and g maps x onto 2x + 1, show that fg and gf are both self- 
inverse. 


| 16 схож 252 ral 
EE (a) Find £. State the value of x which must be excluded from the domain. 
(b) If f(x) = –1, find the value of x. 


| 17 If f(x) = i, x x: 2, find f? and Ё. In each case, state the values of x which must 
| be excluded from the domain. Solve the equation f(x) = 1. ' 


18 f:x ---- Зх + 1. Find a function g so that gf:x m 3x 4 2. 
19 If f: x — 2x + 3, find a function g so that fg : x —» 2x — 1. 


20 Express the following in terms of the functions g : x +» x +2 andh: x i——» 3x. 


(a) x ——-3x + 2 (b) x 1— 3x46 

(с) x e x+4 (d) x > 3x + 12 

(е) x 1— 9x ; (f) хҥ——=”=9х+2 

(в) x ——-x-2 (h) x ——> 3x -6 
ті 21 Given f: x >x + 3 and g:x — x — 1, state the following іп terms of f 
| and g. 

(а) x ——- х2 + 2 (b) x e х2 + бх + 8 

(c) x —-x46 (d) x ———» x? + 12x + 35 

(e) x > х2 — бх + 8 фхг---х-4 


22 Given f :x -- Nx (positive root) and g : x 1———» x + 2, express the following 
in terms of f and g: 


| (a) хь--» Nx -2 (b) x ж Vx 42 

ІН (с) x x +4 (d) x —— Nx +4 

| () x —— Vx-2 (f) х x + 48+ 4 
: (р) x 1— х2 4x44 (h) x ———» x? + 8x + 16 
ІП 


23 ИЇгх---э-х-3, what is the function р which makes gf : x ——» x? — 6x + 10? 
24 f: x ——-2- тар хе, and g : x +——» x + 4. Find the inverse of fg in a similar 
form. 
25 fis given by Ё:х -- =з (x #3). Find (a) Ё, (b) Р, (c) f*. Deduce Б. 
In each case, state the values of x that must be excluded from the domain. 
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SUMMARY 


ө A function f maps an input x (domain) onto a unique image y (range). 
f:x р y= f(x) 


€ y= f(x) is the equation of the graph of the function. 
y = f(x) is the reflection of y = f(x) in the x-axis. 
у = f(-x) is the reflection of y = f(x) in the y-axis. . 
у = а + f(x) shifts the graph upwards through a units if а > 0, and 
downwards if a « 0. 1 
y = f(x + a) shifts the graph through a units to the left if a > 0, and to the 
right if a<0. 


е Modulus of x : |x| 2 x for x 20, 
| = —х for x < 0. 


e Ҥ|х|[>К,Шепх<-Когх>Ё; 
if | x | <k, then -k < x < k 


€ To draw the graph of y = | fx) |, first draw the graph of y = f(x) and then 
reflect any negative part in the x-axis. 


е If f is one-to-one, the inverse function f exists. 
fE) = ff) = x 


If f = f^, f is self-inverse. 
The graphs of y = f(x) and y = f'(x) are reflections of each other in the line y = x. 
Functions may be combined, but ‘the order is important. 


gf:x —Le fo) ——É gif] 
Р second —! L first 


fg: х EE. g(x) ен ЕРЕ fige) 


€ f? means ff, and so on. 


e (fg! - gifs gf o fg? 


REVISION EXERCISE 3 (Answers on page 614.) 
А 


1 f:x e 2x – 3. Find the domain of x if —5 < Қо) € 3. 


2 f is a function given by f : x ———* Ztl , x #3). 
(a) Find f'. 
(b) State the value of x for which >! is undefined. 
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3 (a) Solve these inequalities and show the results on a number line for each one: 
() |4х-3|>2 (8) 1-3 «4 


(b) Given that | ах + | <5 where а and b are constants and that 4 < x 1, find the 
value of a and of b. 


Ч 


4 On the same diagram, sketch the graphs of 
(à у= | х-2 |, 
0) у=2 | х-2 |, 
(с) у-2-|х-2| for the domain -2 < x < 4. 


| 5 On graph paper, sketch the graphs of oe 


(a) y=|x+1], 
(Ы у-13-х| 
Hence solve the equation | 4-1|-13-х|, 
6 Fig. 3.26 shows part of the graph of y = f(x). Copy the diagram and add the graphs of 
(а) y, =f»), І r7 1 шин! ттт 
(b) у,-Қх- 1), Шина | 


| 
! | 
у 


(©) у= 1-3). 


Fig. 3.26 


7 Given the function f : x H—» 3x — 20, x + 0, find the value of (2) and the values 
of x whose image under f is 1. 


8 р:х к> ?х +3 , x #2, Show that gg(x) = x for ай values of x except x = 2. 


9 For the functions f : x +—» x? — 4 and g ix к——>» 2x + 3, find in a similar form 
(a) fg, (b) gf. 
(c) Find the values of x for which fg = gf. 


10 The function R maps x onto the remainder when 16 is divided by x. If the domain is 
(2, 3, 5, 7), state the range. Does R7! exist? 


11 A function f is defined as f : x i—— _=45,, x #-1. Prove that 


Ё:х---- X47 xx -1, 1. Obtain а similar expression for f? and hence suggest 
a possible expression for Ғ”, (C) 


12 Given that f : x +—» x + 2 and gf: x HH» x? + 4x + 2, find the function g. 
Hence express x +——» x? — 4х + 2 in terms of f and ГА 
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13 (а) -The function Ё: x ~ 3x + a is such that (6) = 10. Find the value of a and 
of £1(4). 
(b) Functions f and g are defined by 


f: x c х3, вх 1—25 3 
(i) Find expressions for f^, fg and gf. 
(ii) Find the value of x for which fg(x) = gf(x). 

(c) The function f : x 1———* 2x — 5 is defined for the domain x > 1. State the range 
of f and the corresponding range of ff (С) 


14 Fig. 3.27 illustrates part of the function Ё: х —= y, where у = ax + b. 
Calculate the value of a and of b. 


x y 
10 | f. 410 
9 9 
8 8 
7 7 
6 6 
5 5 
4 4 
3 3 
2 2 
1 1 
0 0 
-1 -1 
-2 -2 


Fig. 3.27 


Find the end-points of the shortést arrow that can be drawn for this function. 


15 (a) Functions f and g are defined by f: x +——» Зх — 2 and g:.x + 12-4 
(x + 0). Find an expression for the function (i) ff, (ii) fg, (iii) g '. 

(b) The function h : x +—» х? + ax + b is such that the equation h(x) = x has 

solutions of x = 2 and x = 3. Find the value of а and of b. (C) 


16 The functions f and g are defined over the positive integers by Ё: x — 6 – 2x and 
Bix К> 2, хж0. 


Express in similar form (a) fg, (b) gf, (c) f', (d) ет, (e) gy 
Find the value of x for which ff(x) = gg(x). 


17 Express in terms of the functions f : x —» Vx , x > 0and g ix 1——9 x + 5 


(a) xı Мек 5, 2-5 (b) x — x-5 
(с) хь---ха10 (d) x > Nx + 10, x20 
(е) x —- 245 (C) 
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18 Fig. 3.28 shows part of the mapping of x to y by the function f : x > 9x — a anc 
part of the mapping of y to z by the function g : y H—» wy ye 12. 
(a) Find the values of a and b. ` 


х 


(b) Express in similar form the function which maps an element x to an element z. 
(c) Find the element x which is unchanged when mapped to z. 


(C) 
2 
1 : 
6 6 
5 5 
4 4 
3 3 
| 2 2 
j 1 1 
ТЕ! 0 0 
| 29 E: 
-2 -2 
Ми 5 
1 Fig. 3.28 


M 19 Given that f: x I — ҮН (х # 3) and that 14) = 9, find 

(a) the value of p, 

E (5) f'(3). 

(c) Obtain a similar expression for f2. 

i Ї (4) Find the value(s) of х which have the same image under f? and f", 


| : 1 
T 20 The function P maps x onto as Xx -2 . 


(а) Given that P(3)= 2 and Р(-3)- -6, find the values of a and b. 
(b) Find the value of x whose image under P is 6 


5- 
(с) Obtain a similar expression for Р-!. 


21 (a) Given the functions f :x р 2x —5 and g:x L—— = (for x 0), find in 

i a similar form (i) fg, (ii) gf. 

| Hence solve the equation fg(x) = g(x). 

(b) Functions р and q are defined as p : x 1 -- тіз »+#—3, and q :x 1-2 
Find in a similar form (i) р“д and (ii) ра”. 

(c) The function h is defined by h : x m» E (x # 1). 


x 
4° 


Find the value of t for which the equation h(x) = x has the solution x = 3; 


: 22 The function f is defined as Ёсх р 2 forx20 
Л x+2 forx<0 
il Sketch the graphs of f and Ё. 


23 If f(x) 2 34 2 » X #0, sketch the graph of f(x) for 1 x «4. . 
Now add a sketch of the graph of f(x) for 31€ x < 5. 
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a 


24 (a) Given that f : x --э 4 (x = 2) find f'(x) and Р(х). Hence solve the 
equation f(x) + 22 (x) = 5. 
(b) If g : x c _4 2 (x + 2), find the values of a if g'(-1) + 2g !(-1) --3. 


ТЭС 


B 


.25 For the domain -3 < x < 3, sketch the graph of y =| [x] |, where [x] means the greatest 
integer less.than or equal to x (for example, [3.4] =3, [-3.4] =—4 etc): State the range: 
of this function for this domain. 


26 Draw the graph of y = | 1- | 2 — x || for the domain 3 < x < 5. 


27 Fig. 3.29 illustrates the function y = f(x) over the domains -1 < x < Qand 0 « x € 3. 
The function is undefined for all other values of x. Sketch the functions given by 
(а) у =) +1, 
(b) у, = f(x + 1). 


Fig. 3.29 


28 f, g and h are functions defined by Ё: x c» х, g:x i—— 5 and 


hix > x + 1. Express in terms of f, g and h: 


(a) хь-- JH (b) х М1 
(c) x m 2(х + 1)? (d) хь-г- 2x! +1 


29 The functions f and g are defined by 


f:x ҥ——+» remainder when x? is divided by 7, 

g:x r——» remainder when x? is divided by 5. 

(a) Show that f(5) = g(3). 

(b) If n is an integer, prove that f(7n + x) = f(x) and state the corresponding result 
for g. (C) 
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30 The function T maps (x,y) onto (x + у, x – 2y). 
(a) A is the point (2,1). T maps A onto B and B onto C. Find the coordinates of B 
and C. 
(b) The point D is mapped onto E(1,7) by T. Find the coordinates of D. 
(с) Another point F is mapped onto G(0,9) by Т?. Find the coordinates of F. 
(d) Express Т-! in the same form as Т. 


31 Given that the range of y = f(1 — x) – 1 is 22 € y € 3, find the range of (a) f(x), 
(b) f(x 1) +1. 
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The Quadratic 
Function 


You have solved quadratic equations such as x? — 4x — 5 = 0 in previous work. In this 
Chapter we study the quadratic function 


Гіхы-- ax’+bxi+c (a0) 


First we review some essential techniques for solving quadratic equations. These will 
always give two solutions or roots, though sometimes they may be equal. 


SOLVING QUADRATIC EQUATIONS 


1 By factorization 


This is the simplest method if it is possible. For example x? – 4x ~ 5 = 0 gives 
(x — 5) (x + 1) = 0 so x = 5 or —1. However, certain quadratic equations, like 
xi — 4x — 4 = 0 for example, cannot be factorized. 


It is useful to remember that the equation with roots œ and D is 
(x - ax- В) = 0. 
H By completing the square 


To solve x? — 4x — 4 = 0, we can complete the square i.e. we make the x? — 4x part into 
a square. 


Rewrite x? — 4x as (x — 2)? — 4. (Check by expanding this.) 
Then x — 4x — 4 = 0 becomes (x — 2)? – 8 = 0 or (x - 2? = 8. 


Now take the square root of each side: x - 2 = + V8 and x 2 2 + V8 giving x = 4.83 or 
—0.83 (correct to 2 decimal places). : 
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Ш Ву /огтша 
We can derive a formula for the roots of any equation as follows. 


а? +bx+c=0 


so +Ёх+©=0 
Then x? + bx =-§ 

A 2 2 
Completing the square: (x + ж) - 2. ш-< 
bN2 _ B-4ac 
So (x + 5а = -je 

b + Nb! — 4ас 


and then X+ = 


giving 


where D = P? — 4ac. D is called the discriminant. You will find out why later. 
When using the formula note carefully that it begins with —b and that the denominator 
is 2a. 


Note: The formula is the preferred method but it is essential to know the technique of 
completing the square for later use. 


Example 1 

Solve 2х2 — 3х— 1 = 0. 

Check that the left hand side does пої factorize. 
Using the formula, a = 2, b = —3, с = -1. 


43) + Ү(С3у-40)-1) 38417 
2(2) Е 4 


giving x = 1.78 or -0.28 (2 decimal places). 


Then x = 


Example 2 

Solve 2х° – 3x + 4 = 0. 
_ зж үә 40)4) | 3443 
= 22 OO 2 0 


But –23 has по (real) square root. Hence the equation has по real roots. We shall see 
the significance of this later. Such an equation is said to have complex roots. We shall 
not however use complex numbers in our work. 
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GRAPH OF THE QUADRATIC FUNCTION 
f(x) = ах + бх + с 


As you will have noticed іп drawing such graphs, the graph of a quadratic function, 
у= ах? + bx + c, has a characteristic shape. It is a curve called a parabola (Fig.4.1). 


Maximum 


Minimum 
а<0 
Fig.4.1 


When a > 0, as in 2x? — 3x — 1, the parabola has a minimum value at the bottom of the 
curve. 
When a < 0, as in 1 — x — 2x’, the graph has a maximum value at the top of the curve. 


The position of the curve relative to the x-axis depends on the type of the roots of the 
equation f(x) = 0. These roots are the values of x where the curve meets the x-axis. 


TYPES OF ROOTS OF ax? + bx+c=0 


The roots are given by x = = o where D = P? — 4ac. 


1 If D is negative (D < 0 i.e. b? < ac), then there is no value of VD. The equation has no 
real roots and the curve does not meet the x-axis (Fig.4.2). 


Fig.4.2 
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Example 3 


What type of roots does the equation 5x! — 3x + 1 = 0 have? 


Using the formula, a = 5; b = —3,‚,с = 1. 
Then D = (3) - 4(5)(1) =-11. 


As D < 0, the equation has no real roots. 


II If D is positive (D > 0 i.e. b? > 4ac), then VD has two values. The equation has two 
different real roots and the curve meets the x-axis at two points (Fig.4.3). 


D»0 


Fig.4.3 


Example 4 

For what values of p will the equation x + px +9 = 0 have two real roots? 
Using the formula, a = 1, b = р, с = 9. 

Then D = p? — 36. 

For real roots, D must be » 0. 

So p? — 36 > 0 i.e. p? > 36. 


It follows that p must be numerically greater than 6, i.e. p > 6 or p « —6. (We could also 
write this as | p | » 6). 


If D is a perfect square, ND will be an integer. Then the roots will be rational numbers, 
i.e. fractions and whole numbers. | 


Example 5 
What type of roots does the equation 2x! + 3x — 5 = 0 have? 
D = 3? - 4(2)(-5) = 49 


As D is positive, the equation has two different real roots. 


5 


-1ог- 5. 


The roots are 2327 


The equation could have been solved by factorization. 
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Ш If D =0 (i.e. Б = 4ac), then x = zi. This means that the roots are equal (also called 


repeated or coincident roots). The curve touches the x-axis with the two roots merging 
into one (Fig.4.4). 


Fig.4.4 


Example 6 


(a) For what values of k will the x-axis be a tangent to the curve 
у= + (1 + x + К? 
(b) With these values, find the equations of the curves. 


(а) On the x-axis, y = 0. So the roots of kx? + (1 + K)x + k = 0 must be equal if the 
x-axis is to be a tangent. Then Р? = 4ac where а =k, b= 1 +k andc =k. 


Therefore (1 + K? = АКК = 442, 
So 1 + 25+ 02 = 40 or 3k? -2k- 1 = 0. 
Solving this we get (3k + 1)(k – 1) = 0 giving k = 1 or- 3. 


If k = 1, the equation is y 2 3? + 2x + 1. 


х-2хе1 


ЕЕ-- b, the equation is y = — 3 


Summarizing the conditions for the various types of roots of the equation 
ax + bx c-0: 


As we have learnt, D is called the discriminant: it discriminates between the types of 
roots. 
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Example 7 


The equation рх — 2(p + 3)x +p — 1 = 0 has real roots. What is the range of values 
of p? 


For real roots, b? > 4ac. 


Here a = p, b = 2X(p + 3) and c = p - 1. 
Then |-2(р + 3)? > 4p(p – 1). 
Simplifying, 4(p? + бр + 9) > 4p? — 4p 
or бр *92-p. 


9 
Hence 7p 2-9 andp2- 7. 


Example 8 


Find the range of values of p for which the line 2x — y=p Ve | (i) 


meets the curve x(x — y) = 4. 

(ii) 
The line may meet the curve at two points or touch the curve. The coordinates of these 
points will be the solutions of the simultaneous equations (i) and (ii). 
From (i), y = 2x - p. 
Substituting in (ii), x(x – 2x + p) = 4 
which simplifies to x? — px + 4 = 0. 
The roots of this equation are the x-coordinates of the point(s) where the line meets the 
curve. These must be real. So b? > 4ac where a = 1, b = -p and c = 4. 


Then (-р) > 4(1)(4) or p? > 16 which gives p > 4 огр 5-4. 


Example 9 


(a) Find the relation between m and К if the line y = mx + К is a tangent to the curve 
y = 8х. 

(b) Ifm= i, find the equation of the tangent and the coordinates of its point of 
contact. А 

(с) Find the equations of the two tangents to this curve which pass through the point 
(-3,-5). 
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(a) As in Example 8, we solve the simultaneous equations. 
Substituting y = mx + k in the equation of the curve: 
(mx + KP = 8x 
Then nx? + 2mkx + 42 – 8x = 0 ie. mx + (2mk - 8x +k = 0 
Now this equation must have equal roots:as the line is a tangent. 
Then P? = 4ac where a = т, b = (2mk – 8) and с = K, so (2mk – 8 = Ат or 
4m)k? — 32mk + 64 = 4n? E? which gives mk = 2, the relation required. 


(b Ет- i , then k = 4. The equation of the tangent is therefore y 2 5 + 4. 


То find-the coordinates of the point of contact, we solve this equation with that of 
the curve. 


Then (# + 4? = 8х ie. + 4x + 16 = 8х 
or x2 - 16x + 64 0. | 
Hence (x — 8)? = 0 giving x = 8. 
The corresponding value of y is 8 +4 = 8. 


Hence the coordinates оѓ the point of contact аге (8,8). 
2 


As mk = 2, the equation of any tangent is у = mx + =. 
If (-3,-5) lies on the tangent, then —5 = -3m + 2 


which simplifies to 3m? — 5m — 2 = 0. 


Solving this, (3m + 1)(т — 2) = 0 giving m= 2 or – 5. 


Hence the equations are y = 2x + 1 and y= – 3 – 6 i.e. x + 3y = -18. 
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Exercise 4.1. (Answers on page 616.) 


1 Without solving these equations, state the type of roots they have i.e., real, real and 
equal or not real: 


(а) x:— 10x 42520 (b) 3-6x 410-20 
(c) PW 24x 7 (d 22-х-2-0 
(е) 333 +х= 1 ( 4x? 20х + 25 = 0 
1 1. 2322 
(ete (h) pele 
(i) 2x? = px +p? () а2-х-а(а>0) 


2 Find the values of k if the equation x? + (k — 2)x + 10 – k = 0 has equal roots. 

3 What is the largest value m can have if the roots of 3x? — 4x + m = 0 are real? 

4 For what values of p does the equation x? — 2px + (p + 2) = 0 have equal roots? 

5 The equation x? — 2x + 1 = p(x — 3) has equal roots. Find the possible values of р. 
6 Show that the equation а?х? + ax + 1 = 0 can never have real roots. 

7 Find the values of k if the line x + y = k is a tangent to the circle x? + y? = 8. 
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8 The equation kx? + 2(k + a)x + К = a has equal roots. Express kin terms of a. Show 
that the line у = (x-3) is a tangent to the curve y = k(x*-3x + 1) for any value of k 
except 0. 


9 (a) Find the range of values of m for which the line y = mx + 5 meets the curve 
у= х2 + 9 in two distinct points. 
(b) If this line is to be a tangent, find the two possible equations of the tangent and 
the coordinates of the points of contact. 


10 The line у = mx + 1 is a tangent to the curve у? = 2x — 3. Find the values of т. 


11 The line y = 2x + p is a tangent to the curve x(x + y) + 12 = 0. Find the possible values 
of р. . 


12 (a) Find the relation between m and с if the line у = mx + с is а tangent to the curve 
у? = 2х. 
(b) Hence find the equations of the two tangents to this curve which pass through the 
point (2,23). 


13 What is the range of values of c if the line y = m + c is to meet the curve x? +:2y? = 
8 in two distinct points? 


14 The equation (p + 33? + 2px + p = 1 has real roots. Find the bei of values of p. 


15 If the equation x? — (p — 2)x + 1 = p(x — 2) is satisfied by only one value of x, what 
are the possible values of p? 


16 If the equation x? – 2kx + 3k + 4 = 0 has equal roots, find the possible values of k and 
solve the two equations. 


17 Find the values of k for which the line x + y = k is a tangent to the curve 
хх-у)%2-0. 


MAXIMUM AND MINIMUM VALUES OF A 
QUADRATIC FUNCTION 


The maximum or minimum values of the function f(x) = ax? + bx + с are the values of 
f(x) at the top or bottom of the curve. These are also called the turning points of the 
curve. 
2 2 
By completing the square, we find that ax? + bx + c =a(x + z) - 22 + c, where 
а> 0. Now the least or minimum value of this expression will be when the squared term 
is 0 (it cannot be negative) as the other terms are fixed. This occurs when x = E 
Hence the minimum value of f(x) = ax? + bx + с (a > 0), i.e. at the bottom of the Curve, 
is f- 2). 
If a « 0, the turning point will be a maximum (the top of the curve) where x = es 
This can be proved in a similar way and is illustrated in Example 11. 
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Example 10 


What is the minimum value of Зл? — 4x 4-1 and for what value of x does it occur? 
f(x) = 302 4х + 1,а= 3, b = 44. 

As а > 0, the minimum value of f(x) occurs when х = — F 

The minimum value = (2)-3х3-341--4. 
This is illustrated in Fig.4.5. The line x = 2 through the turning point is called the axis 
of the curve and the curve is symmetrical about this line. 


Example 11 


Express 5 — х— 2x? in the form a – b(x + с) and hence or otherwise find its maximum 
value and the value of x where this occurs. 


5-х-28-5-2(8-4 х) 
у completing the square 


-5-2(х41)-1-51-2(541). 


Now the least value of (x + is 0 when x = -i so the maximum value of the 


expression is 51 when x = -1. 


Alternatively as the question allows us to use another method (otherwise) we can use 
the rule stated above. Here a = —2, b = —1. Verify that the same result is obtained. This 
is illustrated in Fig. 4.6. The equation of the axis of summetry is x = x 
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SUMMARY Ал 
To.find the maximum/minimum value of f(x) = ах? + bx + c, rewrite fo) as 


а(х? + bx + 5) and complete the mi on x? + 2 a 


f(x) is then converted to al + Ey – Ф + 5 g 
; Р ? eae осол сага 5.28 
The turning point of f(x) is a minimüm ifa > 0 Л” occurs where x = 58 


max : b 
не min vae 52). 


SKETCHING THE GRAPH ОҒ А 
QUADRATIC FUNCTION 


To draw the graph, we need a table of values. For a sketch, we need only know: 

(1) the shape of the curve; 

(2) where it cuts the y-axis. This is given by %0); 

(3) the positions of the roots (if any). If f(x) factorizes, the roots are e easily found; other- 
wise, approximate values will be sufficient; 

(4) the position of the turning point. Remember that the curve is symmetrical about the 
axis through this position. 


Example 12 ! Fig.4.7 
Sketch the graph of f(x) = 2x? — 3x – 4. Қ) = 29 3x-4 
(1) As a» 0, the shape i is V J. 


(2) (0)--4. 
This is the point A (Fig.4.7). 


f(x) does not factorize. 


Вх) 220? - 


So the minimum is at 2и UN P -4 А 


The curve can now be sketched through these points. 
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Example 13 


2 


Sketch the curve y = -2 + 2x - x. 


(1) a < 0 so the shape is (ane 
(2) When x =0, у = -2 
(point A in Fig. 4.8). 
(3) Р? < 4ac so the curve 
does not meet the x-axis. 
(4) fo) = -Q? - 2x + 2) 
z-[x- 1-142] 
2-(x-1y)-1 


So the maximum is at (1,-1) (point B). 


Example 14 
| Sketch the graph of f(x) = pe - x - 2]. 


To sketch this graph, we use the same method as before. 
First sketch f(x) 2 x? — x — 2 and then reflect the negative part in the x-axis. 


x3-x-2-(x-2)x- 1) so the graph meets the x-axis at —1 and 2 (Fig.4.9). 


It meets the y-axis at 2 and the minimum is at (à > -21) 3 


When reflected, these values become 2 and ( 1.21) respectively. 


E 


КТ f(x) 


f(x) = pê- x- 2| 
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RANGE OF A QUADRATIC FUNCTION 


Example 15 
Find the range of f(x) = xi – 2x – 3 for the domain -2 < x 55. 
At the end points, f(-2) = (-2)? — 22) - 3 = 5 and f(5) = 5? - 25) - 3 = 12. 
We might be tempted to say that the range is 5 to 12, but does the curve rise continu- 
ously from 5 to 12? It may go down to the minimum and then rise. 
Verify that the minimum is —4 at x = 1 and sketch the curve (Fig.4.10). 
The minimum lies within the domain. 
So the actual range is 4 < f(x) < 12. 
. Hence for such questions it would be wise to make a sketch. 
: х) ; 12 


Ехатріе 16 


Sketch the graph of 3 — 5x — 2х апа state the range of the function 
Бхж---3-5х-2х)с real x. 


As a < 0, the curve has a maximum where 


22) 
The maximum value is 3 
Fig. 4.11 shows the sketch. As x can take any 
real value, the function takes values < 6i so the 
range is f(x) € 61. 
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Example 17 
Find the range of the function f(x) = | x(x — 2) | for the domain A «хє 21. 


First sketch the graph (Fig.4.12). 
The minimum of x(x — 2) is -1 at x = 1 which becomes a value of 1 when reflected. 


f(x) = [xix-2)1 


Fig.4.12 


At the end points, (4) = |5(-3)| = $ and (25 =|-3 |=} 
At x = 2 however, f(2) = 0. 
Hence the range is 0 < f(x) < 14. 


Exercise 4.2 (Answers on page 616.) 


1 Find the maximum or minimum values of the following functions and the values of 
x where this occurs: , 


(a) xi-6x-1 (b) 2+ 25-3 
(с) 1-4x-2x. 1 (d) 3-x-2 
(e) 22-х-4 (0 2+3 

(р) 452 -3x-1 (h) 5-2x - 4 
D (0-32) 9 x +2bx+c 


2 Sketch the graphs of the functions in Question 1 (except part (j)). 


3 The graph of a quadratic function meets the x-axis where x = 3 and x = k. If the turning 
point of the function occurs where x = 1, find the value of К. 


4 Sketch the graph of f(x) = | x? — 4x + 3 | and find the range for the domain 0 € x < 2. 
5 Sketch the graph of f(x) = | x2- x) |. State the range if the domain is -2€ x < 3. 
6 Sketch the graph of the function f(x) = | x? + x – 2 | and find its range for0 <x 52. 


7 Find the range of the function y = | 3 + 2x — x? | for the domain 0 € x < 2. 
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8 (a) A function V is given by V(t) = 22 — 8t + 30. Find the minimum value of V and 
the value of t where this occurs. 
(b) What is the range of this function for 0 < t < 3? 


9 Find the range of the function Ё: x ——— 2x? — бх — 1 for real values of x. 


10 Find the range of the functions (a) 1 — 3x — x? and (b) 2x? — x — 3 for the domain 
-15х52. 


11 Find the range of (a) 2x? — x — 3 and of (b) 1 — 2x — x? for the domain 25х52. 


12 Convert у = 1 Кх + 4)? + (x — 2)?] to the form у-- (x + р)? + 4 and hence find the 
minimum value of y and the value of x where this occurs. 


13 (a) Express 7 — x — 3x? in the form a — b(x + c}, showing the values of a, b and c. 
Hence state the range of the function f : x > 7 — x — 3x? for all real values: 
of x. 
(b) If the minimum value of x? + 4x + k is —7 find the value of k. 


14 The height (4 m) of a ball above the ground is given by the function h(t) = 15t — 52 
where f is the time in seconds since the ball left ground-level. Find the range of the 
height for 1 <¢< 3. 


15 A spot of light is made to travel across a computer screen in a straight line so that, at 
t seconds after starting, its distance from the left hand edge (d cm) is given by the 
function 4() = 7t — 2 + 2. Find the furthest distance the spot travels and how long it 
takes to travel this distance . 


16 The function f(x) = 1 + bx + ax? has a maximum value of 4 where x = —1. Find the 
value of а and of b. 


17 The function f(x) = ax + bx + с has a minimum value of -54 І where x = 1 апа 
f(0) = —5. Find the value of a, of b and of с. 


18 A rectangular enclosure is made against a straight wall Fig. 4.13 
using three lengths of fencing, two of length x m (Fig.4.13). 
The total length of fencing available is 50 m. 
(a) Show that the area enclosed is given by 50x — 2х2. P x 
(b) Hence find the maximum possible area which can be 
enclosed and the value of x for this area. 


QUADRATIC INEQUALITIES wall 


For D > 0 and a > 0, the equation f(x) = ax? + bx +c =0 will have unequal roots. Call these 
о. and В (where о < B). Then we see from the graph of such a function (Fig.4.14) that 


for x«a, 0) > 0 
fo о<х<р, 00) <0 
for х> В, f(x) > 0 
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Fig. 4.14 


For D > 0 and a < 0, the signs of f(x) will be reversed (Fig. 4.15), 


for х<о, 6х) <0 
fo a«x«f, Қд>0 
for х> ф, f(x) «0 


D»0 


Fig.4.15 


Keep the graphical illustrations in mind when dealing with such inequalities. 
If, however, D.< 0 (Fig.4.16) then 


(а) D«0,a»0 


Fig. 4.16 


(b) 0<0,а<0 


91 


Example 18 
Show that 3x? — 2x +4 is always greater than 1. 


This means we һауе to show that 3x? — 2x + 3 is always greater than 0. 
Now for this function, D = b? — 4ac = 4 — 36 < 0. Therefore the function is always 
positive. (Similar to Fig.4.16 (a)). 


Example 19 

For what domain of values of x is 3x2 — 2x € 1? 

This is equivalent to 3x7 – 2x – 1 <0 i.e. (3x + D(x- 1) < 0. 
The roots of the function are © = -i and f = 1. 

Then 3x? — 2x — 1 is 0 or negative if -i < x < 1 (Fig.4.17). 


Fig. 4.17 


Alternative method 


This method uses the signs of the two factors (3x 4-1) and (x — 1) to find the sign of 
the product (3x + 1)(х— 1). 
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On the first number line, 3х-4-1 will be negative for х < 4 ‚„Оагх = -} and positive 
thereafter. 
On the second number line, (x — 1) will be negative if x « 1, 0 at x = 1 and positive 
thereafter. 
The signs of the product: are shown on the third number line. Hence we see that 


(3х + 1) @-1) < 0 for — $ <x < 1 as before. 


те BE 
Example 20 


For what range of values of p will the equation x — (p +2)х + p! +3p = 3 have real 
roots? 


The equation is x? – (p + 2)x + p? + 3p – 3 = 0. 


For real roots, b? > 4ac where a = 1, b = -(p + 2) and c = p? + 3p – 3. 


Then [-(p + 2)P > 4(p? + 3p - 3) 
ie. p? + 4p c 42 4р? + 12p – 12 


which simplifies to 3p? + 8p - 16 < 0 
ie. (3р — AY(p + 4) € 0. 


Hence, as in Fig.4.14,-4 <р < 5. 


| Example 21 


Find the domain of x for which |x? – 3x — 7 | & 3. 


Extending the iesult for | x | < k found in Chapter 3, if | х2 - 3x - 7 | < 3, then 
-35хХ)-3х-753. 
Take these separately: 
(1) -3€xi- àx- 7 

gives х2 - 3-420 

ie. x- 4x 41) 20 

This is true if x < —1 or x 2 4. 
(2) х-3х-753 

gives х2 – 3x - 10€ 0 

ie. (x -5)x + 2) <0 

This is true if-2 < х € 5. 
These inequalities are shown on number lines. 

41 4 


-2 5 


Now х must satisfy both sets of conditions. Hence x must lie in the shaded regions i.e. 
between —2 and —1 (inclusive) and between 4 and 5 (inclusive). Hence 22 $x €-1 апа. 
4<х<5. ` 
This solution is shown on the graph of y = | x? — 3x – 7 | (Fig.4.18). 


Exercise 4.3 (Answers on page 617.) 


1 Find the domain of x if 


(a) x!-x22 (0) 2+х<6 

(с) х2 + 5х> 6 (d 22 2x4] 

(е) x(6x- 5) €-1 (f) х>4х 

(g) 32<х+2 (h) (х + 3)(х + 1) > 24 
(1) 3х2<4-11х 0) 222 47x24 


2 If 8х2 + 4x + k is never negative, find the least possible value of k. 

3 Find the range of values of ¢ if the equation 3x? — 3tx + (P — t — 3) = 0 has real roots. 
4 If the roots of p(x? + 2) = 1 — 2x are real, find the range of values of p. 

5 If the equation px(x — 1) + p + 3 = 0 has real roots, find the range of values of p. 


6 Find the domain of x if. 
(a) [2+х-7[<5 (b) |x- 5x- 10| 24 
(с) 14 -х-х3Х 52 


7 Find the range of values of p if the roots of the equation px? — (р + 2)x + 1 = 0 are 
real. 


8 Show that the equation (t + 3)x? + (27 + 5)x + (t + 2) = 0 has real roots for all values 
of t. 


9 Show that the equation px? + (2p + 1)x + (p + 1) = 0 has real roots for all values 
of p. | 


10 A rectangle has sides of length (2x + 3) cm and (x + 1) cm. What is the domain of x 
if the area of the rectangle lies between 10 cm? and 36 cm? inclusive? 
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11 If the equation х? + 3 = (x + 1) does not have real roots, find the range of values 
of r. 


12 For what domain of x is [2х2 - x - 3| < 3? Ilustrate your result on a sketch of 
уз [2:2 -x-3 | : 
13 If | (x + 3)(х— 2) | «6, find the domain of x and show your result on a sketch graph. 


14 State the domain of х for which 3x -- 2 and x + 3 are 
(a) both positive, 
(b) both negative. 
Hence find the domain of x for which 3x? + 7x € 6. 


15 The equation px? + px + 2p = 3 has real roots. Find the range of values of p. 


16 The function x? + 3x + & is never negative. Find the least whole number value of К. 
If k = 4, find the minimum value of the function. 


‘SUMMARY - 


€ © The roots of ax? + ‘bi +с= ба are given i by х= abt Багийн fe a aL M 
€ Types of roots: if 5*7 4ac, the roots are real and different: 
if b^ = 4ac, the roots are real and equal- РЕГЕ 
if b? <.4ac, ће equation ‘has по real roots.” °° — ^-^ 
'e ifa >Ù, the function ax? + brte has a minimum value; ^^ 
if a.<-0, it has a maximum value. 
ө Tófindtbe maximum/minimum, write as a(t TU. SY ‘and complete the square | 
on БЭ 5 ‚ ica 
e f thé roots of то) = шах + bx + c= = 0 are о апа В (Where. a< B), then 
f(x) > 0 for x <a 
f(x) <0 fora<x<B when 5? > 4ac and a > 0 (Fig.4.19) 
х) > O for x » В | : 
аа 7 
f(x) < О forx< a * Омын 
Қз > 0 fora<x< В when-b? >:4ac'and:a <-0<Ғір,4,20)-- 
f(x):< 0 for x > B 1 ЫГ eke it 


D>0 
а«0... 


Fig. 4.19 х<о1 асхс« !x»f Fig. 4.20 
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ОНЫ < 4ac and a > 0, f(x) is always > 0. 
If P? < 4ac and a < 0, f(x) is always < 0. Ч 


(a) D<0,a>0 


q 


Fig.4.21 


2 


b) D<0,a<0 


REVISION EXERCISE 4 (Answers on page 617.) 


A ^ 
1 Without solving the following equations, state the nature of their roots: 
(а) 352-х-1 (b) (х+1)(х-2)=5 
© 0-32 25 (d 1 +3= 45 


(е) (2х + 5)(2х + 3) = 2(6x + 7) 
2 Find the range of values of x for which 3x? < 10x — 3. 


3 Show that the equation (t – 3)? + (27 — 1)x + (t + 2) = 0 has rational roots for all values 
of t. 


4 Show that the equation (p + 1)x? + (2p + 3)x + (p + 2) = 0 has real roots for all values 
of p. (C) 


5 The quadratic equation x? + px + q = 0 has roots —2 and 6. Find (i) the value of p and 
of q, (ii) the range of values of ғ for which the equation x? + px + q = r has no real 
roots. (C) 


6 Express 8 + 2x — x? in the form a — (x + b}. Hence or otherwise find the range of 
8 + 25-22 ог -l <х5< 5. 


7 (a) Find the range of values of х for which 6x? ~ 11x 2 7. 
(b) Find the coordinates of the turning point of the curve y = (2x — 3)? 6 and sketch 
the curve. (C) 


8 Find the range of the function 2x? — 7x + 3 for the domain 0 < x < 4. 


9 State the range of values of k for which 2k — 1 and k + 2 are (i) both positive, (ii) both 
negative. Непсе, ог otherwise, find the range of values of k for which 2k? + 3k < 2. 
(С) 
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10 (a) Find the value of р for which the line y = 6 is a tangent to the curve 
у= +(1-р)х + 2р. 
(b) Find the range of values of 4 for which the liné х + 2y = 4 meets the curve 
x(x+y)+8=0. (C) 


11 Find the domain of x for which | 2x? — 4x — 3 | > 3. 


12 (а) The quadratic equation kx? + 2(k + a)x + (k + Б) = 0 has equal roots. Express k 
in terms of а and b. 

(b) The quadratic equation (p + DE + 2px + (p + 2) = 0 has real roots. Find the range 

of values of p. (C) 


13 The function 2ax? — 4x — a has a maximum value of 3. Find the values of a. 
14 Sketch the graph of the function | x? — x — 6 | and Над its range for 0 < x € 3. 


15 The curve y = ax? + bx + c has a maximum point at (2,18) and passes through the point 
(0,10). Evaluate a, b and c. (C) 


16 The two shortest sides of a right-angled triangle have lengths (x + 1) cm and 
(x + 2) cm. If the area A cm? of the triangle is such that 15 <А < 28, find the range 
of values of x. 


17 The equation of a curve is у = 4х? — 8x — 5. Find 
(1) the range of values of x for which y > 0, 
(ii) the coordinates of the turning point of the curve. 
State the coordinates of the maximum point of the curve у = | 4p - 8x —5 | and sketch 
the curve у = | 42 - 8x - 5 |. (C) 


18 A square has side x cm and a rectangle has sides x cm and 2(х + 1) cm. 
' For what range of values of x is the total area not less than 1 cm? and not more than 
5 cm? 


19 (a) Find the value of. p for which the equation (1- 2р)? + 8px — (2 + 8p) = 0 has two 


equal roots. 
(b) Show that the line x + y = 4 will intersect the curve x? — 2x + 2y? = 3 in two 
distinct points if 4? < 24 + 5. (С) 


20 (a) The function f : x 1——— x? + px + q is negative only between the values x = 2 
and x = 5. 
(i) Find the value of p and of а. 
(ii) If f(x) --2, find the value of x. 


(b) The function ax? + bx + c is positive only when -> 3 <x « 2 and meets the y-axis 
where y = 6. Find the value of a, of b and of c. 


21 Find the domain of x if V5x — 2 — 2x? is real. 
22 f(x) = 0.3x? — 0.2x. If 0.1 < f(x) < 0.5, find the domain of x. 


B 
23 Find the domain ofxif2«NQx +х+3)<3. 
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24 If the equation x? + 3 = k(x + 1) has real roots, find the range of values of k. Hence 


find the two values of x for which the function — has (i) a maximum, (ii) a 
minimum value. 


25 The function f(x) = ax? + bx + c has a minimum value of 5 when x = 1 and f(2) 27. 
Find the values of a, b and c. 


26 The roots of the quadratic equation x? + 2x + 3 = р(х? — 2x — 3) are real. Show that p 
cannot have a value between —1 and 1. 


27 The function x? + px + q is negative for 2 «х « 4. Find 
(a) the values of p and q, 
(b) the domain of x if 15 < x? + px + q < 48. 


28 (a) Solve the equation x? + 2ax + 2 = 2а? + 5a to obtain x in terms of a. 
(b) If these values of x are real, find the range of values of a. 


29 If а and В are the roots of ax? + bx + c = 0, show that a + В = -? and that 
of = ©. Hence show that o? + Р = Кис and that œ - B = SE = бас, 
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Binomial 
Expansions 


A binomial is an expression of two terms, such as (x + y), (a — b), etc. If the binomial 
(a + Б) is squared, the result is the expansion of (а + БУ. Write down this expansion. 
Now examine the pattern obtained if we expand (а + БУ, (a + БУ, etc. 
(а + by = (a + Ба + b) 
= (а? + 2ab + Ба + b) 
To find this, multiply each term of (a? + 2ab + b?) by a, then by b and add the results. 
Multiplying by a: а? + 2db + ab 
Multiplying by b: ab + 245 + D 
Adding: d + 3ab + Зар + PP 
Note that ће powers of a and b add up to 3 and that the coefficients are 1331. 


Now find (а + b)* = (а + БУ(а + b) in the same way. 

You should obtain a* + 4а2Ь + ба?Ь? + 4ab? + b*. 

The powers add up to 4 and the coefficients аге 1 4 6 4 1. 

Once more, find the expansion of (а + b)’. Can you see the pattern? 


1::2::1 coefficients of (a + b)* 
1331 coefficients of (а + Б)? 
14641 coefficients of (a + БУ 
1510105 1 coefficients of (а + b? 


Each line starts and ends with 1. Go along the (а + b} line and add the coefficients in 
pairs. You will find that the sum of each pair gives the coefficient in the next line. Repeat 
for the other lines. Hence find the coefficients for (а + bY* and (a + bY. 

Note that the coefficients are symmetrical and that the second coefficient is equal to 
the power of the expansion. For (а + Б)" there are (л + 1) terms, where n is an integer. 
Make a copy of the triangle up to a power of 8 to keep for reference. 

This pattern is called Pascal’s Triangle after the French mathematician Pascal (1623 
— 1662) but it was known in China long before his time. By working through the triangle 
we can find thé coefficients for any power n of (а + Б). 

Later in this chapter, we will introduce the Binomial Theorem which gives a formula 
for the coefficients, but for most of our work the triangle will be sufficient. 
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Ехатрїе 1 
Expand (a + b}. 
From the triangle the coefficients are 1 8 28 56 70 56 28 8 1. 


Then (a + b = 1а + 8а?Ь + 280652 + 564957 + 700957 + 56a°b* + 28a?b5 + Bab? + 1% 


Note that the powers of a decrease from 8 to 0 while the powers of b increase from 0 
to 8. The sum of these powers is always 8. 


(а + b) is the model binomial but we can replace а or b by other expressions. 


Example 2 
Expand (2х – 1). 
The initial coefficients are 1 4 6 4 1. Here a = 2х, b = -1. 


Then (2х — 1)* = 1(2x)* + 4{(2х)5(—1) + 6(2x)*(-1)* + 4(2x)(-1)? + 1—1) 
= 16x – 323 + 2422 – 8х + 1 


The coefficients аге now quite different. The powers of х are in descending order. 


Example 3 


Find in ascending powers of x the expansion of (2 — 5 )5. 


The initial coefficients are 1 6 15 20 15 6 1. The expansion is 


2+ 6(25)(— 2) + 18(2(- #) + zug» (- 2) +15(29(— 2 «60Х-3) + БІЗІ 
= 64 — 6(2°ух + 1522»? — 209 + 15(®) -6(5) + $ 


= 64 — 96x + 60x? — 2002 + I6 — 3Ё + Ж 


Exercise 5.1 (Answers on page 618.) 


1 Find, in descending powers of x, the expansions of: 


(а) (x-2y (b) Qx - 3y (с) Qx 1? 
@ (х-1) © (541) 0 (4-2) 
2 Expand, in ascending powers of х: 
(а) 1-25) (b (2-32) (с) (2-3) (d) а-жу 
3 Find, іп ascending powers of х, the first four terms іп the expansion of: 
а) 2-5) a-w. © (1-3) @ (4-3) 
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4 Find the expansions of (а) (3x — 22 (b) (x - гу. 
5 Expand (a + by. Ifa== 2 and b- 1, find the value (as a fraction). of the fourth term 
of the expansion. 


6 Write down the first four terms of the expansion of (1 — x)$ in ascending powers of x. 
Using these terms, find an approximate value of (0.99)°. 


7 (a) Write down the expansions of (1 + x)? and (1 — x}. 
(b) Hence simplify (1 + х)? + (1 — x}. Use your result to find the exact value of 


(1429-01-27). 


8 By using the expansions of (2 + x} and (2 — х)“, find the exact value of 


(2 + N3y + (2 — N3y. 


9 (a) Write down the expansions of (1 + x)* and (1 — x}. 
(b) Hence simplify the expression (1 +x% — (1 —x)*. Use your result to find the value 
of 1.014 — 0.99*- 


10 (a) Obtain the expansions of (x + D and (x - p. 
(b) Hence simplify e * D - (x - D. 
(c) Choosing a suitable value of x, find the value of 2.55 — 1.55. 


Example 4 


(a) Expand (1 + у) in ascending powers of y. 
(b) Hence find the expansion of (1 +x — xX} as far as the term in х. 


(а) (1-уу-1-44у + 6у + Ay + у 


(b) Now substitute (x — x?) for y. 
(1 4 x axo = 14 4(x — xà) + 6(x х2) + Ax — 02) + (х - xy 
= 1 +4х— 402 + 602 — 228...) +408...) +... 
(where we do not keep 
any terms higher than х7) 
= 1 + 4x- 4è + бу? – 122° + 4X (up to the term in x°) 
= 1+ 4x+2x?- 8х3 (up to the term in x?) 


Example 5 
(a) Find, in ascending powers of x, the expansions of (1 — 2xP and (2 + х). 
(b) Hence find the first four terms of the expansion of (1 — 2xP(2 + x}. 
(a) (1 — 2x = 1 + 3(-2x) + 3(—2х)? + (-2x? 
= 1— 6х + 1222 – 8 
(2+ х)* = 24 + 4050) + 6(22)(22) + 4(2)@°) + x* 
= 16 + 32x + 2422 + 8 + х^ 
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(b) (1-2хХУ(2-х7-(1-6х-125-8х9(16 + 32x + 24x? + 8x3 + x4) 
The first four terms will go up to the power of 32. So we multiply the terms in the 
first bracket Бу 16, 32x, 24x? and 8x° and leave out any terms higher than x°. 


Multiplying by 16 16 — 96x + 192x? — 12823 
Multiplying by 32x 32x — 192x? + 38423 
Multiplying by 24x? 24x? – 144? 
Multiplying by 8x? 8x3 
Adding 16 — 64x + 24x? + 120 


| Example 6 


(a) Find the terms in x? and х! in the expansion of (3 — $ Жіп ascending powers of x. 
(b) Hence find the coefficient of x! in the expansion of (1 — 2 X3 – 3). 


(a) (3-$)®= 3® + 635C 3) + 1585C 5) 2087 FY + 15(32 3)... 


So the x? term is —20x° and the x^ term is + E 
I FERE 
(b) Then (1- 2)(3 - 2) = (1 - #)(..— 209 + SE.) 
p _/ 
The Mos in x^ is found by multiplying the relevant terms as shown, and is 


10x4 + = x giving а coefficient of ^3 


Example 7 

Write down and simplify the first three terms in the expansions (in ascending powers 
of x) of (a) (1 — E: ) and (b) (2 + x. 

Hence find the coefficient of x! in the expansion of (2 — 2x — ын Ж 


-Жжу- -3х Bay = р 15х 4 45x? 
(а) 1-жу-1-5-%)-10-2).-1-52%3%9 


(b) (2 + х) = 25 + 5(2*)(x) + 1020?) ... = 32 + 80x + 802 


We notice that (2 — 2x — зе is the product of (a) and (b) 


=K- 30 «3r 
п 


= [1 - Bx, 52 45x" 132 + 80x + 8022...] 


(eae Ал а 
i ) 


The term in x? will be the sum of the products linked together, so the coefficient of х? 
is 80 - (5 х 80) + (2 x 32) = 200. 
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Example 8 


Find, in ascending powers of x, the first three terms in the expansions of 

(а) 1 *2xP and (5)-0 + рх). 

(c) If the coefficient off zn the expansion of (1 + 2x)(1 + px! is 26, find the value 
of p. =з 

(a) The first three terms of (1 + 2x)? аге 1 + 5(2x) + 10(2х) = 1 + 10x + 4022. 
The first three terms of (1 + px)* аге 1 + 4(px) + 6(px = 1 + 4px + рх 


1— —————3 
(c) (1 + 23*(1 + рх) = (1 + 10x + 40x2Y(1 + 4px + 6p?x?) 


We only require the term in x? so we pick out the terms (linked together above) 
whose products produce х2: 

1 x бр? = 6p’x 

10x х 4px = 40рх? 

40x? xi = 40x? 

giving (6p? + 40р + 40). 
Hence 6p? + 40р + 40 = -26 
Le. 3p? + 20р + 33 = 0 or (3p + 11)(р + 3) = 0 
and sop --il or — 3. 


Example 9 


(a) Find the first three terms in the expansion of (1 — 3x} in ascending powers of x. 
(b) If the first three terms in the expansion of (p + qx)(1 — 3x} are 3 4- rx +300X, state 
the value of p and find the values of q and r. 


(a) The first three terms of (1 — 3x)? are 1 + 5(-3x) + 10(-3x)* = 1 ~ 15x + 902. 
(b) The first three terms of (р + qx)(1 — 3х)5 will come from (р + qxY(1 — 15x + 902). 
The first term is p so p = 3. 


The term in x is 4х – 15рх 50 4 – 15р = ғ | (i) 
The term in x? is 90px? — 15qx? so 90р — 159 = 300 (ii) 


From (ii), 270 — 154 = 300 в04--2. 
From (i), r = -2 – 45 = 47. 
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Example 10 


(a) Expand (1-3 ' in ascending powers of x. 
(b) If this expansion is used to find the exact value of (0.995), what value should be 
taken for x? 
(c) Using this value, find (0.995 f. 
(a) The coefficients in the expansion of (a + БУ are 1 4 6 4 1 and, in this case, 
а-1,5-- $. 
All the powers of a = 1. 
Then (1— 5) 2 1 4C 5) + 6(— 2? e 4C $9 + (— 3 
21-2x43B 2.0 
If 1 — | = 0.995, then 2 = 0.005 and x = 0.01. 
Substitute x = 0.01 in the expansion. 


(0.995)* = 1—2(0.01) + 2001 _ (0017 , 007 
Writing the positive and negative terms separately: 
positive negative 
1 ~2(0.01) = — 0.02 
30.01" — 0,000 15 -(00 ~ 0,000 000 5 
ХИЙХ — 0.000 000 000 625 
1.000 150 000 625 — 0.020 000 5 
which gives a sum of 


1.000 150 000 625 
— 0.020 000 5 


0.980 149 500 625 


This is the exact value of (0.9957, 
Compare this value with that obtained by using a calculator. 


Exercise 5.2 (Answers on page 619.) 


1 Write down the expansion of (1 — х)“. Use your result to find the expansion of 
(1-х+ ху in ascending powers of x as far as the term in x?. 


2 Use the expansion of (1 + х)? to find the first three terms in the expansion of 
(1+ 2 — х2)? in ascending powers of x. 

3 Find the first three terms in the expansions in ascending powers of x of (a) (2 — x)! and 
(b) (3- »*. Hence find the coefficients of x and x?in the expansion of (6 — 4x + zy. 


4 (a) Write down the expansion of (1 + x)? in ascending powers of x as far as the term 
іп 23. 
(b) Hence find the first four terms in the expansion of (1 + x — 27). 
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5 Expand in ascending powers of х, (а) (1 + 2x)* and (b) (1-3). 
Hence find the first three terms in the expansion of (1 + 2x)*(1 — x}. 


6 Write down the expansions of (1 + 2х)? and (2 — 3) in ascending powers of x. Hence 
find the coefficient of the term in x? in the expansion of (1 + 29%2- 27. 


7 Find the coefficient of x? in the expansion of (1 — 2x1 + Зу, 


8 Expand each of the binomials (1 + x)? and (2 — x) as far as the term in x°. Hence find 
the coefficient of x? in the expansion of (2 + x — 2), 


9 In the expansion of (a + bx) in ascending powers of x, the first two terms are 16 – 96x. 
Find the values of a and 5. 


10 The coefficient of the third term in the expansion of (ax — ly in descending powers 
of x is 80. Find the value of a. 


11 (a) Expand (1 + ах) and (b + x)! in ascending powers of x. 
(b) If the first two terms in the expansion of (1 + ax)Xb + х)* are 16 — 64x, state the 
value of b, where b » 0, and find the value of a. 


12 In the expansion of (p + qx)‘ in ascending powers of x, the first two terms are 16 8t, 
Find the values of p (> 0) and 4. Hence find the third term in the expansion. 


13 (a) Expand (1 + px} and (1 + ох) as far as the terms in x’, 
(b) Given that the coefficient of x? in the expansion of (1 + px)*(1 + 4х)? is -6 and that 
p * q = 1, find the values of p and q. 


14 (a) State the expansions of (i) (1 + ах)? and (ii) (1 + bx)* in ascending powers of x. 
(b) If the second and third terms іп the expansion of (1 + ax)*(1 + bx} are 5x and 3x 
respectively, find the values of a and b. 


15 (a) Find the coefficients of x* and х? in the expansion of (2х — ly. 
(b) Hence find the coefficient of X? in the expansion of (5 — 2)(2х – ly. 


16 Find the coefficients of x? and х in the expansion of (2 - x. 
Hence find the coefficient of х in the expansion of (1 + зэ ~ xy. 


17 Write down 
(a) the first four terms in the expansion of (1 — 2x)‘, and 
(b) the first three terms in the expansion of (1 — x)*. 
If the sum of the terms in (a) equals the sum of the terms in (b) where x # 0, find the 
value of x. 


18 State the first three terms in the expansion of (1 + x)‘ and hence find the first three , 
terms in the expansion of (1 + ax + bx)‘, If these are 1 + 8x + 12x’, find the values 
: ofa and b. 


19 If the expansion of (1 — x — x2)" is used to find the value of (0.89)'°, what value of x 
should be substituted? 


20 Write down the first three terms in the expansion of (1 — x)? in ascending powers of 
x. Use this expansion to find the value of (0.999)? correct to 5 significant figures. 
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THE BINOMIAL THEOREM 


The expansion of (a + Б)" is given in full by a formula known as the Binomial Theorem. 
The formula is as follows: 


(a + by = e(t )ечь «(3 Ja? +.. +(" )ecw +. .-b 


where ( z) = пП@-1)и-2).(л—-г+1) 


E , and 


r! is factorial rand r! = 1X 2x 3Xx4Xx... xr 
For example, 2! = 1 х 2,312 1 x 2x3, 5! 2 1X 2x 3x 4x 5 etc. 
пү_ n(nY. nn-1) (нү, n(n—-1(n-2) 
Hence (1) = 1.03) = "cg, (5) = 10500152. and so on. 
There are (n + 1) terms in the expansion of (a + Б)". The coefficients of the expansion аге 
n n n 

1 (1) (2 4 (9 ж l 

term Ist 2nd 3rd (r+ 1)th (л + 1)th 


The first and last coefficients are always 1 when л is a positive integer (which it always 
will be in our work). Note that the coefficient for ће (ғ + 1)th term is (7). 


Some calculators give the numerical value of (” 5) (shown as “С but the formula needs to 
be known for algebraic terms. 


Example 11 
Show that (19) - (30), 


(9)- EEE = im 


10ү.. 10x9x8x7x6x5x4 _ 5 қ 
( ) = Тїх2х3х4х5х6х7 ^ 120 after cancelling 4 x 5 x 6x 7. 
We could have expected this as the coefficients of (a + Р)! are symmetrical. 
This is an example of a general rule: ( 7 )- 222 


Hence to find, say (12) it is easier and quicker to find (12). 


Example 12 


Using the theorem, find the coefficients in the expansion of (a + by. 


The coefficients are 11:11) (7), (2), (Т); (1) and 1. 


(«reno (неш (0-3 эн 


(1)-01)-38. (1-0) 21 (9 = 0)=7 | 
So the coefficients аге 1, 7, 21, 35, 35, 21, 7 and 1 as we have found from Pascal’s 
triangle. ` 
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Pascal’s Triangle is the easier and quicker way of finding coefficients provided n is not 
too large. If n is large or is not known, then the Binomial Theorem must be used. The 


theorem is essential in more advanced work when n may not be a positive integer. 


Example 13 
Find the first four terms in the expansion of (x — 2). 
Here a = x, b = —2 and n= 12. 
The first four terms are 
x (12) x12) а (12) 2 + оу 
= х? + 12 gy /2ХИ, лоду + 120120. 9с 8) 
= x! — 24x! + 264x" — 17609 


Example 14 


Find the Sth and 6th terms in the expansion of (2x — % )9. 

Here a = 2x, b 2 -3 and л = 10. 

The 5th term is given by r = 4 and the 6th term by r = 5. 

The Sth term -(10)(2ху9-(-2) = 195527 олуу = 8404. 
Verify that the 6th term = 1059Х8Х7Х6 (395 (5) = _25245, 


1x2x3x4x5 


Example 15 


Write down (without simplifying) the first three terms in the expansion of (х + by 
where n is a positive integer. If the coefficients of the second and third terms are -8 
and 30 respectively, find the values of n and b. 


(e+ by sare (уч e (epe 
Hence the coefficients of the second and third terms are nb and хас i ) ?? respectively. 
Then nb = —8 (1) 
апд ZO = 30 ie. n(n - 1)b? = 60 i) 
We solve these equations for n and b. 
In (ii), substitute b = 58, 

n(n-1)$ 260 o ^5 = 8 
Then 64n – 64 = 60n from which we find n = 16. 


From (i), b = 8 - -4. 
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Example 16 


Find the term independent of x in the expansion of (2x — i 2% 


From the theorem, the (r + 1)th term is 


(1903) 10-(- iy = (10)2!x! 1G y. 
If this term is to be independent of x, then the x's must cancel i.e. the powers of x in 
the numerator and denominator must be equal. 


Then 10-r=rorr=5. 


So the 6th term is independent of x. 
This term is therefore (10)24-1) = 1098 7х6 х(-32) = _8064. 
Exercise 5.3 (Answers on page 619.) 
1 Find the value of (а) 31, (b) 41, (с) # ( жугу. 
2 Find the value of (а) (5), (3). (с) (12). «0 (33). 
3 What is the value of x if (11) =( 1.) 
4 Write down and simplify the first three terms of (a) (1 + х)!9, (b) (x— ly, (с) (x- ly. 


5 For the following expansions, find : 
(а) the coefficient of the ninth term in (2x — 1); 
(b) the coefficient of the fourth term іп (1 — 3х)'%; 
(c) the coefficient of the fifth term in (x — Ly, 


6 The coefficient of the second term in the expansion of (1 + 2x)" in ascending powers. 
of x is 40. Find the value of n. 


7 If the first three terms in the expansion of (1 + ax)" in ascending powers of x аге 
1 + бх + 1622, find the values of п and а. 


8 In the expansion of (1 + px)" in ascending powers of x, the second term is 18x and the 
third term is 135x?. Find the values of п and p. 


9 Find the term independent of x in the expansion of (x — zi». 


10 If the ratio of the Sth to the 6th term in the expansion of с жұ ly is A 1, find the 
value of a. 
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SUMMARY 


@ The coefficients in the expansion of (а + b)", where л is a positive integer can 
be found from Pascal’s Triangle: 


121 (а + by 
1331 (a+b) 
14641 (a + by 

1510105 1 (a + by 
etc. 


€ The powers of а decrease from л to 0, the powers of b increase from 0 to n. The 
sum of these powers is always n. 


€ Alternatively, the expansion of (а + Б)" can be found using the Binomial 
Theorem, where n is a positive integer: 


(a € by а + (3 Jab + (2 are? +... + (7 шарсан +b" 
where (7) = anu- (зг 1) and rl 2 1x 2x 3x. x 


“НЕУЇВЮМ EXERCISE 5 (Answers on page 619.) 


(С) 


Find, in ascending powers of x, the first four terms in the expansion of (1) (1 — 3x), 
(ii) (1 + 5x)’. Hence find the coefficient of x? in the expansion of (1 ~ 3x)°(1 + 5x)". 
Obtain the first three terms in the expansion of (a + гун in ascending powers of x. If 
` the first and third terms are 64 and Ex respectively, find the values of a and b and 


the second term. 


simplifying the coefficients. 
Given that the first three terms in the expansion of (a + bx)(1 — 23) are 
2 + cx + 1022, state the value of a and hence find the value of b and of c. (С) 


/ (a) Expand (1 + 2x) and (1 — 2x) in ascending powers of х. 


ж ind the first three terms in the expansion of (1 — 2х)° in ascending powers of х, 


(b) Hence reduce (1 + 2x — (1 — 2xy to its simplest form. 
(c) Using this result, evaluate (1.002)5 — (0.998)5. 


Find, in ascending powers of 1, the first three terms in the expansions of (i) (1 + 0409, 
(ii) (1 — Br. Hence find, in terms of о: and D, the coefficient of 2 in the expansion of 

1404-71-00. (С) 
i The uw [ге terms in the expansion of (1 + 5 Ay in ascending powers of x are 
1+х+ 5 эй Find the values оЁ л and р. 


A. qc? 
„ Ж (в IS Pago 46. 


‘Write down and simplify the expansion of (1 — р}. Use this result to find the 
expansion of (1 — x — С) in ascending powers of x as far as the term іп xê. Find the 


value,of x which would enable you to estimate (0.9899) from this expansion. 
(C) 
Find which term is independent of x in the expansion of (x — чт)”. 
9/Obtain and simplify . 
(i) the first four terms in the expansion of (2 + x2} in ascending powers of х, 


jJ the coefficient of х^ in the expansion of (1 — 32)(2 + x2). (C) 
In the expansion of (1 — х)!®, the sum of the first three terms is 3 when a certain value 
fx’ 


18 substituted. Find this value of x. 
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Evaluate the. coefficients of x? and x^ іп the binomial expansion of G — 3)’. Hence 
eyatüate the coefficient of x? in the expansion of (4 -3)Қх + 6). (C) 


If the first three terms in the expansion of (1 + Ах)" in ascending powers of х are 


= 6х + зэх find the values of k and n. 


13 Find, in ascending powers of x, the first three terms in the expansion of (1 + ax). 
iven that the first twÓ-non-zero terms in the expansion of (1 + bxY(1 + ах) are 1 and 


218 find the possible value of a and of b. С | (С) 
шыт ratio of the 6th term to the 8th term in the expansion of (2x + 3)!! when 
хэ. А 


In the expansion of (1 + px)(1 + 4х)“ in ascending powers of x, the coefficient of the 
is —5 and there is no x term. Find the value of р and of 4. 


the fifth term in the expansion of (x + 1)" is independent of x find the value of n. 


D 


! / In the expansion of (x? + Фу, find which term will have the form A where A is an 
# jnteger. Hence find the value of A. e 2,0 


b ONL 
8/Тһе first three terms 1 ansion of (1 + x +, ау аге 1 + 7x + 14x2. Find the 
values of n and a. i 22110 = 4x 
(a) Obtain the expansions of (1 + x)? ай + x? in ascending powers of х. 
(b) Show that (1 + x)(1 + х) = 1 e x & xt + x. v^ ce) 


(c) Hence find the first four terms in the expansion of (1 + x + x? + 33)? іп ascending 
powers of x. 


т what value of x is the fifth term of (1 + 2х)!9 equal to the sixth term of (2 + x)®? 
how that (a) (х- lyze-4 - 3x - 1) and 
(b) @-1)s=8-4-503-4)+ 10(х - 1). 
1 
, Hence show that x — 5s = р? + 5p? + 5p where pzx- i. 


-2 ч > 4 


Radians, Arcs 
and Sectors 


The practical unit of measurement for angles is the degree (о) which is 35 th of a com- 
plete revolution. The number 360 comes from Babylonian times but it is an arbitrary 
choice. There is another system of measurement called circular or radian measure 
which is more suitable for further mathematics, particularly in Calculus. This system does 
not depend on the choice of any particular number. 


RADIAN MEASURE Fig. 6.1a 


In a circle of radius ғ, centre О, we take an 

arc AB also of length r (Fig. 6.12). ‘Then 

the angle AOB is the unit of radian = г 
measurement, one radian. | Е 1 
In Fig. 6.10, for example, arc PQ = т 50 
ZPOQ = 1 radian. If arc PR = 2r, then о r A 
ZPOR is 2 radians, and so on. If the arc is 1 
kr then the angle subtended is К radians. 

Note that the size of 1 radian does not 


depend on the length of r or on any arbitrary © 
number. 


- 


So we define | radian thus: 


Ө radians is sometimes written Ө rad ог 0" or 9° but normally 
just as Ө. So we write sin Ө meaning sin (Ө radians). If degree 
measure is used, the degree symbol о must be written. 
Now the circumference of a circle of radius ғ has length 27r (Fig.6.2). 


2nr 


Fig. 6.2 


So a complete revolution is 27 radians = 360°. 


Therefore 


Hence 7 rad = 90°, 1 rad = 45°, etc. 
х rad = (ey and x° = 150 rad. 
As 7 rad = 180°, then 1 rad = (180)? = 57.32, 


This value cannot be found exactly as x is an irrational number. Usually radian measures 
are left as multiples of л, for example in. 

Tables or calculators may be used if necessary for conversion. When we use a 
calculator to work with trigonometrical ratios (sine, cosine and tangent) involving radi- 
ans; it is convenient to put the calculator in the ‘radian’ mode. The input and output of 
angles will then be in radians. 


Example 1 


Convert (a) 36? to radian measure and (b) 5л to degree measure. 


(a) 180° = mrad so 36° = тур х 36 = § rad. 
(b) л rad = 180° so rad = 57 х 187 = 150°. 


112 


Example 2 
Find the value of (a) sin 0.4 (b) tan 1.5. 


Put the calculator in ‘radian’: mode and key in the appropriate function. 
(a) sin 0.4 = 0.389 
(b) tan 1.5 = 14.1 


Example 3 


Find the value of Ө (in radians) for 0 € 0 € 5 if 
(а) cos Ө = 0.5 (b) tan Ө = 0.5 


Again put the calculator in the 'radian' mode. 
(а) cos 0 = 0.5 

Ө = cos"! 0.5 = 1.05 rad 
(b) tan Ө = 0.5 

6 = tan! 0.5 = 0.46 rad 


Exercise 6.1 (Answers on page 619.) 


1 Convert the following radians to degree measure: 


СЕ oF 07 (DA © $ (0$ 
(8) an (b) пя (i) эп өт (k) 2 (1) 1.5 


2 Convert the following to radian measure as а multiple of л: 
(a) 30° (b) 135° (c) 270° (d) 540° (е) 105° 
(f) 40° (g) 200° (h) 223° 6) 400° 0) 75° 
3 Find the value of , 
(a) sin 5 (Ы) cos Ё (c) tan 2 (4) cos an 
(e) sin 5 (f) sin 2 (g) cos 0.5 
4 Find the value of Ө (in radians) for O < 0 < 5 if 
(a) sin Ө = 0.5 (b) cos 9 = 0.6 
(с) (ап Ө = 1.5 (d) cos Ө = 0.25 
5 Find the value of 6 — sin 6 if 0 = 0.75 rad. 


6 Using a calculator, investigate the value of sin 9. when Ө is small. 


(Take Ө = 0.5, 0.3, 0.1, 0.05, 0.01 for example). 
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LENGTH ОР AN ARC 


In Fig.6.3, the arc AB is of length s in a circle with centre O Fig. 6.3 
and radius ғ. The arc subtends an angle of 0 radians (ZAOB) 
at the centre. B 


As we saw above, an arc of length kr subtends an angle of k 
radians. Here the arc length is s so s = kr and k = $ = Ө. 


- 
i2] 


So 


This formula is only valid if 0 is in radians. 


If ZAOB = 0°, then s = nr x 1%. The formula is simpler іп 
radian measure. 


Example 4 


Ina circle of radius 8 cm, find 
(a) the length of the arc which subtends an angle of 32 4 7 radians at the centre, 
(b) the angle subtended by an arc of length 6 cm. 


(a) 5-/0-8х ыг nS Soa 


(b) From the am 08-2 = É =0.75 rad (= 0.75 x 180 ~ 43. 09) 


AREA OF A SECTOR OF A CIRCLE 


In Fig.6.4, AOB is a sector of angle 0 rad in a circle with ! Fig. 6.4 
centre O and radius r. ZAOB = 6 rad. 


B 
The area of the sector will be proportional to Ө. 
: area of sector АОВ _ Ө 
Hence area of circle ^ 2n and r 
=4,9. 1 
area of sector = 5, ХЛ? = 270. 
А 
о г А 


Once again, this formula is only valid if Ө is in radians. 


Example 5 


In Fig.6.5, О is the centre of.a circle of radius r and ZAOB = Ө. State 
(a) the area of sector AOB 

(b) the area of AAOB. 

Hence deduce the area of the segment which is shaded. 

(c) Find the difference in length between the arc AB and the chord AB. 
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Area of sector = 3120 
Area of AAOB = jn sin 0 (using the formula: area of A = ibe sin A) 
Hence the area of the segment = ire -ir sin 0 = БАС — sin 0). 


Length of arc AB = r0 

The length of the chord AB is found from the 
isosceles /МАОВ (Fig.6.6), where AD is the 
perpendicular bisector of AB. 


Then AD =r sin $ and AB = 2r sin $. 
Hence the difference in length between arc AB 


and chord AB 
= r0 — 2r sin 9 = (0 — 2 sin 8), 


Example 6 


O is the centre of a circle of radius 6 cm. AOB is a 
sector of angle 3 (Fig.6.7). Find 
{a) the area of sector AOB, 
(b) the area of segment ABC, 
(c) the difference in length between arc AB and 
chord AB. 
(a) Area of sector = 1,29 = 1 х 36 х 3 
= бл (= 18.8 cm’) 
Area of segment = area of sector — area of A 
-бл-2 x6 хаш 
= бл — 18 x 0.866 = 3.26 cm? 


Difference in lengths = r6 — 2r sin 8 
=6x -12508 
= 2x — 6 (as sin е = 0.5) = 0.28 cm 
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Example 7 


In. Fig.6.8, OACB is a sector of a circle centre О and radius 5 cm. АВ = 8 cm. Find 
(a) 0 in radians, 
(b) the length of the arc ACB. 


Fig. 6.8 


(8) If OD bisects ZAOB (Fig.6.9) i 
then D is the midpoint of AB and BD = 4 cm. 
Then sin $ = 2 and $ = 0.927 rad. A 


0 = 1.85 rad 
(b) Length of the arc = 5 x 1.85 = 9.25 ст 


Example 8 


A circular disc, centre O and radius 30 cm, rests on two vertical supports AB, CD, 
each 20 cm tall and 45 cm apart (Fig. 6.10). Calculate, correct to 3 significant figures 
(a) ZAOC in radians, 

(b) the height of the lowest point of arc AC above BD, 

(c) the fraction of the area of the disc that lies above the level of AC. 


| 
| 
n 
| Take ZAOC - 8. 
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30 5 
| a> 
Fig. 6.11 1 i | 


(a) In Fig. 6.11, OM bisects ZAOC, AM - 22.5, OA - 30 and ZAOM - ё. 
ОМ? = 30? — 22.5? giving ОМ = 19.8 cm. 
sin 2 = 42 50 ? = 0.848 rad and 0 = 1.70 rad. 

(b) L is the lowest point of AC. OL = 30 and OM = 19.8 so ML = 10.2. 
Then ML + x = 20 so x = 9.8 cm. 


(c) Area of the disc = лғ = 900r cm". 
Area of segment ALC - 3 x 30? x 6- 3 x 30? x sin 0 


= 450(1.70 — sin 1.70) = 318.8 cm? 
Then area above AC = 900л — 318.8 and fraction of area above АС 


= 900m – 3188 _ 
TOUR 0.887. 


Example 9 


The area of the sector OAB (Fig.6.12) is 150 ст?. Calculate 

(а) 0 (in radians), 

(b) the length of arc AB. 

(c) If this sector is folded up to form a cone, what is the radius of the cone? 


12.cm 
Fig.6.12 


(a) Area of sector = iro - 150 
Then 1 x 1440 = 150 and @ = 2.083 rad. 


(b) Length of arc = r0 = 12 x 2.083 = 25.0 cm 


(c) When folded up, the arc AB becomes a circle of radius, say R (Fig.6.13). 
Then 258 = 24.96 and R = 3.97 cm. 
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Fig.6.13 


Example 10 


A sector of a circle has radius r and angle 0, Find the value of @ correct to 
3 significant figures if the perimeter of the sector equals half the circumference о, 
the circle. 


The perimeter of the sector = r + r + r8 = r(2 + Ө). 
Then r(2 + 0) = ar and 2+ 0 = zx giving 0 =n — 2 = 1.14 rad. 


Example 11 


A sector of angle 0 in a circle of radius r ст has an area of 5 cm? and its perimeter 
is 9 cm. Find the values of r and 0. 


Area = 57°0 = 5 so 70 = 10 @ 
Perimeter =r+r+70=2r+r0=9 

We solve these two equations. 

From @, 0- n 

Substitute in (ii), 2r + r 19 = 9 which gives 272 + 10 = 9r or 27? — 9r + 10 = 0. 
Hence (2r — 5)(r — 2) = 0 and r = 25 or 2 cm. 

From (i), the corresponding values of Ө are 1.6 or 2.5 rad. 


Exercise 6.2 (Answers on page 619.) 
Where the answer is not exact, 3-figure accuracy is sufficient. 


1 The length of an arc in a circle of radius 5 cm is 6 ст. Find the angle subtended at the 
centre. 
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2 An arc of length 5 cm is drawn with radius 3 cm. What angle does it subtend at the 
centre? 


3 The area of a sector of a circle is 9 cm. If its radius is 6 cm find the angle of the sector 
and the length of its arc. 


4 The area of a sector of a circle is 15 cm? and the length of its arc is 3 cm. Calculate 
(a) the radius of the sector and (b) its angle. 


5 Find the missing values in the following table for sectors: 


Radius | 2 of sector | Length of arc | Area of sector 
(cm) (radians) (cm) (cm?) 


6 A sector of a circle of radius 4 cm has an angle of 1.2 radians. Calculate 
(a) the area of the sector, 
(b) its perimeter. 


7 In Fig. 6.14, DOBC is a semicircle, centre O and radius 6 cm. AC is ‚мй to 
DOB where AB is 2 cm. 
Calculate 
(a) the length of AC, 
(b) ZCOA in radians and 
(c) the perimeter of the shaded region. 
(d) Express the area of the shaded region as a percentage of the area of the semicircle. 


D 6 о А2В 
Fig. 6.14 


8 If the area of a sector is 6.4 cm? and its angle is 0.8 radians, calculate the radius of the 
sector. 


9 A chord AB is 8 cm long in a circle of radius 5 cm. Calculate 
(a) the angle it subterds at the centre of the circle, 
(b) the length of the shorter arc AB. 
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10 The perimeter of a sector is 128 cm and its area is 960 cm, 
Find the possible values of the radius of the sector and its angle. 


11 A wheel of radius 0.6 m rotates on its axis at a rate of 4.5 radians per second. 
Calculate the speed with which a point on its rim is moving. 


12 A disc is rotating at 331 revolutions per minute. 
(a) At what rate, in radians per second, is it Totating? 
(0) At what speed, in metres per second, is a point on the rim moving, if the radius 
of the disc is 15 cm? 


13 Fig.6.15 shows a cross-section through a tunnel, which is part of a circle of radius 
5 m. The width AB of the floor is 8 m. Calculate 
(a) thé angle subtended at the centre of the circle by the chord AB, 
(b) the length of the arc ACB. 


Fig. 6.15 A 8m B 


14 Fig.6.16 represents the action of a windscreen wiper of a car. It rotates about O and 
travels from AB to A’B’and back. Calculate 
(a) the area AA’B’B swept clear, 
(b) the perimeter of this area. 


Fig. 6.16 


15 A cylindrical barrel floats in water (Fig. 6.17). The diameter of the barrel is 120 cm 
and its highest point P is 80 cm above the water level AB. 
(a) Calculate ZAOB in radians, where O is the centre of the circular face. 
(b) What fraction of the volume of the barrel is below the water line? 
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Fig. 6.17 


16 In a circle centre О, АОВ and COD are two concentric sectors as shown in Fig.6.18. 
The lengths of the arcs АВ and DC are 2.8 cm and 2 cm respectively and AD = 2 cm. 
Calculate 
(a) the length of OC, 

(b) <АОВ in radians, 
(c) the area of ABCD. 


Fig. 6.18 О С B 


17 In Fig.6.19, the chord AB, of length 8 cm, is parallel to the diameter DOC of the 
semicircle with centre O and radius 5 cm. Calculate 
(a) ZAOB in radians, 
(b) the area of the segment ABE, 
(c) what fraction the area of the segment 
ABE is of the area of the semicircle. 


о 5cm 


18 A wheel of radius 20 cm rolls without slipping on level ground. A point P on the rim 
is in the position P, at the start (Fig.6.20). When the centre of the wheel has moved 
through 50 cm, P is now in the position P,. Calculate the angle (in radians) through 
which the wheel has turned. 


Fig. 6.20 Р 
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19 A piece of wire, 10 ст long, is formed into the shape of a sector of a circle of radius 
г cm and angle Ө radians. 
(a) Show that Ө = 1052, 
(b) Show also that the area A cm? of the sector is given by A = 5r - r’. 
(с) If4<A<6 and 0 «3, find the limits within which r must lie. 


20 In Fig.6.21, O is the centre of the circle containing the sector OAB. DC is a parallel 


arc and BC = 3 cm. 
Fig. 6.21 


Jf OC =r cm and ZAOB = Ө rad, show that Fom 
(a) the shaded area = 8 (бг + 9) си, о 
(b) the perimeter of the shaded area equals 6 + Ө(2ғ + 3) ст. 
(c) Given that the shaded area is three-quarters of the area of the sector OAB, 
| calculate the value of r. 
(d) If, however, the total perimeter of the shaded area equals the total perimeter of 
the sector OAB, find the value of 8. 


"SUMMARY 

| ө Lradian is the angle subtended руш ап агс of length edidi to the radius. 

оо T rad = 180* : | 

| e Length: $-of an arc of radius r subtending an angle gi is s= 70 (бі іп radians). 
Ф 


Area A of à a sector of radius rand angle: 015 A= = 459 (Өз in radians) 


i REVISION EXERCISE 6 (Answers on page 620.) 


Where the answer is not exact, 3-figure accuracy is sufficient. 


A 


1 In Fig.6.22, ADB is a semicircle with centre O and radius 20 cm. DC is perpendicular 
to AB where Cis the midpoint of OB. Calculate р Fig. 6.22 
(a) ZDOC in radians, 

(b) the area of the shaded region. 
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Ї 


2 Fig.6.23 shows a circle, centre О, radius 10 cm. The tangent to the circle at A meets 
OB produced at T. Given that the area of the triangle OAT is 60 cm? calculate the area 
of the sector OAB. (C) 


A ДЕ 


Fig. 6.23 


3 In Fig.6.24, O is the centre of the sector OAB. CD is another arc, with centre O and 
radius r cm. DB = 2 cm. If the area of ABDC is one-third the area of the sector OCD, 
find the value of r. 

A 


Fig. 6.24 О D2cm В 


4 In Fig.6.25, ADC is an arc of a circle, centre О, radius г and ZAOQC = 20 radians. 
ABC is a semicircle on АС as diameter. Show that AC = 2r sin Ө. 


Find expressions, in terms of r and @, for the areas of 

6) the sector OADC, 

(1) the segment ADC, 

(iii) the shaded region. (С) 


Fig. 6.25 


5 OBD is a sector of a circle with centre О and radius 6 cm. ZBOD = E 


A is a point on OB where OA = 2 cm and C is a point on OD such that OC = 4 cm. 
Find the area of the region bounded by BA, AC, CD and the arc BD. 
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6 Fig.6.26 shows a circle, centre О, radius 5 ст and two tangents ТА and ТВ, each of 
length 8 cm. Calculate 
(1) “АОВ, 
(Н) the length of the arc APB, 
(iii) the area of the shaded region. ! (C) 


Fig. 6.26 


7 Fig.6.27 shows part of a circle centre O of radius 6 cm. 
(i) Calculate the area of sector BOC when 0 = 0.8 radians. 
(ii) Find the value of Ө in radians for which the arc length BC is equal to the sum of 
the arc length CA and the diameter AB. (C) 


-0 


Fig. 6.27 A О 


W 


8 In Fig.6.28, OAB is an equilateral triangle of side 10 cm. The arc ADB is drawn with 
centre O. A semicircle is drawn on AB as diameter. Find the area of the shaded 
region. 


Fig.6.28 


9 Fig.6.29 shows the circular cross-section of a uniform log of radius 40 cm floating in 
water. The points A and B are on the surface and the highest point X is 8 cm above 
the surface. Show that ZAOB is approximately 1.29 radians. Calculate 
(i) the length of the arc AXB, 

(ii) the area of the cross-section below the surface, 
(iii) the percentage of the volume of the log below the-surface. (С) 


124 


Fig.6.29 


10 Fig.6.30 shows two arcs, AB and CD, of concentric circles, centre O. The radii OA 
and OC are 11 cm and 14 cm respectively and ZAOB = 6 radians. 
Express in terms of Ө the area of 
0) sector AOB, 
(1) the shaded region ABCD. 


Given that the area of the shaded region ABCD is 30 сп, calculate 
(iii) the value of 0, ! 
(iv) the perimeter of the shaded region ABCD. (C) 


Fig. 6.30 


11 Fig. 6.31 shows a semi-circle ABC, with centre O and radius 4 m, such that angle 
BOC = 90°. А 
Given that CD is ап агс of a circle, centre В, calculate 
(a) the length of the arc CD, 
(b) the area of the shaded region. (O 


Fig. 6.31 А о О 4m B 
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B 


12 In Fig.6.32, ABCD is a square of side 4 cm. Equal arcs AE and EB are drawn with 
radius 4 cm and centres B and A respectively. Calculate the area of the shaded region. 


D 9) 


Fig. 6.32 A 4 ст B 


13 The two circles in Fig.6.33 have centres A and B and radii 5 cm and 12 cm 
respectively. AB = 13 cm. Calculate the area of the shaded region. 


| 
| | 
Fig. 6.33 аа аа 


14 A sector of a circle radius ғ has a total perimeter of 12 cm. If its area is А cm’, show 
that A = бг — 12. Hence find the value of ғ for which A is a maximum and the corre- 
sponding value of the angle of the sector in radians. 


15 In Fig.6.34, the sector OAB has centre O and radius 6 cm and ZAOB = 3 radians. 
OC is the bisector of ZAOB and Р is the midpoint of OC. An arc DE of a circle is 
drawn with centre P to meet OA and OB at D and E respectively. 

(a) Find the size of ZOPD. 
(b) Calculate the area of the shaded region. 


Fig. 6.34 
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16 In Fig.6.35, ABCD is a rhombus of side x and ZA = 0 radians. Arcs each of radius 
4 are drawn with centres A, „В, C and D. If the shaded area is half the area of the 
rhombus, show that sin @ = z and find the two possible values of 0. 


Fig. 6.35 


17 A, B and C are three points in that order on the circumference of a circle radius 5 cm. 
The chords AB and BC have lengths 8 cm and 4 cm respectively. Find the ratio of the 
areas of the minor segments on AB and BC. 


127 


Trigonometry 


TRIGONOMETRIC FUNCTIONS 
FOR A GENERAL ANGLE 


The trigonometric functions sine, cosine and tangent of an angle @ were originally defined 
as ratios of the sides of a right-angled triangle, i.e. for a domain 0° € 0 € 90°. We now 
extend the definition to deal with any angle (the general angle). 

The actual values of sin Ө, cos Ө and (ап Ө for any given angle can be found directly 
using a calculator. To solve equations, however, we must know how to use these 


- definitions inversely. 


Suppose the arm OR (of unit length) in Fig.7.1 can xotate about O in an anticlockwise 
direction and makes an angle 0 with the positive x-axis. We divide the complete 
revolution into 4 quadrants and take the positive y-axis at 90°. Let (x,y) be the coordi- 
nates of R. x and y will be positive or negative dépending on which quadrant R lies in. 


R(x y) 


2nd 1st 
quadrant quadrant 

0? 
1809 x 

360° 


4th 
quadrant 


3rd 
quadrant 
Fig.7.1 | 
y 270° 


We define 
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Note that both | sin Ө | and | cos Ө | are less than or equal to 1 as both |х | and | y | are 
less than or equal to 1, but that tan 6 can have any value. In the first quadrant, where 
0? « 0 € 90°, each of these functions will be positive (Fig.7.2). 


Fig. 7.2 


In the second quadrant (Fig.7.3), where 90? « 0 < 180°, the angle 0 is linked to the 
corresponding angle 180? — 0 in the first quadrant. 


sin Ө = 4y = sin(180° — 0) Fig.7.3 
cos 0 = —х = —cos(180° — 0) 
tan@ = = —tan(180? – Ө) 


For the third quadrant (Fig.7.4), where 180° < 0 < 270°, the corresponding angle in the 
first quadrant is 6 — 180°. 


біп Ө = —y = -sin(0 - 180°) Fig.7.4 
cos Ө = — = —соз(Ө— 180°) 
{ап Ө = 22 = (ап(0- 180°) 
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For the fourth quadrant (Fig.7.5), where 270° « 0 < 360°, the corresponding angle in 


the first quadrant is 360° — Ө. 


All + 


sin Ө = -y = —sin(360° — 0) 
cos Ө = +x = cos(360° — 0) 
їап Ө = 2 = – tan(360° — Ө) 
Summarizing: 
SIN + 
біп Ө = sin(180° — Ө) sin 0 
Cos Ө = —cos(180° — 0) 1 cos 0 
tan Ө = -tan(180? — 6) tan 0 
2nd | ist 
3rd | 4th 
sin 0 = —sin(0 — 180°) sin Ө = —sin(360° – Ө) 
cos 6-= —cos(0 — 180°) cos Ө = cos(360? — Ө) 
tan @ =. tan(0 — 180°) tan Ө = -tan(360? — 9) 


TAN + 


Each function is positive (+) in the first quadrant and one other. 
Each function is negative (-) in two quadrants. 


Note on Special Angles 30°, 45°, 60° 


COS + 


As these angles are often used, it will be useful for future work to have their trigonom- 


etrical ratios in fractional form. 


45° 


In Fig.7.6(a), ABC is an isosceles right-angled triangle with AB = BC = 1. Hence 


AC = V2 and ZA = ZC = 45°, 


Fig.7.6 
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Then 


30°, 60° 


In Fig.7.6(b), ABC is an equilateral triangle with side 2. 
CD is the perpendicular bisector of АВ so AD = 1 and CD = V3. 
ZA = 60° and ZACD = 30°. 


Then 


Using the special ratios above, the ratios for other angles related to 30°, 45° and 60° can 
be found in a similar form if required. 

For example, cos 210° = —cos(210? – 180°) = -cos 30° -- £ 

Copy and complete this table: 


NEGATIVE ANGLES: 


If the arm OR rotates in a clockwise direction (Fig.7.7), it will describe a negative angle, 
-9. To find the value of a function of a negative angle, convert the angle to 360° — Ө or 
27 — Ө, if working in radians. 


Fig.7.7 


Thus sin(-30*) = sin 330°, tan (- 3) = tanQx - 5) = tan( ) and so on. 
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BASIC TRIGONOMETRIC EQUATIONS 


We apply the above trigonometric functions to the solution of basic trigonometric 
equations, i.e. equations in one function such as sin Ө = 0.44, cos Ө = -0.78 or tan Ө = 
1.25. As we shall see later, all other equations are reduced to one (or more) of these. A 
basic equation will usually have two solutions for 0° 50 < 360°. 


To solve a basic equation, such as sin Ө = k, 
step 1 find the Ist quadrant angle 0 for which sin a = | k |; 
step 2 find the quadrants in which Ө will lie; 
step 3. determine the corresponding angles for those quadrants. 


Unless exact, angles in degrees агело be given to one decimal place. 


Example 1 
Solve (a) sin 0 = 0.57, (b) sin Ө = —0.38 for 0° « 6< 360°. 


(a) If sin o = 0.57, ер о = 34.75°. 
6 will lie in the 1st and 2nd quadrants (0 and 180° — Ө) 


Then Ө = 34.75? or 180° — Ө = 34.75? i.e. Ө = 145.259, 
The solutions are 34.8? and 145.3°. 


(b) From sin о = +0.38, о = 22:33°. 
Ө will lie in the 3rd and 4th quadrants. ` 
Then 0 - 180° = 22.3? or 360? — 0 = 22.3? giving Ө = 202.39 and 337.7°. 


Solutions for the equations cos Ө = k and tan Ө = k are found in the same way. 


Example 2 : 
Solve (а) cos Ө = —0.3814, (b) tan 0 = 1.25 for 0° < 6< 360°. 


(a) . The 1st quadrant angle for cos & = +0.3814 is 67.58°. 
0 lies in the 2nd and 3rd quadrants. 
Then 180? — 0 = 67.58? or 0 — 180? = 67.58? giving 0 = 112.4? and 247.6°. 


(b) The Ist quadrant angle for tan 0 = 1.25 is 51.34°. 
0 lies in the 2nd and 3rd quadrants. 
Then Ө = 51.34? and Ө — 180° = 51.34? i.e. 0 = 231.347. 
Hence the solutions are Ө = 51.3? and 231.3°. 


Example 3 
Solve the equation 3 cos? Ө +2 cos Ө = 0 for 0^ < Ө < 360°. 


The left hand side factorizes giving cos 6(3 cos Ө + 2) = 0 which separates into 2 basic 
equations: 
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cos 6-0 
and 3 cos 6+ 2 = 0 which gives cos Ө = — 2 = -0.6667. 


Note: Do not divide through by the factor cos 0. This would lose the equation 
cos 6 = 0. Never divide by a factor containing the unknown angle. 


For сов Ө = 0, Ө = 90° or 270°. 
For cos Ө = -0.6667, 0 lies in the 2nd and 3rd quadrants. 


The ist quadrant angle is 48.19°. 
Then 180° — 0 = 48.19? and 0 — 180° = 48.19? giving Ө = 131.8? and 6 = 228.2°. 


Hence the solutions are 90°, 131.8°, 228.2° and 270°. 


Example 4 
For 0?'« 0 € 360°, solve 6 cos? Ө + cos Ө = 1. 


This is a quadratic equation in cos Ө: 


6 cos? Ө + cos @B-1=0 
and so (3 cos 0 - 1)2 cos 8 + 1) = 0 


which separates into cos Ө = 0.3333 and cos Ө --0.5. 
‚ Verify that the solutions are Ө = 70.59, 120°, 240° and 289.5°. 


Example 5 
Solve the equation sin(@ — 30°) = 0.4 for 0° x Ө < 360°. 
Write ø = Ө — 30°. 
Then sin ø = 0.4. 
| Solve for g. 


Verify that 2 23.6? and 156.4°. 
Then 0 = 53.6? and 186.42. 


OTHER TRIGONOMETRIC FUNCTIONS 


There are three other functions which are the reciprocals of the sine, cosine and tangent. 
They are 


E held 
cosecant: соѕес Ө = = 
secant: seco = : 
cos 0 
1 
cotangent: со:0 = 
d tan 0 
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Example 6 
Solve (а) созес Ө = —1.58, (b) 4 cot Ө = tan Ө, for 07 < Ө < 360°. 


1 
(a) Replace cosec 0 by =F 


і. ВЕРО КР 
zs 1.58 so sin 8 = is —0.6329 


Now verify that Ө = 219.3? or 320.7*. 


Replace cot 0 by =, 


Then —+ = tan Ө i.e. tan? 6 = 4. 
tan Ө 


So tan Ө = +2 (NB: don’t forget the negative root) 
Verify that the solutions of these equations are 63.4°, 116.6°, 243.4° and 296.6°. 


Exercise 7.1 (Answers on page 620.) 


1 Solve the following equations for 0° < Ө < 360°: 


(a) sin@= 1 (b) cos Ө = 0.762 (с) tan 8 = 1.15 

(d) cos Ө --0.35 (е) sin Ө = -0.25 (f) tan Ө = -0.81 

(в) sin Ө 2 0.1178 (h) sin Ө =-0.65 (i) cos0 = 0.23 

(j) tan0 = –1.5 (k) cosec 0 2 1.75 (D cos Ө = —0.14 

(m) sec Ө = -1.15 (n) сої Ө = 0,54 (0) sec 0 2 2.07 
2 Solve the following equations for 0? 50 < 360°: 

(а) 5 sin? @=2 sin Ө (b) 9 tan Ө = cot 0 

(c) 3 tan? 6 + 5 tan@=2 (d) 4 cos? 0 + 3cos 9 = 0 

(е) 5 ѕ5іп 6-2 (f 6sin?6+7sin@+2=0 

(g) cos(0 + 20°) = -0.74 (h) їап(Ө - 50°) = -1.7 

G) 3 sin? Ө = sin Ө (0) 45ес20= 5 

(К) cos? 0 = 0.6 (D 6віпӨс2-віп0 

(т) 2 sec? Ө = 3 —5 sec Ө (п) sec(0 - 50?) = 2.15 


(о) sin(0 + 60°) --0.75 
3 Find 8 for 0? 50 < 360° if 3 cos? 0 - 2 = 0. 
4 If 5 tan 6 + 2 = 0, find Ө in the range 0° < Ө < 360°. 
5 Solve the equation 5 cos 0 — 3 sec Ө - 0 for 0° < 0 < 360°. 
6 Find ай the angles between 0? and 180? which satisfy the equations 


(а) sin x = 0.45 (b) cos у = -0.63 (c) tan Ө = 2.15 
7 Find the values of 
(а) sin(-30?) (b) cos(- 5) (c) tan(—200°) (d) sec(-150?) 
(e) 00-300) (0 sin- $P) (8) cosecC- 27) 
8 ‘Show that | 
(а) віп(-0) = –ѕіп Ө, (Б) cos(-0) = cos Ө, (с) tan(-0) = -tan Ө. 
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9 Solve the equations 


(а) sin(-0) = 0.35, (b) sin(-0) = -0.27 
(с) сов(-Ө) = -0.64 (d) tan(-0) = 1.34, 
for 0? < 0 < 360°. 


GRAPHS OF TRIGONOMETRIC FUNCTIONS 


sin 9 and cos 0 


Complete the following table of values of sin Ө and cos Ө, taking a domain of 0° to 360° 
at 30° steps: 


0 07 30° 609 909 120° 1509 1809 .. 270° .. 360° 


cos 0 1 0.5 0 -1 1 


Plot these values on graph paper using scales of say 1 cm = 30° on the 0-ахї5 and 
4cm=1 unit on the function axis (Fig.7.8). 
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The graph shows one cycle of each function. 


The sine curve has a maximum of 1 when Ө = 90° and a minimum of —1 when Ө = 
270°. The cosine curve is identical to the sine curve but is shifted 90? to the left. This 
difference is called the phase difference between the two functions. 

For angles greater than 360? or less than 0? the curves repeat themselves in successive 
cycles (Fig.7.9). Functions which repeat themselves like this are called periodic func- 
tions. The sine and cosine functions each have a period of 360° (or 2л). Hence 


sin(@ + п3609) = sin Ө or cos(0 + 2лл) = cos Ө 


where n is any integer. This means that we can add or subtract 360° from any solution of 
sin Ө = k ог cos Ө = k and obtain other solutions outside the domain 0° < Ө < 360°. 

For example, if the solutions of sin Ө = 0.5 for 0° < Ө < 360° are 30? and 150°, then 
30° + 360° = 390° and 150? — 360° = —210? are also solutions of the equation. These 
solutions are marked by dots on the graph of sin 6 in Fig.7.9. 


135 


4509 5409 630° 7209 


Fig.7.9 


tan 0 


Values of tan @ begin at 0 for @ = 0°, increase to 1 when @ = 45° and then increase rapidly 
as Ө approaches 90°, tan 90° is undefined. Between 90° and 270° the function increases 
from large negative values through 0'to large positive values. The curve approaches the 
90° and 270° axes but never reaches them. Hence the curve consists of 3 separate 
branches between 0° and 360° (Fig.7.10). 


Fig.7.10 


tan 0 is also a periodic function but with a period of 180°. Hence їап(Ө + пл) or 
tan(0 + 1180?) = tan 0 where л is an integer. 
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MULTIPLE ANGLE FUNCTIONS 


Functions such as sin 20, cos 8, etc. are multiple angle functions as 20, 3 are multiples 
of Ө. 


Example 7 


(a) Sketch the graph of y = sin 20. 
(Б) Solve the equation sin 20 = 0.55 for 0° « 6< 360° and show the solutions on the 


graph. 


(a) If the domain of 0 is 0° to 360°, 20 will take values from 0? to 720°. Hence the 
curve completes two cycles as Ө increases from 0° to 360° (Fig.7.11). 


For convenience, write 26 = @ so sin @ = 0.55. 

ø lies in the 1st and 2nd quadrants so ø = 33.37? or 180° — ø = 33.37°. 

Hence ø = 33.37° ог 146.63°. —— 

But ø takes values from 0° to 720°, so we add 360° to each of these to obtain 
further solutions. 

Then @ = 20 = 33.37? or 146.63? or 393.37? or 506.63°. 

Hence Ө = 16.7? or 73.3? or 196.7? or 253.3°. 

So we obtain 4 solutions, 2 for each cycle. These solutions are marked on the 
graph. 

Note that all the solutions for 20 must be obtained first before dividing by 2 to 
obtain the values of 0, which are then corrected to 1 decimal place. 


Example 8 


(a) Sketch the graph of y = cos 8 for 0° < 0360”. 
(b) Solve the equation cos 8 = —0.16 for this domain. 


(a) If the domain 080 is 0° to 360°, then ? will take values from 0° to 180? only. So 


the graph will be a half-cycle of the cosine curve (Fig. 7.12). 
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Fig.7.12 


(b) Write $ = 9, Then cos ø = -0.16. 
9 lies in the 2nd and 3rd quadrants. 


Then 180° — ø = 80.79? or ø — 180° = 80.79°. 
Hence ¢ = 99.21° or 260.79° and therefore 6 = 198.4° or 521.6°. 


The second solution is outside the domain and is therefore discarded. 
The only solution to the equation is Ө = 198.4°. This is to be expected as there is 
only a half cycle of the function. 


Example 9 


Solve the equation 5 sin 38 +4 = 0 for the domain 0° < Ө < 360°. 
Let 3) = @. Then sin $--$ =-0.8. 

ø lies in the 3rd and 4th quadrants. 

Then ø — 180° = 53.13? and 360° — ø = 53.13°. 

Hence ø = 233.13? or 306.87°. 


If the domain of Ө is 0° to 360°, then ø = 39 takes values from 0° to 270°. 


Hence the only solution is ø = 233.13? 16.0 = 3 x 233.13? = 310.8°. 
(6 = 306.87° would give 0 = 409.2°). 


Example 10 
Solve cos(20 + 60°) = -0.15 for 0° < Ө < 360°. 


Put ø = 20 + 60°. Then cos ø = -0.15 giving ø = 98.63? and 261.37°. 
However if the domain of Ө is 0° to 360°, then the domain of ø is 60° to 780°. 
So we must add 360° to each of the above. values. 

Therefore @ = 20 + 60° = 98.63? or 261.37? ог 458.63? or 621.37? 

and hence Ө = 19.3? or 100.7? or 199.3? ог 280.79, 
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Exercise 7.2 (Answers on page 620.) 


1 Sketch the graphs of (a) у = sin 30, (b) y = cos 30 for 0° «0 < 360°. 
What is the period of each of these functions? 


2 Sketch the graphs of (a) y = tan 20 , (b) y = tan 8” for 0° < 6 < 360°. 


3 On the same diagram, sketch the graphs of у = sin 20 and y = cos Ө for 0? < 0 < 360°. 
How many solutions of the equation sin 20 = cos Ө аге there in this ‘domain? 


4 Sketch on the same diagram, the graphs of y = sin 3 and у = cos Ө for 0° < 6 < 360°. 


State the number of solutions which the equation sin 9 = cos Ө will have in this 


A 2 
domain. 


5 On the same diagram, sketch the graphs of y = cos 30 and у = sin 9 for 0° < 0 < 360°. 
State the number of solutions of the equation cos 36 = sin 8 you would expect to 
obtain in this domain. 


6 Solve, for 0° < 6 < 360°, the following equations: 


(а) sin 20 = 0.67 (5) сов 30 - 0.58 
(с) tan 8 2 15 (d) sin$ 2 0.17 
(е) 3 соѕ 20 - 2 (f) sec 3 2-17 
(в) sin 9 --028 (h) 3tan20 41-0 
() 3sin 2-2 Ф 4 соз 9 43-20 
(к) 2 совес 20 +3 = 0 () cot 8 =1.35 
(m) cos 8 = 2 (n) tan 20 = -1 
(о) 3 sin? 26 + 2 sin 20 = 1 (р) 2cos 8 = cos $ 
(q) sin 20 = -0.76 | @ sec 9 = 1.88 
(5) cos 20 = -0.65 (0 tan 29 42-0 
(ш) 5sin Z «3-0 (У) 2 cosec 8 = 3 
7 For 0° € 0 < 360°, solve the following 
(a) sin( 9 + 20°) = 0.47 (b) tan(20 - 60°) = 1.55 
(с) сов(2) = 0.75 (d) sin(20 + 80°) = -0.54 


(е) вєс (8 -509)-12 


8 State the values of (a) sin(30° + 13609), (b) cos(n360? — 50°), (c) tan(45° + 180°) 
-where л is an integer. 


9 State the values of (a) sin(2n + 1)т, (b) cos(6n - 1) 3» (с) tan(3n + 1) 3 , where n is 
an integer. 


10 Solve the equation 4 соз? 3 = 1 for 0° < 0 < 360°. 


MODULUS OF TRIGONOMETRIC FUNCTIONS 


| sin Ө | has the same meaning as | x |, i.e. it is the numerical value of sin Ө. For example, 
| sin 300° | = | -0.866 | = 0.866, and so on. 
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Example 11 


For 0° < Ө < 360°, sketch separate graphs of (a) у = 2 sin 0, (b) у = [2 sin Ө], 
(c) y = 1 + [cos 20], (d) y = 1— [cos 20]. 


(a) First sketch y = sin 0 (Fig.7.13) 
For y = 2 sin 0, each value of y = sin 0 is doubled to give the graph of 
у = 2 sin Ө. 


Ед. 7.13 


(b) As we did earlier, we reflect the negative part of у = 2 sin Ө in the 0-axis to obtain 
у= |2 sin Ө | (Fig.7.14). 


у= |2 sin 8| 


180° 270° 360° 


Fig. 7.14 


(с) First sketch у = cos 20 (Fig.7.15) which has two cycles. Now reflect the negative 
part in the 0-ахї5 to obtain у = | cos 26 |. 
This curve is now shifted up through 1 unit to obtain у = 1 + | cos 20 |, 
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у= 1 + |cos 26| 


у= |соз 20| 


Fig.7.15 


(d) Start by sketching y = | cos 20 | as in part (c) (Fig.7.16). 
Then obtain у = – | cos 20 | by reflection of the whole curve in the 0-axis. 
This is now shifted up through 1 unit to obtain y = 1 — | cos 20 | (Fig.7.17). 


Y 


у= |соѕ 26| 


y= 1- [cos 20| 


Fig.7.17 2% 
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Example 12 


Sketch on the same diagram, the graphs of y = [2 sin x [and y = 2 /ог 0 х € 2n. 
Hence state the number of solutions of the equations | 27 sin x | = x and 2n sin x = х 
for 0 € x € 2n. 

X 


We have to work in radians here as y = = is a linear equation. 
(у = jg: is not meaningful.) 


The graph of y = 2 sin x is drawn and then y = | 2 sin x | (Fig.7.18). 
To draw the line у = 2 we take the points x = 0, у = 0 and x = 27, y = 2. 


The equation | 27 sin x | = x is the same as | 2 sinx | = 2 asm is positive. The solutions 
will occur at the intersections of the curve and the line, giving 4 solutions at the points 
marked O, A, B and C. 


Fig.7.18 


The equation 2л sin x = x is the same as 2 sin x = 2. So we look for the intersections 
of the original curve y = 2 sin x with the line, which reduces the number of solutions 
to 2 (points O and A). 


Example 13 


Sketch on the same diagram the graphs of y = /2 cos x /and Зу = x for the domain 
0 < x < 2r. Hence state the number of solutions in this domain of the equation 
6/cos x /- x. ` 
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P(2n, 2.1) 


т 
Fig. 7.19 


Fig. 7.19 shows the graphs. The p of Зу = хіе. у = 3 is the line OP, where O is 


the origin and P is the point Ол, 28 = 2.1). There are 3 РИЯ to the equation 


| 2 cos x | = Fie. 6| cos x | =x. 


Exercise 7.3 (Answers on page 621.) 
1 State the values of (a) | sin 200° |, (9) | cos 22 2 |. (c) sin | 200? |, (d) | tan 27 Эп 


2 Ву sketching the graph of у = sin 20 for 0° < Ё < 360°, find how тапу Mic the 
equation sin 20 = k will have in this interval, where 0 < k < 1. How many solutions 
will the equation | sin 20 | = k have in the same interval? 

3 Sketch the graphs of у = | cos Ө | and у = | cos Ө | — 1 for 0° < 0 < 360°. 


4 On the same diagram, sketch the graphs of y = | sin 9| and y = | cos 0| for 0° «0 s 
360°. How many solutions will the equation | sin 0| = | cos 0| have in this interval? 


5 |. 


5 Sketch the graphs of y = 1 + 2 sin 8 and y= | 1 + 2 sin 0 | for 0° < 0 € 360°. On another 
diagram, sketch the graph of y = 1 + | 2 sin 0 |. 


6 On the same diagram, for 0° < 0 < 360°, sketch the graphs of у = 2 cos 0 and 
у =| 2 cos Ө |. Now add the graph of у = 1 ~ | 2 cos Ө |. 


7 On the same diagram, sketch the graphs of y = | 2 cos x | and y = x їог0 <x < 2л. 
Hence state the number of solutions of the equations |47 cos x| = x and 47 cos x = x 
for 0 < x < 2л. 

8 Sketch the graph of y = | tan Ө | for 0° < Ө < 360°. 


9 Sketch on the same diagram the graphs of y = | cos 2x | and 2y = x for the domain 
0 <x < л. Hence state the number of solutions in this domain of the equation 


| 2 cos 2x | =x. 


10 For 0 € x < 27, sketch the graphs of y = | cos x | and у = sin 2x on the same axes. State 
the number of solutions of the equation sin 2x = | cos x | in this interval. 
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11 Sketch the graphs of y = | sin Зх | and 2лу = x for 0 < x < 2л. How many solutions do 
the equations 2л sin Зх = x and | 2л sin Зх | = x have in this interval? 


12 On the same diagram, sketch the graphs of y = | sin x — 1| and у = 2 cos x for 
0 € x < 2л. Hence find the number of solutions of the equation 2 cos x = | sin х- 1 | 
in this interval. 


IDENTITIES 


We have defined earlier, for an angle 0, sin 0 = y, cos 0 = x and tan 6 = 3 where (x,y) 
were the coordinates of R and OR = 1 unit (Fig. 7.19). 


Fig. 7.20 
sin 8 1 
Then tan Ө = 056 -0) 
This is an identity which is true for ай values of Ө. So we use the symbol = meaning 
‘identical to’ or ‘equivalent to’. In any expression, tan @ could be replaced by 326 ог 
vice-versa. а 8 
As cot Ө =n? then cot Ө = Эн 0 (ii) 
From Fig.7.19, x? + у? = 1 for all values of x and y. 
Hence sin? Ө + cos?6=1 (iii) 
[Note: sin? Ө means (sin 0)2 
and sin? Ө = 1— cos? Ө (v) 
and cos? Ө = 1 – sin? Ө (v) 
Taking identity (11), divide both sides by cos? 0: 
then 81220. +] = —1 
cos? Ө ~ cos? 8 
ie. tan?6+I=sec? Ө (vi) 
Dividing both sides of identity (iii) by sin? 0: 
then 14 998. 1 
sin? 7 sin? Ө 
ie. 1+ cot? Ө = соѕес? Ө (vii) 
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Summarizing: 


These identities are used to transform trigonometric expressions into another form. 


Example 14 


Prove that cot Ө + tan Ө = соѕес Ө sec Ө. 


We take one side and convert it to the expression on the other side. It is usually easier 
to start with the side which is more complicated or which involves sums of functions. 
This gives more scope for manipulation. 


Taking the left hand side (LHS): 
cos 0 sin 0 
зїп Ө * соѕ Ө 
cos? Ө + сіп? 0 

sin Ө cos Ө 
adr. 
sin 0 cos 0 

1 1 
sin 0 X vos 0 

= cosec 0 sec 0 


If we start with the RHS, then 
Lll ll сз Б. 

sin Ө со080 ~ сіп Ө cos Ө 
but it is not obvious that we should now replace 1 by sin? 0 + cos? 0. Do this and then 
divide the numerator by sin Ө cos Ө to complete the proof. 


cot 6 + tan Ө = 


Example 15 


1 1 ы 
Show that Тп + Toso =2 sec’ Ө 


We take the more complicated LHS. 
Then 1 1 — 1-8іпе+ 1+ 5ѕіп ө 


13580 1-10 7 (+ іл Өй —sin 6) 
—2_ 
1-всіп? Ө 


= 2 
с026 = 2 sec? Ө 
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Example 16 


Prove that tan?0 = ѕіп20(1 + tan?0) 


+42 
RHS = өше) j 3 


cos? 


2 143 
= 5іп20 | 29 Әлен 9 
соѕ^Ө 


= sin’@ (25) = tan? 0 
.Ncos ^0 


Exercise 7.4 

Prove the following identities: 

1 sin 0 cot 0 = cos Ө 2 (1 + tan? )co? Ө = 1 

3 (1 + tan? 6)(1 — sin? 0) = 1 4 cos? Ө ~ sin? Ө= 1-2 sin? Ө 
5 sec 6 — cos Ө = sin 0 tan Ө 6 cot? Ө (1 – cos? 0) = cos? Ө 
one - cum = 1 8 cot 8. +1 = совос 0 


9 tan? 0 — sin? Ө = sin! Ө sec? 0 
10 (sin Ө + cos 6)(tan Ө + cot Ө) = sec Ө + cosec Ө 
11 sin‘ Ө— соѕ+ Ө = 1—2 cos? Ө 
12 (cos Ө + sin 0)? + (cos Ө - sin 0)2=2 
1 (ап? @ - 
13 col @—1 = an 9 


14 sec Ө + tan Ө = —— € 

sec Ө — tan Ө 

15 вес" Ө — sec? Ө = tan? Ө + tant Ө 
S 2 — 1-со50 

16 (cosec Ө – cot 8)? = TET 


EQUATIONS WITH MORE THAN ONE FUNCTION 


Further types of trigonometrical equations can be solved using the identities we have just 


learnt. Some methods of solution are now shown. The object is to reduce the equation to 
one function. 
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Example 17 
Solve the equation 3 cos Ө +2 sin Ө = 0 for 0° < Ө < 360°. 


The equation contains two functions but if we divide throughout by cos 0, this will be 
reduced to one function. 
sin 0 
Then 3 + 27559 = 0 or tan Ө = –1.5. 
Now solve this basic equation. 


Verify that the solutions are 123.7° and 303.7°. 


Example 18 


Solve the equation 2 sin Ө = tan 0 for 0° < Ө < 360°. 

Illustrate the solutions graphically. 

Rewrite the equation as 2 sin 0 2 RI 
cos 0 

ie. 2 sin Ө cos Ө – sin Ө = 0 


ог sin Ө(2 cos Ө – 1) = 0. 


This can be separated into two basic equations sin Ө = 0 and 2 cos 6 – 1 = 0 
16. cos Ө = 0.5. 


The solutions of sin 6 = 0 are 0°, 180° and 360°. 

The solutions of cos Ө = 0.5 are 60° and 300°. 

Hence the solutions are 0°, 60°, 180°, 300° and 360°. 

The graphs of y = 2 sin Ө and y = tan Ө are shown in Fig. 7.21, with the positions of the 
solutions marked. 


270° //360% 
/ 
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Example 19 


Solve 3 sin Ө + 5 cot Ө = cosec Ө for 0° < Ө < 360°. 
This involves three functions. Reduce this to two by replacing cot 0 and cosec 0. 


Then 3 sin Ө + 52050 = 4 5 
880 50 


Now remove the fractions: 3 sin? Ө + 5 cos Ө = 1 

We can now reduce to one function by replacing sin? 6 by 1 — cos? Ө. 
Then 3(1 — cos? 0) + 5 cos 6 = 1 or 3 cos? 06-5 cos 9-2 = 0. 

This is a quadratic in cos Ө and gives (3 cos Ө + 1)(соѕ Ө – 2) = 0. 
We now have two basic equations: 


cos Ө = -4 which gives Ө = 109.47° ог 250.53°, 


and cos @ = 2 which has no solution. 
Hence, the solutions are 6 = 109.5° and 250.5°. 


Example 20 


Solve the equation 4 cosec? Ө- 7 = 4 cot Өўог 0° < Ө < 180°. 


If we replace cosec? 0 by 1 + cot? 0, we shall have an equation in cot Ө only. 

Then 4(1 + cot? 6) – 7 = 4 cot @ i.e. 4 cot? 0-4 cot 0 ~ 3 = 0. 

This is a quadratic in cot Ө and gives (2 cot Ө —3)(2 cot 0 + 1)=0 leading to the basic 
equations cot Ө = 1,5 and cot Ө 5-0.5. 

Hence tan Ө =-0.6667 and tan Ө --2. 

Now solve these but note that the domain is 0° to 180°. 

The only solutions are therefore 0 = 33.7° and 116.6°. 


Exercise 7.5 (Answers on page 622.) 
Solve the following equations for 0° < Ө < 360°: 


1 8 cot 6 -3sin0 2 sin 6-4 cos? Ө = 1 

3 8 sin 6 -3 соз? Ө 4 2 sec? Ө = 3 - tan? Ө 

5 cot 0 + tan @ = 2 sec 0 6 їал0-3сог0-4 

7 cot? Ө + 3 cose? Ө = 5 8 3(sec 0 — tan 0) = 2 cos Ө 
9 2 cot? O + 11 = 9 cosec Ө 10 3 sin? 9 = 1 + cos Ө 

11 5со80-56с0-4 12 3 cot 20 + 2 sin 20 = 0 
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SUMMARY 


ө If 6 is any angle, sin Ө = у, cos Ө 2 xandtan0 = 2 where 
(x,y) are the-coordinates of R and OR = 1 (Fig. 7.22). 


SIN + All + 
біп Ө = sin(180? – 6) sin Ө 
cos Ө = —cos(180? — 8) cos 0 
tan Ө = —tan(180? — Ө) tan Ө 


2nd | 18. 
3rd | 4th 


sin Ө = —sin(0 — 180?) sin Ө = -sin(3609 — 0) ` 

cos Ө = —cos(0 — 180°) сов Ө-- cos(360? — 0) 

tan Ө = Тап(0 - 180°) tan 0 --tan(3600-0) |) 
TAN +: И . COS + 


€ To solve a basic equation such as sin Ө = k: | 
(1). find the angle o in the 1st quadrant such that sin о = | k |; 
(2) find the quadrants in which 6 will lie; 1 
(3) determine the corresponding angles in these quadrants and solve for Ө. А basic 
equation will usually have 2 solutions in the interval 0° to 360°. 


Ї 1 


sin 0 


r 
; tan Ө 


9 cosec Ө = sec Ө = соге = 


соѕ Ө 


* Graphs of sin, cos, tan (Fig. 7.23). 


tan.0- 


ne 80* MV 


Fig. 7.23 


sin and cos have a period of 360?: 
ѕіп(и360° + 0) = sin 0, cos(n360? + Ө) = cos Ө, where n is an integer. 


tan has a period of.180?: tan(n180? + Ө) = tan 0. 


е For equations with a multiple angle КӨ, solve Тог ХӨ first and then derive the values: 
of 9. ; 
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Га ideniies ОГ a E 


ад 5110. cot @ = 2089 (o 
‘cos 0 sin 0 2E 

Ў sin? 9 cos? 921 e ЭРГЭЖ: 
сайд Ө=1—со?Ө@ 0,377 02050-5: 0 С, Pas | 
ч(ап?@+1=зе?@ 777 со?Ө+ 1=созес?Ө i | 


To solve equations witli-more than one function, t use the above identities to » reduce | 
| toone function. 


REVISION EXERCISE 7 (Answers on page 623.) 


A 


1 Find all the angles between 0? and 360? which satisfy the equations 
(a) cot 2x  - 1, (b) 2sin y 2 3cos y. 

2 Sketch on the same diagram, for 0 € x < 27, the graph of y = 2 cos x — 1 and the graph 
of y = sin 2x. Hence state the number of solutions in this interval of the equation 
2 cos x - 1 = sin 2x. (С) 


3 Sketch the graph of (a) y = | cos x |, (b) y = | cos x | - 1 and (с) y= 1 – | cos x | for 
values of x between 0 and 27. 


4 Prove the identity sec x — cos x = sin x tan x. 
5 Find all the angles between 0? and 180? which satisfy the equations 
(a) cos 2x - 2, (b) 3 cot y—4 cos y - 0, 
(с) 3 ѕес22= 7 + Atan 2. (С) 
6 Solve for 0° < Ө < 360°, the equations 
(a) cosec 20 = 3 (b) 4cot8 = 5 cos Ө 
(c) 10 sin? 0 + 31 cos Ө = 13. 
7 Prove the identity L+Sinx + cosx = 2 sec x. (C) 
cos x l-4sinx 


8 On the same diagram, sketch the graphs of y = 1 + cos x and y = | sin x | for 
0 € x < 2л. Hence state the number of solutions of the equation 1 + cos x = | sin x | 
in this interval. 


9 Find all the angles between 0? and 180? which satisfy the equations 
(a) tan(x + 70?) = I, 
(b) 8sin y +3 cos y=0, 
(с) 3 sin? 0 + 5 sin Ө cos Ө — 2 cos? Ө = 0. 
10 Sketch оп the same diagram, the graphs of у - | 2 cos x | and y = ж іюг0<х< = 


State, for the range 0 < x < 2n, the number of solutions of (i) | 3x cos x| = 
(i) Зл cos х = 2х. . e 


11 State the range of y = 2— | cos х | for the domain 0 < x < Эл 


150 


12 On the same diagram, sketch the graphs of y = sin 2x and y = sin Ч for 0 <x <27. 


Hence state the number of solutions of the equation sin эс = sin 5 in that interval. 
What would be the number of solutions of | sin 2x | = sin 5 ? 


13 For the domain 0° < 6 « 360°, solve 
(a) sin Ө + cos 0 со: 0 = 2, 
(b) 6 cot? 6 = 1 + 4 cosec? Ө. 


B 
14 Solve the equation sin Ө = 4 sin’ Ө for 0° < @ < 360°. 


15 Solve, for 0? < Ө < 360°, the equations 
(a) 8 sin? Ө = cosec Ө, 
(b) 4 cos? 9 -9- 2 sec? Ө. - 

16 Sketch the graphs of y = | 2sinx | and y= | = — 1 [ for O <x < 2r. How many solutions 
are there of the equation | 27 sin x | = | x m | in this interval? 

17 A segment ACB in a circle i is cut off by the hord AB where ZAOB = 6 radians 
(O is the centre). Tf the area of this sence is 1 of the area of the circle, show that 
0 — sin 9 = 5. 

Draw the graphs of y = sin @ and y 20— 5 т forü0x 0x, taking scales of 4 cm for 

2 on the x-axis and 4 cm per unit on the y-axis. (Таке п = 3.14). Hence find an 
approximate solution of the equation 0 — sin 0 = 3 


18 In Fig. 7.24, ACB is a semicircle of radius ғ, centre О and ZABC = 0%, 
(a) Using the identity 2 sin 0 cos 6 = sin 20, show that the area of the shaded region 
is 7? (7 — sin 20). 
(b) State in terms of r, the maximum and minimum possible values of this area and 
the corresponding values of 0. 
(c) Find the values of Ө for which the area of the shaded region equals > 1 the area of 
the semicircle. 


D С 
Е Е 
А r о ғ B 
Fig. 7.24 A r Mor B Fig. 7.25 


19 A goat is tied to one end of a rope of length x the other end being fixed to the 
midpoint M of the side AB of a square field ABCD of side 2r (Fig. 7.25). 


(a) Find, in radians, ZEMF. (c) Calculate what percentage of the area 
(b) Find in terms of r the area ABFE. of the field the goat can cover. 
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20 In Fig. 7.26, OA and OB are two radii of a circle centre О where angle BOA = 0 
radians. The tangent to the circle at A meets OB produced at C. If the area of the sec- 
tor OAB is twice the area of the shaded region, show that 2 tan 0 = 30. By drawing 
the graphs of у = tan Ө and y = 38 for a suitable domain, or otherwise, find the 
approximate value of Ө. (Otherwise, a solution could be found by trial and error using 
a calculator in radian mode. Test values of Ө to make tan 0 — 1.50 reasonably small.) 


Fig. 7.26 
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Vectors 


SCALARS AND VECTORS 


A scalar is a purely numerical quantity with a unit, such as $20 or a mass of 2 kg. No 
idea of direction is involved. A vector quantity, however, has a direction which must 
be stated, such as a velocity of 20 m s'! northeast (NE). A velocity of 20 m 87 
southeast (SE) would be quite different. 

To specify a vector, its magnitude (e.g. 20 m 5!) and its direction (e.g. NE) must both 
be given. 

Scalars are added and subtracted by the usual rules of arithmetic but to ‘add’ or ‘sub- 
tract’ vectors, we use a special rule — the parallelogram law. 


REPRESENTATION OF VECTORS 


A simple example of a vector is a displacement. Suppose a piece of board is moved, 
without rotation, across a flat surface (Fig.8.1). 


Fig. 8.1 


Points on the board such as P, Q, R are displaced through the same distance and in the 
same direction to points Р”, Q’, R’. So we can represent this vector by any line segment 
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АВ where AB = PP’ = QQ’ = RR’ and АВ // PP’ // QQ’ // RR’. The arrow head shows 
the sense of the direction. AB is drawn to, scale to give the correct magnitude of the 


displacement. We write such a vector as AB. 


EQUALITY OF VECTORS 


In Fig.8.2, the line segments AB, CD and EF are parallel (in the same direction) ande equal 
in length. Then these lines can each represent the same vector and AB = CD = EF. 


Fig. 8.2 E 


> 2 

Conversely, if AB = CD (Fig.8.3), then 

(a) the line segments AB and CD are equal in Jength and 
(b) AB // CD. 


Fig. 8.3 с р 


-» ә 
It is important to remember that both parts are implied by the statement AB = СО. The 
figure ABDC is therefore a parallelogram. 


NOTATION FOR VECTORS 


23 
We state the endpoints of а vector by writing it as АВ, as above or we сап use a single 
letter (Fig.8.4). A vector could then be given as a (printed in bold). We write this as 
aor a. Always distinguish a vector a in this way from an algebraic quantity a. 


B 


Fig. 8.4 A 
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MAGNITUDE OF A VECTOR 


The magnitude or modulus of a vector AB i is the length of the line segment representing 
the vector to the scale used. We denote this as | Ab 1 


if AB in Fig.8.4 is drawn to a scale of 1 cm = 10 ms" for example, t then ГАВ = 230ms!. 
The magnitude of the vector a is written as |а| or as a. - 
Note this carefully: a is the vector but | a | or a is its magnitude. 


Zero Vector 


The vector which has no magnitude (and of course no direction) is the zero vector, 
written 0 or 0. 


Scalar Multiple of a Vector 


Given a vector a (Fig.8.5), we can make multiples of this vector. 
For or example, PQ - 2a. PQ has the same direction as a but twice its magnitude. 


|РО| -2|а| -2 


Fig. 8.5 


ә 

RS = -a, ie. it has the same magnitude as a but is in the reverse direction. 
Note Lu RS = -SR. 

TO U= i 


Conversely, if a and b are parallel, then a = kb. (k will be positive if a and b are in the 
same direction, negative if they are in opposite directions.) | 

Scalar multiples of a vector can be combined arithmetically. For example 2a + За = 5а 
and 4(2a) - 

So ma + na = (т + n)a and m(na) = тпа for all values of m and л. 
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Ехатрїе 1 
Given the vector a (Fig.8.6(a)), draw the vectors (1) За, (ii) — ja. 


The vectors are shown in Fig.8.6(b). They are all parallel ЯН (ii) is in the opposite 
direction to a. 


йі) -ja 


Fig. 8.6(a) Fig. 8.6(b) 


Example 2 
> > > > 
What type of quadrilateral is ABCD if (a) AB = DC, (b) AB = 3DC? 
(а) AB = DC and AB // DC. -Then А ABCD is a parallelogram (Fig.8.7(a)). 
It follows therefore that AD = BC. 


(b) AB = 3DC and AB // DC. Then ABCD is a trapezium (Fig. 8.7(b)). 


Fig. 8.7(a) Fig. 8.7(b) 


Exercise 8.1 (Answers on page 624.) 
1 Copy Fig.8.8 and draw the vectors (a) 2a, (b) -а, (c) За 


Fig. 8.8 
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2 In Fig.8.9, state each of the vectors р, q and r in the form ба. 


Fig. 8.9 


2% 
3 The line АВ is divided into three equal parts at C and D. If AD = a, state as scalar 

multiples of a, (a) AB, (b) CB, (с) BD. 

E > > 

4 In Fig.8.10, ABCDEF is a regular hexagon. Given that AB = a, BC = b and CD = c, 

state the following vectors as scalar multiples of а, В or с: 

> E -» E => 
(a) DE, (b) EF, (c) FA, (d) BE, (e) AD. 


a 


Fig. 8.10 A B 


3 > 
5 If AB = kBC (k + 0), what can be said about the points A, B and C? 
5 
6 A is the point (4,0) and В ће point (0,3). State the value of | АВ |. 
А > 
7 If P is (-2,-5) and Q is (3,7), find | PQ |. 


EN 
8 O is the origin, | OR | 2 3 and the line OR makes an angle Ө with the x-axis where 
sin Ө = 2 Find the possible coordinates of Е. 


157 


ADDITION OF VECTORS 


To ‘add’ two vectors a and b, i.e. to combine them into one vector, we place them so as 
to start from the same point O (Fig.8.11). 


Fig. 8.11 


Now complete the parallelogram OPQR. 
= 
We define a + b = OQ i.e. the diagonal starting from O. 


00 is called the resultant of a and b. 
This is the parallelogram law for the addition of vectors. Note that we use the symbol 
‘+ though here it means ‘combined with’ and not arithmetical addition. 


Аз RQ is parallel and equal to ОР, RQ = a. 
-» ә = 

Then ОК + RQ=b+a=OQ=artb. 

Hence a+b=b+a. 


In practice, it is not necessary to draw the parallelogram. The vectors can be placed 


*end-on'. PQ is equal and parallel to OR so PQ = b. We draw a and then b starting from 
the end of a (Fig.8.12). 


Fig.8.12 
0. о а Р 


The third side OQ of the triangle gives a + b. 
More than 2 vectors can be combined 1 in this way. For example, in Fig.8.13, 
a+b=O0Q апі ОО + с=а+Ъ + с = ОК, 


а+б + с 


Fig. 8.13 о 
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DIAGONALS OF A PARALLELOGRAM 


= > 
In Fig.8. 14, OP = a, OR = b. 
Then OQ = a +b. 


Fig.8.14 


э > ә 

RP =КО + QP =a + (b) =a ~ b. 

Also PR = -RP = (а ~ b) zb- a. 

These last two results are important and can be remembered as follows: 


a — b is the vector from the endpoint of b to the endpoint of a; 
b — а is the vector from the endpoint of a to the endpoint of b 


where a and b start from the same point (Fig.8.15). 


b 
b-alja—b 
Fig.8.15 


Example 3 


The vectors а and b are given (Fig.8.16(a)). Draw the vectors 
(i) 2a +b, (ii) a — b, (iii) a ~ 2b. 


E 
A ru 


Le 2 


Fig. 8.16(a) 


Fig. 8.16(b) 


(The vectors are shown in Fig. 8.16(b).) 
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0) Draw 2a followed by b. 


(ii) Draw a followed by —b. Alternatively draw a and b from the same point and use 
the rule above. 


(iii) Draw a followed by —2b. 


Exampie < 4 
In ДАВС, АВ -а, AC = b and M i is the midpoint of AB (Fig.8.17). 
State in terms of a and b, (a) AM, (b) MC, (c) CM. 


(а) АМ = 1АВ = la 

E: 

(b) MC = AC - AM (from the end of AM to end of AC) 
=b- ja 


EZ > | 
(б) CM=-MC = ja- b. 


Example 5 


> 
OA, OB and оё are the vectors a, b апа с respectively. D is the midpoint of АВ and 
E lies on BC where BE = 2BC (Fig.8.18). State in terms of a, b and с, 


> > > E -> E > 
(a) АВ, (b) AD, (c) OD, (d) BC, (e) BE, (f) OE, (8) DE. 
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(с) Ob = OA + AD = а%;0- а) = ;(а+Ь) 
(9) ВС-с-ь 


(е) BE = 2(c - b) 

2 2 2 
(f) OF = ОВ + BE = b + 2(с-- Б) = 2c — b 

mE 2 2.2.22 1 a 3b 
(в) DE =OE-OD = 2c-b-5 (a+b) =2e~5- 2 


Exercise 8.2 (Answers on page 624.) 


1 Given the vectors a and b in Fig.8.19, draw the vectors 
(a) a+ 2b, (b) 2a— b, (c) 3a - 2b. 


Fig. 8.19 


E E i — > 
2 In AABC, AB = a and BC = b. State in terms of a and b, (a) АС and (b) СА. 


3 Given the vectors а, b апа с іп Fig.8.20, draw . 
(a) а+2Ь, (D at+2b+e,  (Qa-bsc — (d Fatb-2c. 


Fig.8.20 | BRE 


4 If [|a| = | | buta z b, explain why a + b bisects the angle between a and b and is 
ГЕ to a – b. 


5 In AOAB, OA = a, 08 = b and M is the midpoint of АВ. State in terms of a and b. 
(a) AB, (b) AM, (c) OM. 
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6 In AOPQ, ОР эр, 90 =q. Ris the ‘midpoint of OP and 5 lies on OQ such that 
OS = 350. State in terms of p and q, (a) OR, (b) РО, (с) OS, (d) RS. 

7 In AOAB, OA =a, OB = b. BC is drawn parallel to OA (in the same direction) and 
BC = 20A. State in terms of a and b, (a) AB, (5) BC, (с) OC, (4) АС 

8 OACB is a parallelogram with OA - a and OB = b. AC is extended to D where 
AC = 2CD. Find, in terms of a and b, (a) AD, (b) OD, (с) BD. 

9 ОАВ is a triangle with OA = a and OB = b. M is the midpoint of OA and С lies on 
MB such that MG = $GB. State in terms of a and b (a) OM, (b) MB, (c) MG, (d) OG. 


> ре; 
10 OA =p + q, OB = 2p ~ q, where p and q are two vectors and M is the midpoint of 
-> > > 
AB. Find in terms of p and q, (a) АВ, (б) AM, (с) ОМ. 


POSITION VECTORS 


If O is the origin, then the vector OA is called the position vector of A. For example, if 
-» 
the position vector of A is 2a - 3b, then OA is 2a — 3b. 


Using Vectors 

The following principles should be carefully noted: 

(1) If ma + nb = pa + gb then m =p and n =a (See Examples 6 and 9). 2 

(2) Ifthe points P, Q and R are collinear, then PQ =k QR (and conversely) because PQ 
and oR are parallel but meet at Q. (See Examples 7 and 8). We could also use 
PÒ =kPR. 


(3) Ifthe vectors ma + nb and pa + qb are parallel, then Р = 4, (See Example 10.) 


n 
4 


Example 6 
If p = 2a — 3b and q = а + 2Ь, find numbers x and y such that xp + yq = a — 12b. 
хр + yq = x(2a — 3b) + y(a + 2b) = (2x + у)а + (3x + 2y)b 


By (1) above, if this vector is to equal a — 12b, then the multiples of a and the multiples 
of b on each side must be separately equal. 

Hence 2x + y = 1 and -3x + 2y = - 12. 

Solving these equations, x = 2, y = —3. 

Checking this, 22a — 3b) — 3(a + 2b) = a — 12b as required. 
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Example 7 


The position vectors of P, О and R are a—2b, 2a — 3b and ра — 6b, where Их a scalar 
constant. If the points P, Q and R are collinear, find 
(a) the value of u and (b) the ratio PQ:OR. 


> -> 
First we find PQ and QR. 


(а) РО = 50- Ob = 2a—3b -(a-2b) -a- b 
QR = OR - OQ = pa - 6b – Qa — 3b) = (u - да — 3b 


Now if P, Q and R are to be collinear, РО = KOR. 
E = 
PQ =a ~ b and QR = (И—2)а—3Ь 
> 
Comparing these, the multiple of —b in QR is 3 so the multiple of a must also 
be 3. Hence u 2 = 3 огр = 5. 
(b) When = 5, | PQ |2] a- b [ап | OR | = | 3(a—b) | which gives the ratio PQ:QR 
as 1:3. 


Example 8 


OP = За +b, OD = Ща — b) and OR = 4a + 4b. 
Given that P, О and В are collinear, find the value of и and the ratio PQ:QR. 


э э э 

РО = OQ – OP = ра - ub – За – b = (и — 3)а - (и + Ib 

OR = OR - ОО = 4a + 4b — pa + jib = (4- а + (и + 4)b 

The relation between these vectors is not as straightforward as it was in Example 7. 


We shall have to find an equation for и. If P, О and R are collinear, PO = KOR so the 
multiples of a Е T b in the two vectors must be in the same ratio. 
И-3-2-8й- Ui = 
Then <a "ESI which leads to g? + u — 12 = 12 — 3u — 4 giving р = 2. 
E 
Hence PQ = -a – ЗЬ and QR = 2a 6b = —2(-a – 3b). 


The ratio PQ:QR = 1:-2 which means that QR is twice as long as PQ but in the 
opposite direction as shown in Fig.8.21. 
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Example 9 


> 
In Fig.8.22, OA = a and OB = b. С lies оп OA where ОС = 2 OA, D із the midpoint 
of AB and BC and OD intersect at M. 


: > > = > 
(a) By taking OM = pOD and BM = qBC, where p and q are numbers, find two 
= 
vector expressions for OM. 
Hence find (b) the values of p and q, (c) the ratios OM:MD and BM:MC. 


Fig.8.22 


First find OM as ра of Ob. To obtain Ob we find AD. 
AB = Эс 25202 = 7b - а) 


Then OD = -OÀ + АБ = at 0 - а) = а +) 
So OM = гб баны fae Bo. 


Now to find another expression for ОМ, we use OB + BM. 

net bad BM he 7 of BC. 

ВС- oc- ob. = ja- b so BM = а4($а- b) 

Then OM = OB + BM = b + q(2a— b) = Ha + 0-а» (ii) 
As (i) and (ii) are expressions for the same vector, then by (1) above, the multiples 
of a and у are equal. 


So 8-3 - 4 and 5 = 1—@. We solve these equations. 


24 
gels 


(с) ОМ = ОП so ae = 4:1 and вм. - i so BM:MC = 3:2. 


4 giving g= 2 and hence p = 2. 


Ratio Theorem (Optional) 


This theorem is not necessary for this syllabus but may be found useful. It gives a direct 
way of finding the position vector of a point dividing a line in a given ratio. In Fig. 8.23, 


> EN 
OA = =a, OB = b and P divides AB in the ratio ра. We wish to find OP. 
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[e] Fig. 8.23 
ob = OA + Ab =a+ 52, ; AB =а+ %0- а) = 82/9 


This is known as the ratio Бекей for vectors. Note carefully that 4 multiplies a (оп the 
other side of P) and p multiplies b. 
For example, if P was the midpoint of AB, then p = g = 1. 


> > E 
бо OP = 222. if AP = 1 AB then p = 1, = 2 and OP = 2858 Similarly, if 
-> 
АР = ЗАВ where the position vectors of A and B are За — 2b and -a + 5b, then p = 3, 


а = 2 and the position vector of P will be шинжин 4 Sca t = == 


25 
Note: Care must be taken when Р divides АВ externally і.е. Р lies outside АВ. Опе of 
p or q must then be taken as negative (Fig. 8.24). 
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Example 10 


In Fig. 8.25, the position vectors of the 
points A, B and С are 2a — b, 4a + 5b and 
-а + 4b respectively. L and N are the 
midpoints of AB and AC respectively. 


=> 
M is a point such that LM = 1 LC. 


(a) Find the position vectors of L, M and 
N and (b) show that B, M and N are 
collinear and state the ratio BM:MN. 
(c) P is a point on BN produced such that 
BP - pBN. If PC is parallel to AM, find 
the value of p. A 


(a) The position vector of L is Ga - Etat) = За + 2b. 
As LM = 3LC, LM:MC = 12. 
The position vector of M is Хав» 28 + Cas ну = Sa +8 
The position vector of N is Сав) Саа) = -—— 


> > 
We find BM and MN. 
> > => 
BM = OM - OB = 92235 — (4a + 5b) = Ja- = -1(а +b) 


> э 2 
MN = ON- OM = яр хийн 5а +80 = <Ja- =-](a +b) 


: > > 
Then B, M ч Ё are collinear as ВМ is а multiple of MN. 
BM:MN = -7;-7 = 2:1. 


BP + PC .8 

so pBN + PC = (-a + 4b) – (4а + 5b) 
-Э 

ie. p| 2-536 — Ce toe РС 2-5a-b 

ME Tb) 4. PÈ =-Sa—b 


giving РЁ = (2549 + (2:2» 
АМ - за + -(2а- b) = a+b _ -1a + Ub 
3 3 
If these are parallel, the multiples of a and of b must be in the same ratio. 
7p-10 7р-2 : 
2 2.2 ie 7р-10, 7р-2 
Непсе 4 “ЦЭ ie. ——— oa 1 
3 3 
which simplifies to 77р – 110 = -7p + 2 огр 
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Exercise 8.3 (Answers on page 625.) 


1 Given that р = За — b and q = 2a — 3b, find numbers x and y such that 
xp + yq = а + 9b. 


2 If a = 3i + 2j, b = -2i + 3j and c = 12i — 5j, find numbers р and 4 such that 
pat+qb=c. 
3 Given p = 2i + 3j and ф = 1-1, find numbers x and y such that xp + yq = —4i — 11]. 
4 If p = 2a ~ 5b, q = x 2b and r = a + 16b, find numbers x and y such that ` 
xptyq-r. 2 
(био OP = 2а – 5Ь, Gb-À ban b and OR = = Пач + 7b, show that Р, О and R are collinear 
and State the ratio РО: QR) 


(27 : 
6 The position vectors of P, О and R are a — 2b, 2b and -4а + kb respectively. If P, 
Q and R are collinear, find the value of k. What is the ratio PQ:QR? 


| E 
7 Given that OP = a + b, OQ = ka and OR = 7a — 2b, find the value of & if Q lies 
on PR. : 


8 The position vectors of P, О and К are 2a — b, Ца-5) and a + b respectively. Find 
the value of р if РОК is a straight line. State the ratio PQ:QR. 


9 (а) The position vectors of L, М and N are p +.2q, m(p + q) and p - q respectively. 

Find the value of m for which LMN is a straight line, and state the ratio LM:MN. 

(b) The position vectors of А, B and C are a + 209, ра — b and 2a — 3b respectively. 
If AB is parallel to OC, where О is the origin, find the value of u. 


( 10т he position vectors of and B) Bvare 8253 d За + 4b respectively. Using the ШО 
Шеогеш ог otherwise. d find | -Ше position vector обр” ‘where (а) АР = 2РВ, 


(b) AP = LAB, (c) 4Ab- ЗАВ, «(d) P lies on AB extended and AP = ЗВР, (e) P lies 
on BA Асад and AP = BA “Оч ҚАТА 


A 
11 OA = 2a — 4b and ob = 4a + 6b, where Ó is the origin. P and Q are the midpoints 
of OA and AB respectively. (a) State the position vectors of P and Q. (b) G lies on BP 
such that BG = 2GP. Find the position vector of G. (c) Show uat O, ©; апа О аге 


collinear and state the ratio OG:GQ. (4) R lies on OA where OR =рОА. BR is 
parallel to GA find the value of p. 
GAP P and Q ‘divide the sides BC and АС respectively of ЛАВС in the ratio 2:1. 

If AB = a and AC = b, find (a) ОР and (b) show that QP is parallel to AB and 
one-third its length. 

13 OABC is a parallelogram with бА- а and ос- e D lies o on OB where OD:DB = 1:4. 
АР meets OC at E. Ву taking OE = рОС ала Ай = qAE, show that 
= l (a + с) = (1 – ф)а + рас. 
Hence find the values of p and 4 and the ratios OE:EC and AD:DE. 
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14 ОАВС is a parallelogram in which OA =a and OC - b. M is the midpoint of AB and 
MC meets OB at: X. 


E E 3 

(8) By taking MX = pMC and OX = qOB, express Ox in terms of 
(i) p, a and b, (ii) g, a and b. 

(b) Hence evaluate р and д and state the ratios OX:XB and CX:XM. 


15 C lies on the side OA of AOAB where OC:CA = 2:1. D lies on the side OB where 
OD:DB = 1:2. AD meets BC at Т. 


-Э 
(a) Taking OA=a, 08- b, AT =pAD and Сї- 468, find two expressions for OT. 
Hence find (b) the values of p and д and (c) the ratios CT:TB and AT:TD. 
16 CandD divide OA and OB respectively in the ratio 1:3. E divides CB in the ratio 1:4. 


Taking OA = а and OB = b, use vector methods to prove that DEA is a straight line 
and find the ratio DE: “БА. 


бую ЖОАВ,С divides OA in nthe rai ratio 2:3 and D divides AB in the ratio i2. ор meets 
CB at E. Pm 
(a) Taking бА = a, OB =b, ОЁ = pod and CE = 4%, obtain two expressions for 
ОВ. ы E 
(b) Hence find the values of p and q. 
(c) State the ratios OE:ED and CE:EB. 


18 The position vectors of A and B are a and b respectively: relative to an n origin О.С 
їһе midpoint о of AB and D divides OB i in the ratio 2:1. AD and. OC meet at Р. . 
(а) Такіпр OP = pot and AP = «АР, express OP i in two different forins. 
Hence find (b) the values of p and q and (c) the ratio “Әр: РС: (4) Q lies on BA 
produced where AQ = ЕВА. . State the position vector of. Q If ий: ї5 рагайе! to DC, 
find the value of k. 

19 OABC is a parallelogram with ОА =a and. oc = с. OB i 18 extended to D where 
OB = BD and OA is extended | to E where АЁ = 103. CE and AD- J meet at Х. 


= => 
(a) Taking AX = pAb and СХ = 4СЕ, find two expressions for OX. | 
(b) Hence find the values of p and q and the ratios AX:XD and СХ:ХЕ; 


> -» 
(c) F lies on AD and BF is parallel to CE. Taking AF = rAD,find the value of r. 
(d) Hence state the ratio BF:CE. 


20 OA = a and OB = b. OB is produced to C where о; 2ВС. Dis the midpoint of AB. 
OD produced meets АС at Е. Taking ор ш pOE and AE = qAC, derive two 
expressions for OD and. hence find the values of p and д and the ratios OD:DE and 
AE:EC. 

21 OABC is a parallelogram with ОА a and оё = с. D lies оп oc where OD:DC = 1:2 
and E is the midpoint of CB. DB meets AE at T. Taking DT = pDB and AT = qAE, 
form two vector expressions for OT and hence find the values of p and 4. 


22 The position vectors of A and B are a and b respectively, relative to O. C lies on OB 


where OC:CB = 1:3. AC is produced to D where AD = pAC. If DB is parallel to OA, 
find the value of p. 
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23 The position vectors of the points , A,B and C аге 7a — 2b, a + b and a - 2b 
respectively. L is the point. where AL = i AB.M is the midpoint of BC and N is the 
point such that CN = 2CA. Find the position vectors of L, M and N and show that 
these points are collinear. State the ratio ML:LN. 


- 24 A, B and C have position vectors a — b, За + 2b and 4a — 3b respectively. P lies on 
AB where АР:АВ = 2:3, Q lies on BC where BQ:BC = 3:4 and R lies on AC extended 
so that AC = CR. Find the position vectors of P, Q and R and show that P, Q and 
R are collinear. State the ratio PQ:QR. 


COMPONENTS OF A VECTOR: 
UNIT COORDINATE VECTORS 


E > 1 
Suppose AB = a and BC = b (Fig.8.24). 


Fig. 8.26 


The resultant of a and b is АС- г=а+ b. The vectors a and b are called the components 
of r. The components of a vector r аге апу two vectors whose resultant is г. А vector сап 
therefore be resolved into two components in an infinite number of ways. However if 


we take the components parallel to the x- and y-axes (Fig. 8.27), they will be unique and 


perpendicular. 
y 


Fig. 8.27 


We now define two standard unit vectors i and j called the unit coordinate (or base) 


vectors (Fig. 8.28). y 


Fig. 8.28 


i is a vector іп the direction of the positive x-axis and | i | = 1; 

j is a vector in the direction of the positive y-axis and | j | =1. 

The perpendicular components of any vector can now be > expressed in terms of i and 
j in a standard form. For example, suppose the vector AC = r has components of 
magnitude 3 and 4 parallel to the axes (Fig. 8.28).The horizontal component AD = Зі and 
the vertical component DC = = 4j. 
Hence the vector г = AD + DC = 31 + 4j. 
r is now expressed in terms of the base vectors i and j. 


y 


Fig. 8.29 


r can also be written as (à ) ie. in column vector form. [Do not confuse with 
coordinates (3,4)]. For example, 2i — 3j can be written as ( 2). i (4) and j = (9). 
Given r in terms of i and j, we can find | r | and the angle 0 it makes with the positive 
x-axis. 

From AADC (Fig. 8.28), AC? = AD? + DC?, зо] r? |= 3? + 4 = 25 and | г | 3425 = 5. 
tan Ө = 2 giving Ө = 53.13°. 


Note: То find 0 for a given vector, draw a diagram to locate the correct quadrant as 
tanO = В will give two values for.0? < 6 < 360°. 


In general for a vector r with perpendicular components of magnitude a and b (Fig. 8.30): 


r=ai+ bj=($) 


|r| = [а +5) | = Va + and tan 0 = 2 
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Example 11 


The position vector of A is —21 +3]. 
(a) State ма coordinates of A. 
(5) Find [ОА | and the angle the vector OA makes with the x-axis. 


Fig. 8.31 


(a) The coordinates of A are (-2,3) (Fig.8.29). 
(b) | OA] =|-21 + 3j | -NC2* + 32 = N13 = 3.6 
tan Ө = 3 giving 0 = 123.7° (2nd quadrant, Fig.8.29). 


Example 12 


E AE 2 > ES 
(a) OC has the same direction as (73) and / OC /- 30. Express OC as a column 
vector. 


(b) The position vectors of A and B are ( x ) and ( d ) respectively. Find 
> 
(i) AB, (ii) the equation of AB. 


X ; -3 ЭС -3k 
(а) OC must be a scalar multiple of (74) so ОС = (4i) where k > 0. 
> > | . > 
| OC f 292 + 16k = 25k so | OC | =5k = 30 and k= 6. Hence OC = (15). 
EET. ә 2 | zum 
(b 0) AB = OB - OA z i- 2j - (~i + 3j) = 3i - 5j. 
01) The coordinates of А and B are (-2,3) and (1,2). 
y-3 xt2: 


Hence the equation of AB is oe ee 5x + Зу 2-1. 
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Example 13 


The position vectors of A, В and C are 2i — j, 3i + 2j and —3i + 4j respectively 
(Fig. 8.32). 
-» > => 
(a) Find [AB |, | BC | and [ AC | and show that AABC is right ungled. 
(b) If the position vector of D is -4i — j, find the angle BD makes with the x-axis. 


Fig. 8.32 


~ > 
AB = 3i + 2j- Qi-j =i + 3j; | AB | = V10 

3 

BC = 3i + 4j - Gi + 2j) = -6i + 2j ; [BC | = V40 
CA= 2- j-Gi+ 4) = 51 – 5]; [СА | - 450 

As | СА Р= [АВ р+ | BC Р, the triangle is right angled. 


BD = ~4i — j- Gi + 2) = i - 3j 
tan Ө = = 2 giving 6 = 203.2? (3rd quadrant). 


Unit Vectors 


The magnitude of the vector a = 3i + 4j is | 3144) | = 5 so the vector is 5 units long. Hence 
the vector AD is one unit long and is in the same direction as a. This is the unit 
vector in the direction of a (Fig. 8.33). It is written as 8 (read ‘vector a cap’). 


Fig. 8.33 


= we А ^. ait dj 
If r- ai + bj, ћепг = 17 75; 


d 27.4 2i- 
For example, if a = 2i — j then à = mS 
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in, if OA = (2 i AC -2i - 3i 
Again, if OA = G) the unit vector parallel to AO would be "THE 


Exercise 8.4 (Answers on page 625.) 
1 On graph paper, mark the positions of the points with position vectors i + j, —2i — j, 
3i + 2j, – 3j. 
2 A, B and C are points with position vectors 2i- 3j, i+ 2j and 4i — j respectively. Find 
in terms of i and j, the vectors AB, BC and CA. 
3 The position vectors of A and B kare ale j an + 311 respectively. Points С and D 
have position vectors given by OC = AO and CD = AB. 


(a) Find the position vectors of C and D in terms of i and j and show the positions 
of the four points-on a diagram. 


(b) Express DB in terms of i and j. | 
(c) Find | DB | and the angle DB makes with the x-axis. 
4 Find the magnitude and the angle made with the x-axis of the vectors 
(а) CD © (3) (0 21-31 (0 -4i-2j 
5 (a) The coordinates of A are (—3,2) and the position vector of B is 2i + 4j. Find the 
vector BA. 
(b) The vector OA has magnitude 25 units and is in the same direction as 1249 Тһе 
vector OB has magnitude 6.5 units and is opposite in direction to G3. State 
the vectors AO and AB in column vector form. 


6 The point with position vector 3i — 2j is displaced by a vector (4). Find its new 
position vector. 


> 
7 If the coordinates of A are (2, 4) and AB =i + 2j, find the position vector of B. 
8 (a) If a = 6i — 8j and b =i + 3j, find â and Б. 
2 > : > > 
(b ОА = (4) and: OB = C1. Find the unit vectors parallel to AO and BA. 


9 In this question, take a = 3i + j, b =-i + 2j, € = 3i. Find (i) à and (ii) b. 
Express in terms of i and j, (iii) a + 2b, (iv) 2c – 3b, (v) a + – 2c. 
Find (vi) | a + 2b |, (vii) | 2c — 3b |, (viii) | a + b — 2c |. 
10 The position vectors of A, B, C and D arei +3j,2i-j,-i -4i and 3: + 2j respectively. 
=> 
Find in terms of i and j the vectors (a) AB, (b) BD, (с) СА, (d) AD. 


11 The position vectors of. A and B are 21 + 3j and 3i — 8j respectively. D is the midpoint 
of AB and E divides OD in the ratio 2:3. Find the coordinates of E. 


> 
12 P and Q have position vectors 5i + 2j and i — 4j respectively. If OP = 300 + 20R, 
find the position vector of R. 


> > 
13 A, B and C have coordinates (1,2), (2,5) and (0,-4) respectively. If AB = CD, find the 
position vector of D. 
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14 The position vectors ыг А and B are 3i+j and —4i + 2j respectively. Find the position 
vector of C if AB = BC. 


15 Points A and В have position vectors 2) - j and i + 3j respectively. 
(a) Given that OC = AB and AD = CB, find the position vectors of C and D. 
(b) Show the positions of the four points on a diagram. 
(c) Find ICDI and the angle CD makes with the x-axis. 


16 The position vectors of A and В, are 4i + 5j and i — 2j respectively. Find the position 
=> 
vector of C if 30A = 208 + ос. 


17 Тһе coordinates of. A and B are (2,3) and (—2,5) respectively. Find the position vector 
of C if 203 = 20В + ВС. 


18 Show that the points with position vectors 4i + 5j, 31 + 3j and —3j are collinear. 


19 What is the gradient of the line joining the points with position vectors 2i + j and 
i+ 3j? 


20 Show that the triangle whose vertices have position vectors 2i + 4j, 5i + 2j and 
31 + 5j is isosceles. | 


21 (a) The velocity v m 57 of a body is given by the vector v = і + 3j. 
Find the speed of the body and the angle its path makes with the x-axis. 
(b) If its position vector at the start was i+ |, what is its position vector (i) after 1 sec, 
(ii) after 3 secs, (iii) after ? secs? 
(c) After what time will it reach the position given by 7i + 19j? 


22 А body is moving with velocity v m s^! where v = 2i — 3j. If it started from the position 
i+ 4], what is its position after 3 seconds? How long will it take to reach the position 
114 -j»? 

23 The position vector r of a point on a straight inei is given by г=ї+}+1(21— ]) where 
t is a number. 
(a) What is its position vector when / = 2? 
(b) Find the position vector of another point on the line by taking any other value 

of t. 

(c) Hence find the gradient and the equation of the line . 


24 Find the gradient and equation of the line given by r = i — j + k(i — j) where k is a 
number. 


25 The position vector r of a point is given by г = 2i — j + [1 + 2j), where t is a number. 
What is its position vector when (a) t = —1, (b) г = 3? 
(c) What is the value of when its position vector is 7i -- 9j? 


26 If the vectors mi — 2j and 4i — 6j are parallel, state the value of т. 


27 The position vectors of A and B are 31-2) and й + j respectively. Find the value of 
t if OAB is a straight line. 
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28 ОАВС is a parallelogram where О is the origin. The position vectors of A and B are 
41+ 6j and 6i + 8j respectively. D is the midpoint of CB and E is the midpoint of АВ. 
OD meets CE at F. 

(a) State the position vectors of С ofC, D and E. 
(b) By taking OF = mOD and CF = nh, find the values of m and n and the ratio 
OF:FD. 


29 (a) State the condition for the lines у = m,x +c, and y = m,x + с, to be perpendicular. 

(b) The points А, B, C and D have position vectors i + j, 3i — 2j, -3i – 3j and -j 

respectively. Find the gradients of AB and CD and show that these lines are 
perpendicular. 


30 The points A, B, C and D have position vectors і, 2i + 3j, 21 + j and 5i respectively. 
Show that AB and CD are perpendicular. 


31 P, О, R and S have position vectors i + 2j, 3i — j, -i—j and ki + j respectively, where 
kis a number. 
(a) Find the gradients of PQ and RS. 
(b) For what value of k will the lines PQ and RS be perpendicular? 


32 If a = 3i + 4j and | | = 2, what are the greatest and smallest values of | a + b |? 


SCALAR PRODUCT OF TWO VECTORS 


Vectors can be *multiplied' in two ways. In one, the result is another vector, called the 
vector product but we shall not use this method. In the other, the result is a scalar so it is 
‚ called the scalar (or dot) product. 


We write the scalar product of a and b as a.b and define it as 


where 0 is the angle between the vectors (Fig. 8.34). 


Fig. 8.34 


For example, if | a | 22, | | 2 3 and the angle between a and b = 60°, then 
аһ-2х3х05-3. 


The scalar product is always a number. This will be negative if 90° < Ө < 180° as 
cos Ө is then negative. | a | and | b | are always positive. From the definition we can 
derive the following important facts: 


I The scalar product is commutative 


a.b = | a | x |] b | x cos Ө and b.a = | b | x | a | x cos Ө 


Hence 
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П Parallel vectors 


If a and b are parallel but in the same direction, then 0 = 0° (Fig. 8.35(a)). 
a.b = ab cos 0° = ab = |a|x|b[. 


Fig. 8.35  —————— (b) 


If a and b are parallel but in opposite directions, then Ө = 180° (Fig. 8.35(b)). 
a.b = ab cos 180° = -ab. 


Hence i.i (written as Р) = 1 and Р = 1. 
Also (3i + 4}).(31 + 4j) = | 31 + 4j |? = 25. 
Ш Perpendicular vectors 


If a and b are perpendicular, then Ө = 90° and cos 90° = 0. 
Hence a.b = ab cos 90° = 0. 


Hence ij = j.i = 0. 

Conversely, if a.b = 0, then a and b are at right angles (unless either a or b or both 
аге 0). ' 

IV Distributive law for а scalar product 


In ordinary algebra, a(b + c) = a x (b + c) = ab + ac, i.e. we can ‘remove the brackets’. 
The ‘x’ is distributed over the ‘b + с”. This is known as the distributive law for 
products. The same law is true for scalar products: a.(b + с) = a.b + а.с. 


Example 14 


Ifa = 2i + 3j and b = і- 2j, find a.b. 
ab = Qi + 3j. — 2j). 
= 2i.(i — 2j) + 3j – 2j) by the distributive law 
= 211 — 21.2] + 3j.i — 3j.2j using the law again 
2- 0 + 0 — 6 asii=jj=1andij=j.i=0 
-4 | | 
From this we see that we only need to multiply the two i and the two j terms and add 
the results. The ijj terms are ignored. 
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r——34 
So Qi + 3]).1 – 2j) 22-6 = -4. 
1----Ч 
-6 
By the same method we can show that in general: 


Example 15 


The position vectors of P and О are 2i + j and —31 + 2j respectively. 
Find ZPOQ (Fig. 8.36). 


Fig. 8.36 


From the definition, a.b - ab cos 0 


ab 
ab 


i.e. the cosine of the angle between two vectors is the scalar product divided by 
the product of their moduli. 
= (01400342) 2 642 _ 
Hence cos ZPOQ = [+ х:31421 ^ 45113 -0.4961 
giving ZPOQ = 119.74°. 


Then cos 0 = 


Example 16 


The position vectors of A and В are 2i — 3j and ti + 2j respectively. 


-» 
(a) Find the value of t for which OA and OB are perpendicular. 
(b) If t = 4, find ZAOB to the nearest degree. 


> 
(a) If OA is perpendicular to OB, then their scalar product = 0. 
So (21 — 3j).(fi + 2j) = 2t -6 = 0 and t = 3. 
Qi-3p4i-2) _ __2 
B= oes = --5-- 
(b) cos ZAOB = ry al x|4 2] = 01345 
Hence ZAOB = 83°. 


= 0.1240 
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Example 17 


Find the relationship between p and д if the vectors a = pi +3} and b = 2i + qj are 
at right angles. Given that д = —2, find [a +b |. 

To be at right angles, (рі + 3j).(2i + qj) = 0. 

Then 2p + 3q = 0. 

If q = 2, then p = 3. 

Ja+b|=|3i+3j + 2i-2j| 2 | 5i +) |= V26 


Example 18 


A straight line passes through the point A whose position vector is 3i +j and is parallel 
to the vector 4i + 3j. 
(a) If the position vector of any point P on the line is p, show that 
р = 3i +j + (4i + 3j). 
(b) Find the value of t for which ОР is perpendicular to the line. 
(c) Hence find the distance of the origin from the line. 


Fig. 8.37 


(a) In h Fig. 8.37, A is the point with position vector 3i + j. 
AP i is parallel to 4i + 3i: so AP = {41 + 3j) where t is any number. 
Then OP - p- OA + AP = 3i + j + (41 + 3j). 

(b) ОР = (3 +40) + (1 + 30) 
If OP is perpendicular to 4i + 3j then (3 + 4) х4 + (1 + 30 х3 = 0. 
This gives 12 + 16r +3 +9t = 0 or t =.— 2. 


(c) When г = – $, the position vector of P = 3i « j —3(4 +3) = 2 - 3. 


The distance from O to the line will then be | OP | = Үз + 16 
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Exercise 8.5 (Answers on page 626.) 
For questions 1 — 7, take a = 2i + 3j, b = -i + 2j,¢ = 3i - 2j, d = —4i. 
1 Find the scalar products (a) a.c, (b) b.d, (c) b.c. 
2 Which two of the vectors are perpendicular? 
3 Evaluate b?. 
4 Find the angles between (a) b and c, (b) a and d. 
5 The vector й + j is perpendicular to b — a. Find the value of t. 
6 Find the angle between a + b and c + d. 
7 Find the relation between m and n if ma + nb is perpendicular to c — b. 
8 Given a = 3i — 2j , b = 4i + j and c = 2i + 7j, verify that a.(b + с) = a.b + а.с. 
9 If p 23i + 4j, q = 2i 3ј and r = 51 + j, show that p.(q — г) = p.q — р.г and find the 
angle between p and q. 


10 The position vectors of A and B are 4i + 3j and 7i — j respectively. Show that OA is 
perpendicular to AB and find ZAOB. 


11 The position vectors of A, B and C are 3i + j, 4i + 3j and бі + 2j respectively. 
(a) Show the positions of the points on a diagram. 
(b) Find ZB. 
(c) Hence find the area of AABC. 


12 Two bodies are moving in a plane, one parallel to the vector 3i — j, the other parallel 
to -4i + 2j. Find the angle between their paths. 


13 If the vectors й + 2j and ti — 8j are perpendicular, find the values of t. 
14 If the vectors 2pi — 3j and pi + 6j are perpendicular, find the values of p. 
— 
15 A(2,3), B-1,4) and C(5, 2) are three points. Evaluate BA.BC and hence find ZABC. 


16 The position vectors of A, B and C are 2j, 3i 4j and 5i respectively. 
> 
Find ВА.ВС and hence find ZABC. 


> > 
17 OABC is a parallelogram with OA = 4i + 2j and OC = —6i + 4j. P and О are the 
midpoints of BC and AB respectively. 
(a) Find the position vectors of P and Q. 


(b) Evaluate OP.OQ and hence find ZPOQ. 


18 OABC is a parallelogram where the position vectors of A and C are 3i + 6j and -21--4) 
respectively. (a) Find the position vector of B. D is the midpoint of OC and E divides 
OA in the ratio 2:1. Find (b) the position vectors of D and E and (c) ZBDE. 


19 ABCD is a quadrilateral where the position vectors of A, В, С and D are a, В, с and 
d respectively. 25 2: = = 
(a) State in terms of a, b, c, d (i) AB, (ii) CD, (iii) AC, (iv) BD. 
(b) If (c — d) = K(b — a) where k > 1, what type of quadrilateral is ABCD? 
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20 


21 


(с) State in terms of a, b, с, 4, the condition for the diagonals to be at right angles. 
(d) ғ|а-Ь||с-а|-2(4-Ь).(с-а), what is the angle between the diagonals? 


The Position vectors of A, B and C are 3i + j, -i — 3j and 5i respectively. Р is a point 
such that AP = КАВ where К is any number. 

(a) . Find the position vector of P in terms of k, i and j. 

(b) Find the value of k if PC is perpendicular to AC. 


If r, = 3i, г, = i + j and r, = -i — 3j, find the values of г so that tr, + г, will be 
perpendicular to a, + r,. 


22 А and B have position vectors 3i + 6j and бі + 3j respectively. C lies on OA where 


23 


24 


25 


SUMMARY 


ОС:СА = 1:2 and D lies on OB where OD:DB = 2:1. 
(a) Find the position vectors of C and D. 


=> 
(b) Find CD and AB in terms of i and j j. 
(c) Hence find the angle between Cb and AB. 


The position vectors of A and B are 4i + j and i + 7j respectively. 
(a) Find ZAOB. 

(b) C lies оп AB where AC:CB = 2:1. Find the position vector of C. 
(c) Hence find ZAOC. 


The points A, B and C have position vectors 3i + 3j, 8i + 2j and ш + 11] respectively, 
where р is a positive number. D lies оп BC where BD:DC = 1:2. 

(a) Find the position vector of D in term of р, i and j. 

(b) Express AD in terms of p, i and j. 

(с) If AD is perpendicular to BC, find the value of p. 


The position vectors of A, В and C are 31+ 4j, 8i — 6j and mi + nj respectively, where 
m and n are numbers. 

(a) Evaluate (3i 4- 4j. Gri + nj). 

(b) Find | OA | and | OC |, 

(c) Hence express cos ZAOC and cos ZBOC in terms of m and n. 

(d) If ZAOC = ZBOC, find the relation between m and n. 

(e) Hence find the equation of the line OC. 


Magnitude of vector a = | a | = a. 


If a = kb, where К is.a scalar (a number) + 0, then. the vectors a and b are parallel. 
and in the same. direction if k >:0.but in opposite directions if < 0. 
lal=|k[x[b|. ы 


ө Conversely if а and b are ри (a#0,b# 9. then:a = kb. P,Q and R are collinear 


кыч 
if PQ = КОК. (ог РО = kPR) and rend 


180 


e IfOA=a, OB - b, a + b is the diagonal OC of the parallelogram OACB. 
e a-b is the vector from the end of b to the end of a, 


b — a is the vector from the end of a to the end of b, 
: where a, b start from the same point. 


If ma + nb = pa + qb then m = p and n =q. 
i 2 
The position vector of A is the vector OA where O is the origin. 


@ i,j are unit vectors in the directions of the positive coordinate axes. 
Column vector form: (8) = ai 4- bj 
If r = ai + bj -($), then | r | = Va? + $, tan Ө = 2 (check for the correct 
quadrant). 

€ Тһе unit vector іп the direction of r is f. 


25% : ^ — dct bj 
If r = ai + bj, then г = =. 


€ Scalar product of a and b = a.b = | а | x | b | cos Ө where Ө is the angle 
between a and b. 
a-b 
БІН 


соѕ Ө = 


Commutative law: a.b = b.a 

Distributive law: a.(b+c)=ab+a.e. 

If a and b are parallel, a.b = ab (same direction), or a.b = ~ab (opposite 
directions). 

If a and b are perpendicular, a.b = 0. 


(aj + bi) ad + b, D) = (0) (5) = аа, + bby 


REVISION EXERCISE 8 (Answers on page 626.) 
A 


1 Given a = 2i ~ 5j, b = —5i – 12j and c = mi + nj, calculate 
(a) a.b, (b) the angle between a and b. 
(c) If a.c = b.c, find the relation between m and л. 


23 
2 The position vector of A relative to an origin О is 3i + 5j. Given that AB = 81 + 2], 


> ә 
evaluate OA.OB and hence find angle AOB. (C) 
3 The points A, B and C have position vectors p + q, 3p — 2q and бр + та relative to 
an origin O, Find the value of m for which A, B and C are collinear. (C) 


4 The position vectors of A алд B relative to an origin О аг 6i + 4j and 3i + pj 
respectively. Express AO.AB in terms of p and hence find (i) the value of p for which 
AO is perpendicular to AB, (ii) the cosine of ZOAB when p = 6. (C) 

5 A, B and С are points with position vectors 4p =o шр + 4) and р + 2q respectively, 


relative to an origin О, Obtain expressions for AB and AC. Given that В lies on АС, 
find the value of и. (C) 
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6 (а) OA is perpendicular to СЭ) and | ОА | = 15. State OAi in column vector form 
if A lies in the first РЕН 
(b) | af + bj | = 5 and ai + bj is perpendicular to 8i — 6j. Find the value of a and of 
b. 


7 Points A and B have position vectors a and b respectively relative to an origin O 


> 
(Fig. 8.38). The point D is such that ob = pOA and the point E is such that AE = 


qAB. 
B 


Fig. 8.38 
о 


Тһе line segments BD and OE intersect at X. If OX = ЗОВ and XB = рв express 
ОХ and XB in terms of a, b, p and 4 and hence evaluate p and 4. (C) 


8 (a) Given that ом 2143) and ON =i + j, evaluate OMON and hence calculate 
ZMON to the nearest degree. 

(b) The position vectors, relative to an origin O, of two points 5 and T are 2p and 24 

respectively. The point A lies on OS and is such that OA = AS. The point B lies 

on OT produced and is such that от= ?TB. The lines S ST and AB intersect at R. 

Given that AR = А. AB and that SR = u ST, express OR (i) in terms of p, q and 


2, (ii) in terms of р, q, p. Hence evaluate А and | and express OR in terms of p 
and q. (C) 
9 The position vectors of A, B and C are a, b and c respectively relative to an origin O. 
Draw a diagram showing the positions of O, A, B and C given that (i) a.c = 0, 
(ii) b= a = Кс — a), (iii) b.(a - c) = 0, (іу) 2/b| =] a- c. 
What is the position of B relative to A and C? 


10 The position vectors, relative to an origin O, of three points A, B and C are 2i + 2, 
51+ 11j and Ili + 9j respectively. 


0) Given that OB = mOA + nOC, where m and n are scalar constants, find the value 
of m and of n. 


(ii) Evaluate АВ. АВ.ВС and state the deduction which can be made about ZABC. 
(iii) Evaluate AB .AC and hence find ZBAC. т (С) 


11 The position vectors of A and B are i + 3j and —2# + j respectively. 


(a) Evaluate OA.OB and hence find ZAOB. 
C is a point whose position vector is given by OC = ОА + АВ. 
(b) Find the values of t for which (i) OC is perpendicular to AB, (ii) ЮС = IACI. 
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12 The position vectors of points А and B relative to an origin О are а and b respectively. 
The point P i is; such that OP = 40B. The midpoint of AB is the point Q. The point R 
is such that OR = 800, 
Find, in terms of a "nd b, the vectors 00, OR, AR and RP. Hence show that R lies 
‘on AP and find the ratio AR:RP. 
Given that the point S is such that OS = р бо, find the value of p such that PS is 


parallel to BA. (С) 
13 Р and Q have position vectors 2й + (t + 1)] and (t + 1)i — (t + 2)j respectively. 
If | OP | =| 00| show that 32 — 4t — 4 = 0 and hence find the possible values 
of т. For each one, calculate OP. 00 and the angle POQ. 
14 OABC is a quadrilateral with OA =aand oc ше. 


If (a + c).(a — с) = 0, what type of quadrilateral is OABC? 
If, in addition, a.c = 0 what is the quadrilateral? 


ЁО > 
15 OA = a and OB = b. C is the midpoint of AB and D divides OB in the ratio 2:1. AD 
and OC intersect at Е. 


(a) Taking OP = = РОС апа AP= gab, find two vector expressions for OP and hence 


find the ratio OP:PC. 

(b) E divides OB in the ratio 1:2 and AE meets OC at Q. By a similar method, find 
the ratio OQ:QC. 

(c) Hence find the ratio OQ:QP:PC. Ж 


16 The position vectors of А, В and С аге -а + 2b, 2a + 3b and 3a + 5b respectively. 
P divides BC in the ratio 3:4. Q lies on AB so that AQ = ЗАВ. R lies on АС so 
that CR = АВ. Find the position vectors of P, Qand- R Show that these points are 
collinear and state the ratio PQ:QR. 


в 
17 The points А and В have position vectors 41 + 3j and i + ¢j respectively. 
If cos ZAOB = 4 find the values of 7. 


18 The position vector p of a point P is given by p = (cos 6)i + (sin 9j. 
Find the equation of the curve on which P lies for all values of 0. 


19 If a.b — a.c, show that a is perpendicular to b — c. 


-» 
20 In AAOB, OA =a, OB = b. The altitudes BD and OE intersect at H and OH = h. 
tate BH in terms of h and b. 
(b) Show that (h - b).a = 0 and that h.(b — a) = 0 and hence deduce that 
b.(h = a) = 0. 
(c) Hence state a geometrical result about the altitudes of a triangle. 
ә 

21 If AB=aand AC = b, show that the area of the ААВС is given by iN (ab)? —(a.b). 


Hence find the area of AABC if the coordinates of A, В and С are (3,2), (—1,—1) and 
(5,-3) respectively. 
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22 The points A, В and С have position vectors a, b and с respectively. L, М and М 
are the midpoints of АВ, BC and CA respectively. G lies on CL so that CG = 2GL. 
Find the position vector of G. Show that A, G and M are collinear and state the 
ratio AG:GM. (Similarly B, G and N are collinear and BG:GN = 2:1. G is called the 
centroid of the triangle ABC.) 
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Calculus (1): 
Differentiation 


Calculus is a very important branch of Mathematics. It was developed by Newton 
(1642-1727) and Leibnitz (1646-1716) to дегі with changing quantities. The gradient of 
a curve is an example of such a quantity and we begin with this. 


GRADIENT OF A CURVE 


The gradient of a straight line is constant. It is equal to 


the ratio E between any two points of the line (see 
Chapter 1, page 8). On a curve however, the gradient is 
changing from one point to another. We define the gradi- 
ent at any point on a curve therefore to be the gradient of 


the tangent to the curve at that point (Fig.9.1). Fig.9.1 


«ange 


We now find a gradient function, derived from the function represented by the curve, 
using a method called a limiting process. Consider the simple quadratic curve у = x? 
(Fig.9.2) and take the point P(3,9) on that curve. 


Fig.9.2 
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Now take a point near Р, say Q,(4,16). The gradient of the line PQ, is ше) - 7 which 
only approximately equals the gradient of the tangent at P. 


To get a better approximation we try again, this time with Q,(3.5,12.25) which is closer 
to P. 


The gradient of PQ, = 325 = 6.5. 


Now see what happens if we repeat this, taking positions of Q closer and closer to P, using 
a calculator (Fig.9.3). 


Fig.9.3 
Coordinates of Q OR PR Gradient 
(3.3,10.89) 1.89 0.3 6.3 
(3.1,9.61) 0.61 0.1 6.1 
‚ (3.01,9.0601) 0.0601 0.01 6.01 tending to 6 
(3.001,9.006001) 0.006001 0.001 6.001 


3.0001,9.00060001) 0.00060001 0.0001 6.0001 


The sequence of values suggests that as we continue, taking Q closer and closer to P, the 
gradient approaches 6. We say that 6 is the limiting value or limit of the sequence. As 
Q — (tends to) P, the gradient of РО --” 6 and we take this limiting value as 
the gradient at P. 

Note that we cannot find this value directly. We have to use this limiting method. (We 
also have to be sure that there will be a limit but this will be assumed in our work). 


Exercise 9.1 (Answers on page 626.) 


1 Repeat the limiting process to find the gradient where x = 2 and x = —1 on the curve 
у= ж. 


2 Use the limiting method to find the gradient at ће point where x = 2 on ће curve 
у= 2. 


3 By the same method, find the gradient where x = 4 on the curve у= vx. 
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GENERAL METHOD FOR 
THE GRADIENT FUNCTION 


To find the gradient at another point on the curve we must repeat the calculations. A 
better approach would be to find a formula for the gradient, using the same method. 
In Fig.9.4, we take a general point P whose coordinates are (х,х2). 


Fig.9.4 


Now take a nearby point О where x, = x + Л. At present the value of h is not specified 
except that л # 0. 
Then yy = (x + hy. 
Gradient of PQ QR 
(x + һу – 22 
h 
2+ 2хһ + В? — x 
h 
- 2xh+h 
мин 
2x * h (h#0) 


Now suppose О moves closer and closer to P, i.e. h ——> 0. Then 2x + h —— 2x. 
The limiting value of 2x + ^ is 2x and we take this as the gradient at P. When x = 3, the 
gradient = 6, as we found before. When x = 0, the gradient is 0, which can be seen from 
the graph as this is the turning point. 

The function x œ 2x is the gradient function for the curve y = x°. Each curve 
will have its own gradient function which we find by the limiting method, known as 
working from first principles. 
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Example 1 
Find the gradient function for y = 222 — 3 (Е. ig.9.5). 


Fig. 9.5 


P is a general point (x, 2x? — 3). 
Q is a nearby point with Xa =X + h, у, = 2(x + һу — 
QR = 2(x + B -3 (222-3) 

= 202 + 4xh + 2h? - 3-243 

= 4xh + 2? 


QR - aah 2 = 4y 42h 


Now as ji 0, 4x+2h— 4x. The limiting value is 4x. The gradient function 
is therefore x —- 4x, 


Example 2 


(a) Find the gradient function for the curve у = xX +2x (Fig.9.6). 
(b) Hence find the gradients at x = 0 and x = -1. 
(c) Is there a value of x where the gradient is 0? 


У= № + 2х 
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(a) Take P as (xj? + 2x) and a nearby point О where Xgexth, 
Yo 7 Gt А) + 2(х + В). 
Then QR = (x + A + 2(x + A) — (9 + 2x) 
= + 37h + 3xh? + И + 2x + 2h — x3 — 2x 
= 3xh + Зх}? + IP + 2h 


242 ! 
Gradient of PQ = R азған ҚАЗА. 3x? + 3xh+ h? +2 


As h —— 0, 3xh and k? ёас--- 0. The limiting value is 3x? + 2 and ће 
gradient function is x ———* 3x? + 2. 


(b) When x = 0, the gradient = 2; when x = —1, the gradient = 5. 


(c) The equation 3x? + 2 = 0 has no solution so the gradient of the curve is never 0. 


NOTATION 


If the equation of the curve is y = f(x), we write the gradient function as f'(x). 
If we take a point P on y = f(x) (Fig.9.7), the coordinates of P are (x,f(x)). The 
coordinates of Q are (x + A, f(x + h)). 


y а 


Fig.9.7 


Then QR = f(x + A) — f(x) and the gradient of PQ = хезмә. 
The limiting value of iroto as h — 0 will be f(x). 


We write this as 


lim means ‘take the limiting value when й ———* 0°. 
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Example 3 


If f(x) = ҮЛ (x #1), find f(x). 
+h- = 1 - тэ 
= x-l-(Gth-1) 
(х+— 1)(х—- 1) 
= -h 
&+h-1)x-1) 
Then feth- _ E 
h (x*h-1(x-1) 


Ash ——7 0, х + А – 1 —- x- 1. 


fxh) - f 
So the limiting value of HO y ill be Gy zr and f(x) = 


те 
Note that this is always negative, so the 22 on the curve is К negative, as 
seen from the sketch (Fig.9.8). 


Exercise 9.2 (Answers on page 627.) 


1 Find the gradient function for the following curves: 


(а) y= 3x2 (b y-32-1 (с) у=?+х-1 
(d у-2-х (е) у= 6*0) ( у= -+l 
(а) yet | 


2 For each of the curves in Question 1, find the gradient where (i) x = 2, (ii) x = : —1, 
(iii) x = 0 (except curve (e)). 


3 (a) Find the gradient function for y = 322 ~ бх + 2. | 
(b) For what value of х is the gradient 07 
(c) Hence find the minimum value of the function. 
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4 (a) If f@) = 9—7, find Р(х). 
(b) For what values of x is the gradient on the curve y = f(x) zero? 
(c) Find the values of f(x) at these points. 


5. By finding the gradient function, show that the curve у = 1 – 4x — x? has a turning 
point where x = —2. Is this a maximum or minimum point? 


6 Find the gradient function for the curve y = 1 + 4x (x #0). 
Hence find the values of x where the gradient on this curve is zero. 


7 Find the gradient function for y = ax? + bx + c where a, b and c are constants. 


The бу, бх Notation for the Gradient Function 


To find Р(х), we took two points whose x-coordinates were x and x + А. We now introduce 
anew and important notation. Instead of л, we write бх (read delta x) which is one symbol 
for the change in х, called the increment in х. 

We use the curve у = x? again (Fig.9.9). Now if x changes to x + бх, y will also change 
to у + бу, where бу is the corresponding increment in у. 


Fig.9.9 


PR = ёх, ОК = бу. 
The coordinates of О are (x + бх, у + бу) and so y + dy = (x+ ӧх)?. 
OR = (x-- ёх 2 

= д? 2xóx + (8x)? — X2 

=. 2x8x + (ӧх)? 


2 
The gradient of PQ = х = erm = 2x + 8x 


Now we let 8x ———~ 0. The limiting value of b will be 2x, so the gradient function is 
2x as before. 
The special feature of this notation is that we write the gradient as 2 (read dee y by 


dee x) to symbolize the limiting value of b as 8x —— 0. 
(The curly 8 is straightened to ordinary d to show that we have taken the limiting value). 
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50 


IA саси 


This бу, бх notation will be used from now on: 


Note: Ё is to be taken as one symbol and NOT as a fraction. 


Example 4 


ify = 16x + 4, find 2 from first principles. 
Find the rs of x where the gradient is 0. 


f(x) = 16x + <> and f(x + àx) = 16(x + 8x) + CETT 


Hence f(x + 8x) – f(x) = 16x + 160x + Ier -16х- 
= 168x + OI E 

= 16ёх+ 2 hir- (фу кн фу 

= 168 ~ SRY xd 


1. 
x 


Then 9). =16- zx. : 


бх (х + бхух! 


As 8x —— 0, 2x + 8x —— 2x and x + х —— x. 


Then Y = Jim 5у 2. 18:22: 


dx о ёх х 


When the gradient is 0, 2 - 4 =01е. 168 =2 ore = 4 


i 


Exercise 9.3 (Answers on page 627.) 


1 Find Ф from first principles for 


ИС PE 
giving x = 5. 


(а) уз32-1 (b y22-4x (с) у= 42 
(d у=х- 1 (д у= 5 -х+3 O у= 5 


2 What is the gradient of у = 5? Hence explain why 2 “= 0 if y =k (a constant). 


3 Given y = 2? — 4x + 1, find (a) 8 and (b) the coordinates of the point on the curve 


where the gradient is (1) 0, (ii) -8. 


4 (a) Find Ён if y =x? + ax + 3 where a is a constant. 
(b) Find the value of a if the gradient where x = 3 is 2. 
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MEANING OF 37 


The notation 2 for the limiting value of 5 as бх 0 is appropriate as it is а 
reminder that 2 is derived from 2. We call this differentiation (as it uses the differ- 
ence бх) and o is called the derivative or the differential coefficient of y with respect 
to x. We shall use the abbreviation ‘wrt’ for ‘with respect to’. 

2 gives the gradient function for a curve and the value of E at a given point is the 
gradient of the curve and therefore of the tangent there. 

Now the gradient at a point measures the rate at which y is changing wrt x. The steeper 


the gradient the greater this rate of change. For example, on the curve y = x°, the two 
quantities are each changing and the rate of change is 2x. When x = 3, y = 9 but y is 
changing at that point 6 times as much as x is changing: 2 measures this rate of change. 
This is what makes differentiation à powerful tool in Mathematics. 

The idea and notation can be applied to any function. For example, if s is a function 
of t, s = Қ), then 95 is the rate of change of 5 wrt r. 
If A is a function of r, A = f(r), then 4А. is the rate of change of A wit г. 


Example 5 
Ifp = 3E — 2t +1, find Ë. 


p is a function of ¢ so we take an increment б/ in ¢. 
The corresponding increment in р is бр. 

d. lim ӘР 

dr lim 


азо © 
р + Sp = З({ + 8p -2t +8) +1 


Now show that бр = 618t + 3(6r)? — 28t 
42. = 6r + 38t — 2 and the limiting value is 6 — 2. 
Hence Ф -б-2.. 


NOTE ON INDICES 


We shall be dealing with negative indices shortly so this note recalls the rules for indices. 
To multiply powers of the same term, add the indices. 
#х=ххххххххх= = 0 
To divide powers of the same term, subtract the indices. 
2.22 ХХХХХХХХХ _ 3 
x + x eU XXX Т х А 252 
х+х= 1 = х1 = апі = 1 
Ly = за х? buts = + 
xi = х3 = Ш > s 
A negative index means the reciprocal: x“ = I 
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. THE DERIVATIVE ОР ах” 


Here are listed some of the derivatives we have already found: 


Function Derivative 
x 2x 
2x? Ax 
4 12? 

1 = x! — 4 — =x? 


Can you see a pattern in these? 

The derivative of x? is 2x = 222-!. 

The derivative of 4х3 is 12:2 = 4 x 3x1. 

The derivative of x is 2x? = —Lch!. 

We deduce the following rule (which we shall not prove): - 

to differentiate a single term, multiply by the index and then reduce the index by 1. 


For example, to find the derivative of 52°: 
the index 3 becomes a multiplier 


5x32 <-- the new index is 3-1 = 2 


The derivative of ax" is anx". 


What about the derivative of a constant, say y --57 This is 0, as the gradient is always 0. 
The derivative of a constant is 0. 


THE DERIVATIVE OF A POLYNOMIAL 


In Example 5, we saw that the derivative of the polynomial 32 — 2t + 1 was 6t — 2. The 
derivative of 32 is 61, the derivative of —2t is -2 and the derivative of 1 is 0. These are 
added to obtain the derivative of the polynomial. 


The derivative of a polynomial is the sum of the 
separate derivatives of fhe terms. 
This rule applies only to polynomials and does not apply to functions such as-N 3x 1 or 


гэн 2 which are not polynomials. 
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Example 6 
Differentiate wrt x (a) 3x5 + 7, (b) х? — $X — +, (c) (2x - 3P, (а) $, 
(е) ax! + 2bx! — сх + 7 where а, b and с are constants. 
(a) Ify = 3x5 7, then 2 23x $6 + 0 = 15x 
Note: Do not write 3x° + 7 = 1524. This is incorrect. Use a letter such as y for the 
function and then write 2. 
(Ы) Ify=8-$2-1 28-52-31 
then e 238-1 x209-CDx?-236-x4 5 
Rewrite reciprocals such as i in terms of negative indices before differentiating. 


(c) Here we express- (2х — 3} as a polynomial first by expansion. 
Qx-3Y = 48 – 12x 4 9 
If y = 402 — 12x +9, then 8 = 8х — 1240 + 0 = 8x — 12, as Y= 1. 
Ну- $ -4x* then 2 = 473)? 2-12 
which can be left in this form or written as — Ч 


If y — ax? + 2212 — cx +7, then 9 = Зах! + 4bx — cx? + 0 = Зах + 4bx — c. 


Example 7 


Find the coordinates of the points on the curve у = х? — 3х2 — 9x +6 where the gradient 
is 0. 


The gradient = 2. 
9 = 3x2 — 6x -9 = 302 - 2x — 3) = 3(х — 3)(х + 1) 

If the gradient = 0, then у =Q and so 3(x - 3G + 1) =0 which gives х= 3 orx 2-1. 
When x = 3, y = 33 — 3(32)  9(3) + 6 = 221: coordinates (3,-21) 

When x = -1, y = (C1? — 3-1)? — 9(-1) + 6 = 11: coordinates (-1,11) 


| Example 8 
(a) Differentiate A =. 2л? + 2nrh wrt ғ; where h is a constant. 
(b) IfT = без find т and the values of p for = = 0. 


(а) 4А. = 2n x 2r! + 2nhr? = 47r + 2nh 
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(b) Here we rewrite the expression as a polynomial first. 
2 2 
Bs - pt =9p+6+ 5 (dividing each term in 
= +6+p" the numerator by p) 


Then (р =9+0+4(l)p?=9-4 


І =0, then9 =~ and p=+ }. 


Exercise 9.4 (Answers on page 627. ) 


Differentiate wrt x: 
5х 
(9 32-5 
1-30 _ 
4 321% px- v 


ХУ th pod а 7 
mer тс E 


2x -x-1 poan 
—x — 3 p 


Differentiate s = 3? — 4t — 2 wrt f. QUT -* 


=” 
Ait 38-28 +73, find гн 204% 


Ё Given u = (34-2), find %, 


2 у= A — ux + 6. Given that the rate of change of y wrt x is 2 when x = 1, find the value 
of u. 


Find the gradient on the curve у = 4x? — 10x + 1 at the point where x = -1. 


И gradient on the curve у = ax’ — 3x + 4 where x --2 is 13. Find the value of а. 


ind the coordinates of the points on the curve у = 3x? — Ах + 2 where the gradient 
is 0. 


Find the coordinates of the points on the curve y = pa z 394 x —5 where the gradient 
J isk 52% — P Py З(о,-е) 
Find the values of z for which P =O where P = 42 — 22 — 8z + 5. 


Show that there is only one point on the curve y = x^ — 32x + 10 where the gradient 
is 0 and find its coordinates. х?-52 =P 52 


Given that u = 48 + 32 — 6t — 1, find the values of t for which би = Kim 
Же Find the vales of бос which G =O given that s= 4082-5. fs 
i = 4s? — - dy is # = 49 2125 
Given у = 4s? – 125 – 7, find "E For what value of s is T 4? E: ү1) 
‘Given that the curve y = ах? + 5 has a gradient of 5 at the point (1,1), find the values 
| of а and 5. What is the gradient of the tangent to the curve at the point where 


x=}? LL 
96 1-9 b x 


f the gradient on the curve y = ax + 5 at the point (-1,-1) is 5, find the values of 
d b. 


The curve given by y = ax? + bx? + 3x + 2 passes through the point (1,2) and the 
radient at that point is 7. Find the values of a and b. 


Given у = 29 — 30 – 12х + 5, find the domain of x for which 2 20. 


нъ 
The function P is given by Р = 4 + bê and when ¢= 1, P = —1. -at + 
rate of change of P when t= 1 is —5. Find the values of a and b. 
PP uA mp* + np? + 3, find $È. When р = 1, p ЯЕ = 12 and when p=}, 


SR = =. Find the values of m and n. 


COMPOSITE FUNCTIONS 


In part (c) of Example 6, to find the derivative of (2x — 3)’, we first expand it into a poly- 
nomial. Similarly, if we want to find the derivative of y = (3x — 2)°, we first expand it into 
a polynomial. This would be rather lengthy so we look for a neater method. To do this we 
take (3x — 2) as a composite or combined function. 

The function y = (3x — 2 can be built up from two simpler ши и = 3x - 2 and 
then y = i£. We сай и the ore депо. 

20 u is a function of x so -2- de = 3. y is a function of the core и so 8- = 5u*. To obtain 

d: from these two derivatives we use a rule for the derivative of шарав functions 
(which we shall not prove): 


where у is a function of и and и is a function of x. 
Note: du cannot be cancelled on the right hand side as these are not fractions but deri- 
vatives. However the notation suggests the result and is easy to remember. 


Then 4 = 5u4x 3 = 15i = 15683x - 2}. 
Example 9 
Find 2 given that у = (x2 — Зх +1). 


Take и = x? — 3x + 1 as the core. Then y =. 
2 = 4i? differentiating y wrt the core и. 


шш -2х-3, differentiating the core wrt x. 


Multiply these two derivatives to obtain у : 
9 = 4h? x (2x — 3) = 4(2x — 3)? — 3x + 1X. 
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Example 10 

Find 9) ify = (aX +bx +c}. 

Take и = ах? + bx + с and then y = и". 

® шлш“! and 4 = 2ax +b. 

Then 9 = пи"! x Qax + b) = n(2ax + Бах? + bx + cy". 


With practice, g can be мтійёп down in two steps on one line. 


Suppose y = (core)" (core being a function of x) 
Step 1 Step 2 


d(core) 
dx 


dy = п-1 
dx n(core) 


derivative of (core)" derivative of core 
wrt.core wit x 


Example 11 


2 
Differentiate у зу +] Wit x. 


Take у = 20° - 3x4 1)" 


Then 4 = 2(- Ie- 3x + 1)? x (2x — 3) 
-20х-3) derivative of core wrt x 


= "(2 Зх +1) 


Example 12 


Given that s = 3t — 1-2 Ly find (a) g and (b) the values of s when 4 ш = = 


(a) s=3t- а- -207 
= -3- cxi — 20? (2) 


derivative of core wrt г 


=3- d-2y 


E3- ар 25 then (р = 5 ie 9 = 0-20". 
Hence 9 = 1 47 + 42 or 4? – 4t - 8-0 

which gives 0-1-25 ME = E -1. 
When ft = 2,5 =6- =z -61 


1 
ир хн 12-34. 
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Exercise 9.5 (Answers on page 627.) 


1 Differentiate the following wrt x: 


(а) «-3» (Ы) Gx - 1) (с) (5 -2xy 
(4) (4х-5)'° (е) (4x - 3 ( (2-х-1у 
(р) 5-х-2ху @ г- 

O ox "Tue Ф =15 

ш) Foal (п) шет өсір 

(PD (aay 8) Qx- 3» 


2 If s = (2t — 1}, find (а) ® and (b) the value of ¢ for which $$ = 24. 
3 If v = (32 – 2t + 1)* find the value of L when 1--1. 


4 Given that A = 5 - ас, find a and simplify. the result. Hence find the value 
of t for whic 4 = 
= ds d- 1 
5 Ifs= Fm З. find а? and the. values of s when ar, € 
6 The equation of a curve is y — 2x— тт. Find (a) & and (b) the gradient of the curve 
when x = —3. 
7 Find the dpi of the curve y = Sch where x = 2. 


8 Ғу- z x41’ 
9 Шу= Ge сіз» find the coordinates of the point where the gradient = 2, 
10 Given that v.— Lu find (a) g, (b) the values of t when E: -3. 
H Ify 234 1+ үтэр, find (a) & and (b) the values of t when Ф = 21. 
12 When x = 1, the gradient of the curve у= as is 2. Find the values of a. 


13 Given that L = stk and that L = 1 and Ён = 3 when x = 1, find the values of 
a and b. 

14 The curve y = ix passes through the point (1,-1) and its gradient at that point is 
2. Find the values of a and b. 


find the coordinates of the points where the gradient is — 1, 


THE SECOND DIFFERENTIAL COEFFICIENT 5% 


If y is a function of x, then 2 is also a function of x (or a constant). 
Hence we can differentiate = ® wrt x. This gives the second differential coefficient 


«a which is written as 2 (read dee two y by dee x.two) for brevity. The 275 are not 


dx 
squares but symbolize differentiating twice. 


The square of 2 js written as (2 y. 
21 is sometimes also written as f"(x) where у = f(x). 
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Example 13 
‚ ‚Фу ау ү. 
Find 55 апа (Z) if 
(а) { «22-34-51, (b)y =(4x-1}, (c)y = тір 
(а) Digo. 
4; 
ағ 
ду 2 22 2 А x z А Фу 
(55) = (6x? — 6x)? which is quite different from de 


= 12x-6 


(b) > = 3(4х— D? x 4 = 12(4x - 1} 
D = 24(4x — 1) x 4 = 96(4x — 1) 
dy _ 
(2) = 144(4x — 1). 
(с) у= (2 – 3х)" 
* = (-1)(2 – 3x) x C3) 230. - 3x)? 


ФУ .3(2)0 - 33)? x (3) = 18(2 - 3? 
dé 


% 2) = -0- e 


As we shall see, 2 has important applications. It is also possible to find further 


derivatives, such as жу etc. but we shall not use these. 


Exercise 9.6 (Answers on page 626.) 
1 Find 2 and & for 
(а) 42-5%%8 (Ы) Qx- 7» (с) (1-4% (d) 1 
() 2-1 (8) x-2-i 


2 £5 - 38 — 2, find a 4 and P 
3 If y 2 (ax + 2} and £2 = "i find the values of a. 


"4 у= ах + bx. Given ни $- --14 and that 2 = 3 when x = p find the values of 
a and b. 


5 For the function y = (ax + 5), 2 = —6 when x = 3 and >» = 18. 
Find the values of a and b. 
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6 


7 
8 


If the gradient, of the curve y = 223 + ux? ~ 5 is --2 when x = 1, find the value of u and 
the value of 2 at that point. 


If ys 4— L- find (SY and S Show that y$% = By, 


Ifs= m 302 + 36t + 2, find the values of t for which = = 0 and the value of t for 
which 4. = 0. 


9 Еу- 22 — 4x° + 9x — 5, what is the range of values of x for which ay 20? 


SUMMARY 


If y = f(x), Р(х) is the gradient function. The value оғ? Q) is is the gradient ata 
given Len 
о) = B= dim ё = lim Жез дн). where 8x is the increment іп х. 
ёс-0 ОХ 8х-0 х ЕНЕТІН 
2 is the 22006 or differential coefficient of y wrt x. It measures the rate. · 
of change of y wrt x. 
If y = ax’, у = пах"! ; if у = k (a constant), 2 -0 


= The derivative of a sum of terms or a polynomial 18 the sum of the derivatives of. : 


K) 
the separate terms. 1 
: t Я ЗОО ^ ду ду а 
ө If y= Қи) where и is a furictión of x, Z ds си 
4% Ф 
Ф. 8 is the second: differential coefficient of у wrt. x, written as 52 or as Ё (х): 


if y= f(x). 


REVISION EXERCISE 9 (Answers on page 628.) 


1 Differentiate wrt x: 


(Ы) (1-23 


(а) e 5) 

(с) тош (9) Qe- 1% 

(e) (1 3x - 2? O xis 

(8) Qx- a (м £l 

(i) шиг (i) 1-3 a г?з; 


2 If y 2 х? – 322 + 7, for what range of values of x is 2 «0? 


3 Find the gradient of the curve у = 5 + 2x — 3x? at each of the points where it meets the 


x-axis. 
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4 (a) Find the gradient of the curve y = 6 where x = 3. 
Hence find (b) the equation of the tangent at that point and (c) the coordinates of the 
points where this tangent meets the axes. 
(d) Calculate the distance between these points. 

5 Given that s = 32 — 4t + 1, find the rate of change of s wrt t when s = 5. 

6 у= 4x- qiy find 9 and $, 

7 For the function y = 2x3 — 4x, find 2 and Фу 

Чу 


4х 
Hence find the value of == when x = 2. 
1+ £7 


8 ҒА- тт where y is a constant > 0 and the rate of change of A wrt r is -$ when 
r — 0.4, find the value of p. 


9 The tangent at the point (a,b).on the curve y = 1 —х— 2x? has a gradient of 7. Find the 
values of a and b. 


10 The curve y = 8 + bx (a, b constants) passes through the points А(1,-1) and 
B(4,-11 D. (a) Find the value of a and of b. (b) Show that the tangent to the curve at 
the point where x = —2 is parallel to AB. 


11 (a) Show that the gradients of the tangents to-the curve y =x? — x — 2 where the curve 
meets the x-axis are numerically equal. 
(b) Find the equations of these tangents and show that they intersect on the axis of 
the curve. 


12 The line y= x 1 meets the curve y = 2? — x — 2 at the points А and. B. Find the 
gradients of the tangents to the curve at these points. 


13 If p = 2s? — s? — 28s, find the values of s which make Ф = 0 and for these values of 
5 find the value of 42. 


14 The gradient of the curve y = ax? + bx + 2 at the point (2,12) is 11. Find the values of 
а апа b. 


15 If y = 3? + 3х2 — Ox + 2, for what range of values of x is 9 перайуе? 
16 Given that y = (x + 2} — (x — 2), find the range of values of x for which 2 20. 


A d dy _ 
17 If y= + Bx, where А and В are constants, show that eae + ХЕ =y. 
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Calculus (2): 
Applications of 
Differentiation 


INCREASING AND DECREASING FUNCTIONS 


y - increasing 
y - decreasing 


Fig. 10.1 


On any stretch of the curve y = f(x), where z » 0, the curve slopes upwards. Hence y 
increases as x increases and f(x) is an increasing function. 

Similarly if 2 < 0, y decreases as x increases and f(x) is a decreasing function. 

At any point where 2 7 0, f(x) has a stationary value and is neither increasing nor 
decreasing. Such a point is a stationary point. 


Example 1 


For what range of values of x is the function у = х? — 3x2 — 9x +4 (a) decreasing, 
(b) increasing? 
dy 


ж = 3х®— бх— 9 = 3(@? — 2x — 3) = 3x - 3)(х + 1) 
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(8) z < 0 for -1 < x < 3 and the function is decreasing in this interval (Fig. 10.2). 


decreasing 


(2227-22 
increasing 


Fig. 10.2 increasing à 


(b) z > 0 for x < —1 or x > 3 and the function is increasing in these intervals. 


The function has stationary values at x = 3 and at x = -1. 


Example 2 
(a) For what range of values of x is the function y = x + 2 increasing? (b ) What are 
the coordinates of the stationary points? 


ә Е В 
(а) 1 4x? 


d; 212% 2 1 
d OL > Gap ie. 4x > lors’ > 2. 


Hence x <—} or x > і, 


This is illustrated in the sketch of the curve іп Fig. 10.3. 


dy ы ez i gl =+1 
(Ы) лу 0 where 1 22 0 i.e. х2 1 and x +2. 


So the coordinates of the stationary points А and В are d.) and Ci-D. 


y 


1 о 
| _———! 
increasing 3 


Fig. 10.3 
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TANGENTS AND NORMALS 


As we have seen, if y = f(x) is the equation of a curve, then 2 gives the gradient of the 
tangent at any point (Fig. 10.4). 


1 
normal: gradient Ду у= f(x) 
\ dx 


Fig.10.4 


Associated with the tangent is the normal, which is perpendicular to the tangent. The 
gradient of the tangent is 2, so the gradient of the normal is 22 


dx 


Example 3. 


Find the equations of the tangent and the normal to the curve у = x! — 2x — 3 at the 
point where it meets the positive x-axis. 

When y = 0, x? – 2x - 3 = (x — 3)(x + 1) = 0. So the curve meets the positive x-axis 
where x = 3. 

dy 

dx 


We write this briefly as (2). лж 4, meaning the value of i when x = 3. 
The equation of the tangent is then y = 4(x — 3) i.e. y = 4x — 12. 


The gradient of the normal = — 1 so the equation of the normal is 
у=-1(-3) ie. dy +х= 3. 


Example 4 


(a) Find the equation of the normal to the curve у = x + E: 


х= 4. 


at the point Р where 
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(b) If the normal meets the curve again at №, find the coordinates of М (Fig.10.5). 


P(4,5) 


normal 


(a) coordinates of P are (4, 4 + 


ie. 
1.3 
2 =1- 4 s (2) (= 1-477214 
Hence the gradient of the normal = — 5, 
The equation of the normal is y – 5 = — 3 tœ- 4) i.e. 3y + 4x = 31. 


(b) To find where the normal meets the curve, we solve the simultaneous equations 
Зу+4х=31апду=х+ 2. 
x+ # = 2L je. Зда + 12=31x- Ax or 7° – 31x + 12=0. 
Then (7x — 3)(x — 4) = 0 which gives x= 4 or 3. 


А : 4 
х = 4 is the point P so the coordinates of М are (3, 3 +7) i.e. (2,205). 
7 


Example 5 


(а) Find the x-coordinate of the point on the curve y = 2x! +x? — 2x +1 where the 
curve is parallel to the line y = 2x. 
(b) Is any part of the curve parallel to the line y + 3x =.1? 


(a) z = 6х2 + 2x — 2 and this must equal 2 (the gradient of y = 2x). 
Then 6x? + 2x — 2 = 2 which gives 3x? + x - 2 = 0 or (3x — 2)(х + 1) = 0. 


Hence x = 2 or -1. 
At these points the curve is parallel to y — 2x. 


d 
If t = 6x? + 2x — 2 = —3 (the gradient of y + 3x = 1), then 6x? + 2x + 1 = 0. But 
this equation has no real solutions. Hence the gradient of the curve is never equal 
to —3 and the curve is never parallel to у + 3x = 1. 
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Exercise 10.1 (Answers on page 628.) 


ind the range of values of ¢ for which V is increasing if V = 4? — 3t. 
In what interval must x lie if the function y = x^ — x? is decreasing? 


For what values of x is the function y = а + 1 increasing? State the coordinates of the 
stationary points on the curve. 


Find the range of values of x for which the function y = 1 —x + 23: - is increasing. 


Find the interval in which x lies if the function y = 222 + 3x? – 12x + 4 is decreasing 
and the coordinates of the stationary points. 


For what values of г is the function s = 4 — 3t + 22 decreasing? 


Find the equations of the tangent and the normal (о.е following curves at the given 
point: | 


(а) у=2-2;х=-3 (D у-2х;х-і1. 

(с) у=1-х- 3; х= –1 (d у= 22-х- 1; х= -1 
(е) у= 4; х=-2 ( у= 3-1 

@ y= = 0) y=2x+$ix=-2 

O у-26-3:х-2 — GQ у-1-х-32-хұх--і 
(9 у=3- 2;у=7 @ y=? =l 


The tangent to the curve. y = л? — 2x + 3 at a certain point is parallel to the line y = x. 
Find the equation of the tangent and the coordinates of the point where it meets the 
x-axis. 


Find (a) the coordinates of the point on the curve y = 322 + 2x + 1 where the tangent. 
is parallel to the line 4x + y = 5 and (b) the equation of the normal at that point. 


10 (а) Find the equation of the tangent to the curve y = 23 — 222 + x at the origin. 
(b) At what point does it meet the curve again? 


The normal to the curve y = 2x — тэ 
Р. Find 
(a) the equation of the normal, 
(b) the coordinates of P, 
c) the equation of the tangent at P. 


where x = 2, meets the curve again at the point 


12 The normal to the curve y = 2x — ін at the point where x = 1 meets the curve again 
at a second point. Find the x-coordinate of this point. 


13 A and B are points on the curve y = 2x- $ whose x-coordinates are 1 and 3 


respectively. Find the equations of the tangents at A and B and the coordinates of the 
point where they intersect. 


14 Show that the function y = 3? + 22 + 5x + 6 is always increasing. 


15 If the function y = x? + ax? + Зх — 1 is always increasing, find the range of possible 
values of a. 
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16 (а) The normal at the point А(-1,2) on the curve у = 3 — x? meets the curve again at 
‚В. Find (i) the equation of the normal at A and (ii) the coordinates of B. 
(b) Find the coordinates of the point C on the curve where the curve is parallel to the 
normal at A. 


STATIONARY POINTS: MAXIMA AND MINIMA 


As we have seen, a curve y = f(x) has a stationary point where z = 0. There are three 


types of stationary point: maximum, minimum and point of inflexion (Fig.10.6). 
Maximum and minimum points are also called turning points as the tangent ‘turns 
round’ at these points. 


(а) maximum | : 
| | (b) minimum E (c) point of inflexion x 


Fig. 10.6 


If this equation has solutions, they are the x-coordinates of the stationary points. We then 
test for the type of point. A curve may have one or more or none of these points. 


(a) (b) 
ae =0 d Ар 
ДУ < 0% minimum ax. 0 
dy „0 g <9 e 
dx maximum 
дуо 
ах 
с ду 
(с) dx >0 : 
dy 
ах < 0 
Fig. 10.7 ТЕР 
dy point of dx 
ах”? infexon . у <0 
Maximum point 


z passes from positive values through 0 to negative values (Fig. 10.7(a)). 


Minimum point 


2 passes from negative values through 0 to positive values (Fig. 10.7(b)). 
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Point of inflexion 
dy 
ма 


dx has the same sign on each side of the zero value (Fig.10.7(c)). 


Note that maximum and minimum apply only in the neighbourhood of the stationary 
point. The values of the function at this point are not necessarily the greatest and least 
values of the function overall. 


Quadratic Function 


We have already seen that the quadratic function у = ax? + bx + c always has either а 
maximum (when a « 0) or a minimum point (a > 0). 


As 2 = 2ax + b, this equation always has a solution. 


Example 6 


Which type of stationary point does y = 1 — 2x — 2x? have and what is the value of y 
at that point? 

As a = 2 < 0, the curve has a maximum point. 

ШУ у 8) .0givesxc-l 
сей 2 — 4x and dx = 0 gives x 2 – 7. 


So the curve has a maximum at (- 1, 1 1 ). 


Example 7 
Find the nature of the stationary points оп the curve y = 42° — 3x3 — 6x 4 2. 


D 21042 - 6x —6 = 60222 -х- 1) = 62x + 1)(х-—1) 


dy _ __1 
di = 0 мћепх= – 5 ог 1. 


А simple test to decide оп the nature of the stationary point is to examine the sign of 


4 ; 
2 оп each side of that point. 


Consider the signs of the factors (2x + 1) and (х- 1). 


ign of (2x + 1)(х— 1) 


The sketch of the curve around x = — 3 is СУ i.e. there is a maximum point at 


3 


sign of (2x + D(x- 1) (HO = ~ | 
sketch of tangent MXN 


The sketch of the curve around х.- 1 is ми ie. there is a minimum point at x = 1. 
When x = – 5, уз 4—1) - 3(1) - 6-5) +2 =33 (a maximum value), and when 
x= 1, у =-3 (a minimum value). 


slightly > 1 


Example 8 
Examine the nature of the stationary point(s) on the curve y = x! ~ xi 45x — 1. 


2 = 3x? — 2x + 5. For stationary points, 3x? — 2x + 5 = 0. This equation has по 
solutions, so the curve has no stationary points. 


Example 9 
What type of stationary point(s) does the curve y = х? — 3x° 4- 3x — 1 have? 
9 232-6:43-302-2141)-30:-17 


T = 0 gives x = 1. There is only one stationary point on the curve. 


T 


sign of (x - 1)? 


sketch of tangent „7 


The sketch of the curve is fe which is a point of inflexion. 


d? " 288 
The 15 Test for Maxima and Minima 
12. 
The sign test is adequate for simple functions but x can be used to test for maxima and 
minima. d 
Around a maximum point, i passes from positive to negative so it is a decreasing 


2. 
function (Fig.10.8). Hence the gradient of ax ОД і е. 55, is negative at that point. 


dy 
Around a minimum point, — dy Passes from negative to positive so it is an increasing 


2, 
function (Fig.10.9). Hence the red or 2 > ie. ES , is positive at that point. 
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w decreasing 


aS о ет 


—' 
а 


у | in 
97. increasing 


Fig. 10.8 | Fig.10.9 


2. 
If E = 0, this test is indecisive. For such cases the sign test should be used (see 
Example 11). 


Example 10 


Find the type of stationary points on the curve y 2 4x *- i and the coordinates of 
these points. 


> 0 so this is a minimum point at (1, 4). 


« 0 so this is a maximum point at (- i ‚ -4). 


= 1 
у-4х- 


minimum 


| 
| 
| 
| 
| 


-44 
2 
maximum 


Fig. 10.10 
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Example 11 
Find the nature of the stationary points on (a) y = xi, (b) y = ж. 
dy _ 


‚Чу _ 42 uy. i = 
(a) di = 3x? so dx 0 gives x = 0. 


= 6x = 0 when x= 0. 


The sign test shows that this is a point of inflexion (Fig.10.11(a)). 


Фу 
de 


Fig. 10.11 


(b) 2 = 4х3 and again чу = 0 gives x = 0. 


Фу _ oy = - 
42 = 12x* = 0 when x = 0. 


slightly > 0 


The sign test shows that this is a minimum (Fig.10.11(b)). 


Exercise 10.2 (Answers on page 628.) 


1 For each of the following functions, find (i) the x-coordinates and the nature of the 
stationary points (if any) and (ii) the value of the function at these points. 


(a) 7-6х-х . (b) x: - 3x 
(с) 2-3х-2 (а) 5-2 
(e) 2x3 + 333 - 36x + 4 ( 22-х<-1 
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(в) 36-46 + 1 (b) х+ 23 


G) 3х-1 Gj) 9-62412x42 
(К) 943x-2 0) 22+ 3x2 +4044 
(m) 2 + 19 (п) 32-5х-2 

(о) x$ (р) àóÓ 1 

(9) х-х-5х-1 (0 x3-3x-3x-4 
(s) х- 2 . (0 х, 

(п) 2+ 16 (0 25-56 


2 The function у = ах? — 12x + 2 has a turning point where x = 2. Find (a) the value 
of a, (b) the nature of this turning point. 


3 The function y = 222 + ax? — 12x — 4 has a minimum point where x = 1. Find (a) the 
value of a, (b) the position of the maximum point. 


4 The function у = x? + ax? — 7x — 1 has a stationary value where x = 1. Find (a) the value 
of a and (b) the type and position of the stationary points. 


5 Find (a) the positions and nature of the stationary points on the curve 
у = 9 — 2x? + 1 and (b) the coordinates of the point where the gradient on the curve 
is a minimum. 


6 For what value of t is s = — 92 + 157 — 10 
(a) a maximum, І 
(b) a minimum? 


For what value of t is 1 a minimum? 


7 Given that v = 1 — t + 22 — ё, find the value of t for which 5% is amaximum and 
explain why. it is a maximum. 


8 The function у = ах? + bx? — 12x + 13 passes through the point (1,0) and has a 
stationary point where x = —1. Find 
(a) the value of a and of b, 
(b) the type and position of the stationary points. 


9 Find the value of x for which y —.4x? — x? — 2x + 1 has 
(a) a maximum, 
(b) a minimum value. 
Hence find the values of 0 for the function T = 4 cos? 0 — cos? 0 — 2 cos 0 + 1 at its 
maximum and minimum values. 


10 For the function A = n? — 67? + 3, find, in terms of тт, the values of r at the stationary 
points, and find which type each point is. 

11 If y = 4x? + Зал? + 48x — 3, in what interval must a not lie if y has stationary points? 
If a = 10, find the x-coordinates and the nature of the stationary points. 


12 Find the type and position of the stationary point(s) on the curve y — 517 + ji 
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MAXIMUM AND MINIMUM PROBLEMS 


The methods we have learnt can be used to find the maximum and minimum values of a 
quantity which varies under certain conditions. 


Example 12 


Two numbers x and y are connected by the relation x + y = 6. Find the values of 
x and y which give a stationary point of the function T = 2х + Зу? and determine 
whether they make T a maximum or minimum. 


We must express T in terms of one of the variables x or y. 
Choosing x, у = 6 - x and T = 2x? + 3(6 — xy. 


Fora хэм point, we put 7 а = 0. 


Then 4 = 4х – 6(6 – ракы 36 = 0 and so x = 3.6 and у = 2.4. 


То dius whether this gives a maximum or minimum we find «Т 


ёт 
dx? 
Hence T will have a minimum value when x = 3.6, y = 2.4. 


= 10 which is positive. 


Example 13 


A cylindrical can (with lid) of radius r cm is made from 300 cm? of thin sheet metal. 
һ-150- лғ 
mo: 


(a) Show that its height, h cm, is given by 
(b) Find r апа h so that the can will contain the maximum possible volume and find, 
this volume. 


(ау The surface area A of a cylinder radius r, height й is given by 
А = 2nr? + 2nrh = 300. 


Hence 2лг = 300 — 27r? and h = 10-27 
The volume V = лг? and V is to be maximized. We must express V in terms of 


one variable and so we substitute for Л from (a). 
Then У = nr? 20-55 = 1150. mr) = 150r - nr. 
19 find ће maximum value of V, we set 4У ы = 0. 


су ш150-3л/? = 0 and so Зл? = 150 giving г = 50 = 4 сіп. 


d? 

Checking that this is a maximum, ЕН ш-блғ which is < 0. 
150 — 50 
тх4 
Hence to obtain the maximum volume, the radius = 4 cm and the height = 8 cm. 

The maximum volume is then Л/2Й = 742 x 8 = 402 cm’. 


From (a), when r = 4 ст, й = = 8 cm. 


[Note that the height = the diameter. А can of this shape will give maximum volume 
for a given surface area.] 
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Example 14 


The length of a closed rectangular box is 3 times its width (Fig.10.12). If its volume 
is 972 cm’, find the dimensions of the box if the surface area is to be a minimum. 


Fig. 10.12 x 


Take the width as x cm, length 3x cm and let the height be y cm for the moment. 


The volume V = 32у = 972 i.e. xy = 324 (i) 
The surface area A = 6x? + бху + 2xy = 6x? + 8xy | 09) 


We must now express A in terms of one variable. 


From (1), у = 32 


324 2592. dA _ 2592 
and so A = 6x? + 8x ar = б? + g = 12х-52 А 

To minimize А, we set 84 = 0. 

Then 12x - 252 = 0 giving 122 = 2592 or x? = 216. Hence x = 6. 


12 2 х 2592 


To verify that this is a minimum, ФА 2 + S which will be positive. 
From (i), when x = 6, у = 324 + 36 = 9. 


Hence the dimensions are 18 cm by 6 cm by 9 cm for the minimum surface area. 


Example 15 


Triangle ABC is isosceles with AB = AC = 20 cm and BC = 24 cm (Fig.10.13). А 
rectangle PORS is drawn inside the triangle with PQ on BC, and S and R on AB and 
AC respectively. 

(a) If PQ = 2x cm, show that the area 


A ст? of the rectangle is given by 
A = 802-5) 
= 805-0, 


A 


(b) Hence find the value of x for 
which A is a maximum. 


Fig. 10.13 
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(а) We need to know the height of the rectangle. 
Let SP = y cm (Fig.10.14). 
If M is the midpoint of BC, then BM = 12, BP = 12 — x and, by Pythagoras’ 
Theorem, AM = 16. 


Fig. 10.14 


From ASBP, tan ZSBP = 47 and from AABM, tan ZSBP = 18 = 2. 


LJ . 4 - 42-2 
Then 12-х = з $Оу= =. 


Hence А = 2xy = aa», 


_ 96х-82 _ 8x? ЧА _ 16x 
(D А= ME -32х- Эф and -32-7. 


When 2 =0,x=6. 


2, . . - 
за ш- 10 which is negative thus confirming that this gives а maximum. 


Exercise 10.3 (Answers on page 629.) 
1 Given that x + у = 8, find the minimum value of x + у. 
2 Find the minimum value of x? — xy + y? given that x + у = 10. 
3 x and y are numbers such that x + y = 4. Find the minimum value of x? + xy + 2y’. 


4 Given that u = 3 + 42 — 213, find the maximum value of u for the domain 0 5152, 
showing that it is a maximum. 


5 Ifs=7+ 81+ 5? — 2, find the value of t which gives a minimum value of s, showing 
that it is a minimum. 


6 What is the minimum value of x + 1 if x > 0? 


7 КВ = к + 50, find the value of V for which Ё is a minimum. 


8 A rectangular box, with a lid, is made from thin metal. Its length = 2x cm and its 
width = x cm. If the box must have a volume of 72 cm’, 
(а) show that the area A cm? of metal used is given by А = 4x7 + 
(b) find the value of x so that A is a minimum. 


216 
16, 
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9 The cost $C of running a boat on a trip is given by C = 4v? + 1900 where v is the 


average speed in km h”. Find the value of v for which the cost is a minimum. 

10 It is estimated that the load L which can safely be placed on a beam of width x, length 
y and height Р is given by L= мә, If h =30 and x + у = 15, find the greatest load that 
the beam can bear. 

11 A piece of wire of length 20 cm is formed into the shape of a sector of a circle of 
radius г cm and angle Ө radians. 

(a) Show that 0 = 0-0 and that the area of the sector is (10 — ғ) cm?. 
(b) Hence find the values of г and Ө to give the maximum area. 
12 A cylinder is placed inside a circular cone of radius 18 cm and height 12 cni so that 


its base is level with the base of the cone, as shown in Fig.10.15. 
(a) If the radius of the cylinder is ғ cm, show that its height Л cm is given by 


в-308-0. 
(b) Hence find the value of r to give the maximum possible volume of the cylinder 
and find this volume in terms of 1. 


12 ст 


. Fig. 10.15 


13 A straight line passes through the point (2,3) and its gradiént is m. It meets the 
positive х- and у- axes at A and В respectively. 
(a) State the equation of the line in terms of m. 
(b) Show that OA = 2 – 3 and find a similar expression for OB. 
(c) Show that the area of AOAB = 6- 2 – 2m. 
(d) Hence find the value of m for which this area is a minimum, showing that it is a 
14 From a rectangular piece of thin cardboard 16 cm by 10 cm, the shaded squares each 
of side x cm are removed (Fig.10.16). The remainder is folded up to form a tray. 
(a) Show that the volume V cm? of this tray is given by V = 4(? — 13x? + 40x). 
(b) Hence find a possible value of x which will give the maximum value of V. 


10 cm 


Fig. 10.16 16 om 
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15 The cost of making x articles per dayi is $5 12 50x + 50) and the selling price of each 
one is $(80 — 59. Find 
(a) the daily profit in terms of x, 
(b) the value of x to give the maximum profit. 


16 Ship A is at О at noon and is sailing due East at 10 km h` (Fig.10.17). At that time, 
ship В is 100 km due South of О and is sailing at 20 km їг! due North. 
(a) State the distances in km of A and B from O after ¢ hours. 
(b) Show that the distance 5 km between A and В is then given Бу 
52 = 5007 — 40004 + 10 000. 
(c) Find the value of / for which S? is a minimum and hence find the minimum dis- 
tance between the ships. 


N 
о 
hy E 
A 10 km h 


100 Кт 
20 km їг! 


| | 
Fig. 10.17 1 в 


17 The dimensions of a cylinder of radius r are such that the sum of its length and its 
circumference is 87 cm. 
(a) Show that its length is (8 — 27) cm. 
(b) Hence state its volume in terms of r and find the value of r which gives the 
maximum volume. 


18 In Fig.10.18, ABCD is a rectangle which fits inside the semicircle of radius 10 cm 


and centre O. 
(а) If AB = 2x ст, show that the area A cm? of the rectangle is given by 
“AES 100 — ey) je ul 


(b) Find ‘the value of x which makes A? a maximum. \3 fx - L х 


(c) Hence find the maximum area of the rectangle. 


чү 


Fig. 10.18 5420-1228 
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19 In Fig.10.19, ABCD is a rectangle where AB = 9 m and AD = 6 m. CE = 4 m and FE 
is parallel to AD. X is a point on FE where ХЕ = x m and M is the midpoint of BC. 
Find 
(a). AX? and XM? in terms of x, 

(b) the value of x for which AX? + XM? is a minimum. 


D E 4m с 
М 
бт 
Fig 10.19 
Т А Е B 
9m 


20 In AABC, ZBAC = 60°, AB = 4 cm and AC = 2 cm. P lies on AB extended where 
BP = x cm, while Q lies on AC extended where CQ = y cm. Given that x + y = 10, 
show that PQ? = 3x? — 24x + 112 and find the value of x which will make PQ? 
a minimum. State the ratio of BC:PQ in that case. 

21 The position vectors r, and r, of two points A and B are given by r 4,726 (1+ 0j 
and r = (t Di (1+ 2)j. 

(a) Find the values of i t for which OA is perpendicular to OB where О is the origin. 
(b) Find the vector AB in terms of f. 

(c) Find the value of г for which | AB Р is a minimum. 

(d) Hence find the shortest distance between A and B. 


22 A can is in the shape of a closed cylinder with a hemisphere at one end (Fig.10.20). 
Its volume is 457 ст. Taking r cm as the radius of the cylinder and h cm as its height, 
show that 
(а) rh 27 =45, 

(b) the external surface area A of the can is given by A = mn + 208 
(c) Hence find the value of r for which A is a minimum and find the minimum value 
of A. 


(Volume of a sphere = r surface area of a sphere = 47/2). 
3 р 


Fig. 10.20 
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23 ABC is an isosceles triangle with AB = AC = 10 cm and ZBAC = 60°. A particle Р 
starts from B and moves along ВА at a speed of 2 cm 87. Another particle О starts 
from A at the same time and moves along AC at a speed of 4 cm 57. 

(a) Write down the distances of P and © from A at time / seconds after the start. Find 
(b) an expression for PQ? in terms of ¢ and 

(c) the value of t for which PQ? is a minimum. 

(d) Hence find the minimum length of PQ. 


24 Fig.10.21 shows a framework in the shape of a rectangular box made from straight 
pieces of wire. The total length of these pieces is 60 cm. 
(a) Show that y = (15 — 5x) cm. 
(b) Find an expression for the volume enclosed by the framework in terms of x and 
hence find (c) the value of x which makes this volume a maximum and (d) the 
maximum volume. 


Fig. 10.21 


25 A piece of wire 48 cm long is divided into two parts. One part is formed into the shape 
of a circle of radius r cm while the other part is formed into a square of side x cm. 
(а) Show that r= 24-25 
(b) Find an expression іп terms of x for the total area A of the two shapes and hence 

calculate (correct to 3 significant figures) the value of x for which A is a 
minimum. 


26 In AABC, ZA = 60° and AB = x cm, AC = y cm where x + 2y = k (a constant). 
Find an expression for BC? in terms of x and К and hence find the ratio x:y for which 
BC? is a minimum. 


27 ABCD is a square of side 10 cm. Р lies on BC where BP = x cm and О lies on CD 


where CQ = E cm. (a) Find an expression in terms of x for the area of AAPQ and 


hence (b) find the value of x which makes this area a minimum. 


28 A rectangular box has a square cross-section and the sum of its length and the 
perimeter of this cross-section is 2 m. If the length of the box is x m, show that its 


volume V m? is given by V = хоху. 


Hence find the maximum volume of the box. 
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29 Fig. 10.22 shows part of the parabola у = 8x — х? with a rectangle ABCD which fits 
between the curve and the x-axis. Taking AB = 2x show that (a) OB = x + 4 and 
(b) the area of ABCD = 32x — 223 units?. Hence find the value of x which makes this 
area a maximum and state the maximum area. 


Fig. 10.22 


VELOCITY AND ACCELERATION 


А common rate of change 18 the speed of a moving body. This is the rate of change of 
distance travelled with respect to time. The average speed is 
distance travelled 
time taken 
Speed is usually measured in m s^ but also in cm 57! or km h”. 


If the direction is to be taken into account, then we speak of the velocity of the body. 
The magnitude of the vector velocity is the speed. 

Now if the time ———- 0, we shall have the limiting value of the average speed, i.e. 
the speed at a particular instant or the instantaneous speed. So if s is the distance 
travelled in time ¢ and s is a function of f, then z will give the speed v at a given instant. 


E 


If v itself is changing, then we have the rate of change of speed v with respect to г, called 
the acceleration (a). 


Now 


Acceleration is the rate of increase of the velocity with respect to time and hence its stan- 
dard unit is metres per second per second, written m s?. 

A positive acceleration means that the speed is increasing, while a negative accelera- 
tion (or a deceleration or retardation) means that the speed is decreasing. 
If the distance s is measured from a fixed point О, its value at any time г is also called the 
displacement of the particle from O. This is its actual distance from O at time t which is 
not necessarily the same as the distance travelled up to time f. This is illustrated in 
Example 16. 
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Example 16 


A particle starts from a point O and moves ina straight line so that its distance s cm 
from О after time t seconds is given by s = 28 - g Find 

(a) its initial velocity and acceleration, 

(b) the time after the start when it comes to a momentary halt, 

(c) its distance from O at this time. 

(d) What maximum velocity does it reach before that time? 

(e) After what time does the particle pass through O again? 

(A pec means a body small itd for its dimensions to be ignored.) 

If s= 22 - ® ? then the D y= = =4t- Td 0) 


9 2 


and the шаг а- x -4-1 0) 


(a) When г = 0 (the start), v = 0 and a = 4. The particle starts from rest (motionless) 
with an acceleration of 4 cm 82. 
From (ii), note that the acceleration decreases.to 0 in the first 4 seconds and then 
becomes negative. 


From (1), v= 0 when 44—-у = 0 i.e. Қ4- 5)= 0 which gives / = 0 (the start) ог 
t= 8. 

Att = 8, a = 4 — 8 = —4 so the particle stops and instantly reverses direction, 
moving back towards O. Such a position, where v = 0 but a 0, is called 
‘instantaneous rest’. 

When t = 8, s = 2(8)? – E = E cm. 

The maximum velocity occurs when шы -0. 

From (ii), this occurs when ¢ = 4 and v is then 4(4) — 1 = $8 cms. 

s = 0 when 22 — £ -0ie. Ё0-1)- 0 which gives t = 0 or or t = 12. 


Hence the MS passes through O again after 12 seconds, now moving in the 
reverse direction. 


The following diagram shows the features of the motion. 


а = +4 decreasing а negative 
у= 0 
Start О 
1-0 
reverses 
direction 
t=12 negative velocity 


At time t = 8, the displacement = distance travelled = ш 


At time ¢ = 12, the displacement = 0 but the distance travelled was => 25 . The particle 
reversed during that time. 
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Example 17 


The distance s т of a particle moving in a straight line measured from a fixed point 
О on the line is given by s = Ё – 3t +2 where t is the time in seconds from the start. 
Find ! 

(a) its initial distance from O, 

(b) its initial velocity and in which direction, 

(c) its initial acceleration, 

(d) the times when it passes through O and with what velocity, 

(e) when and where it is at instantaneous rest. 


(a) At the start, г = 0. Then s = 2 m. The particle starts 2 m from О. 


® у= © =2{-3 


When / = 0, v = 3, i.e. in the direction towards О. 
(c) 
The acceleration is constant i.e. 2 m 572, 
(d) == 0 when 2 -3t +2 = (t- 2t — D = 0 i.e. when t = 2 or 1. 
When ż = 1, v = -1 and when? = 2, v = 1. 
(e) The particle is at instantaneous rest when v — 0, i.e. when t = 11 seconds. 
Then s = (14)? - 3001) +2 =-0.25 m. 


Putting these facts together, the following diagrammatic representation of the motion 
can be made: 


Start f= 0, 5 =2 
y=-3,a=2 


reverses 


Exercise 10.4 (Answers on page 629.) 


1 A particle, moving in а straight line, starts from rest and its displacement s m from a 
fixed point of the line is given by s = 2 — kt where k is a constant and t is the time (in 
seconds) after the start. If it comes to instantaneous rest after 2 seconds, find 
(a) the value of k, 

(b) the initial velocity of the particle. 


2. The distance s m of a particle moving in a straight line measured from a fixed point 
О on the line is given by s = 2 — 2t where t is the time in seconds after the start. 
(a) What is the initial velocity of the particle? 

(b) When is the particle at instantaneous rest? 
(c) When does it pass through O for the second time? 
(d) What is the acceleration of the particle? 
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3 For aparticle moving in a straight line, its displacement s m from a point O on the line 
is given by s = Ê — 5t + 6, where t is the time in seconds from the start. Find 
(a) the initial distance of the particle from O, 
(b) its initial velocity, 
(с) when it is at instantaneous rest, 
(d) at what time(s) after the start it passes through O. 
(e) the distance travelled in the first 3 seconds. 


4 A small body moves along the x-axis so that its distance x from the origin at time 15 
is given by x = 22 — 152 + 247 + 20. Find 
(a) the velocity with which it starts, 
(b) when it is at instantaneous rest, 
(c) the minimum distance of the body from the origin. 
(d) Between what times is the particle moving towards the origin? 
(e) What is its acceleration at the times in (d)? 


5 A particle moves in a straight line. Its displacement 5 m from a fixed point on the line 
is given by s = Ê — 4t — 5, at a time ż after the start, where t 2 0. Find 
(a) where the particle starts and its initial velocity, 
(b) when and where it comes to instantaneous rest, 
(c) when it passes through the fixed point, 
(d) its acceleration. 


6 A particle moves along the x-axis and its x-coordinate at time г s after the start is given 
by x = 2Ё—9 + 12t 1 for 2 0. 
(a) Find its x-coordinate and velocity at the start. 
(b) At what times does the particle come to instantaneous rest? 
(c) What is its maximum velocity in the direction of the negative x-axis? 
(e) When is its acceleration zero? 


7 The velocity v cm 87! of a particle moving in a straight line is given by v = 6t — А, 
where k is a constant and г s is the time from the start. If its acceleration is 0 when 
t= 1, find 
(a) the value of k, 

(b) the time when the particle comes to instantaneous rest, 
(c) the maximum velocity of the particle. 


SMALL INCREMENTS: APPROXIMATE CHANGES 


Given a function y = f(x), suppose x is changed by an increment бх to become x + ёх. 
Then y changes by an increment бу. We can find an approximate value for бу in a simple 


way using T. provided бх is small. 
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In Fig. 10.23, A is the point on y = f(x) where x = k. AB = ôx and BC = бу. АТ is the 
tangent at A and the gradient of this tangent = (2) 


х 


Fig. 10.23 


Now if бх is small, we can take BC - by to be approximatel ual to the gradient of 
АВ” 5х рр! y eq g 
the tangent at A. 


Then > = (2) and so 


Example 18 

[у= 3, find the approximate change in y if x is increased from 3 to 3.01. 
Here k = 3. 

--% шоо (2 х-3 

Then бу = (2). , x &x=-2 x 0.01 =-0.02. 


Note that the negative value indicates a decrease in the value of y. 


Example 19 


Given that T = х? — 2x? + 1 and x is decreased from 2 to 1.985, find the new value of 
T approximately. 


T = 3x? — 4x so (шу, = 4. 


ат 
Then ôT = ($) ,x& 

= 4 x (-0.015) (as x was decreased) 

= 0.06 
Hence the new value of Т = 22 — 2(22) + 1 – 0.06 = 0.94, 
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Example 20 


The volume V of a sphere is given Бу V = fur where r is the radius. 


(a) State an expression for the approximate change in V if r is changed by a small 
amount бу. | 
(5) Hence find the approximate percentage change in V if r is increased Бу 1%. 


(a) x = 4nr? 
BV = (2) x &r = 4nr? х бу. 


(b) If r is increased by 1% then ôr = 0.01r. 


The percentage increase in V = x x 100% = ae х 100% 


3 


= 3 x0.01r x 100% = 3% 


r 


Example 21 


If y = 3 —x +22? and x is increased from 4 by an amount 100 where r is small, find 
in terms of r 

(a) the approximate change in y, 

(b) the percentage change in y. 


-1 + 4x and ( 15. 


Oy л 
dx/x=4 7 
3r 
20° 
(b) The original value of у was 3 — 4 + 32 = 31 and the percentage change in 


3r 


у= Č «100% = зү x 100% = 37 %. 


Then dy = 15 X 1% = 


Example 22 


If y= 2x? - 3x + 1, find the positive value of x for which y = 3. Hence find the 
approximate increase in x which will change y from 3 to 3.015. 

When y = 3, 22 - 3х + 1 = 3 so 222 - 3x — 2 = 0 or (2х + 1x-2) = 0 giving x -2 
(positive value). 


dy _ dy 25.52 
® = 4x—3 and (37), 5 7 5; y = 0015. 


а 
Then substituting in бу = (2 ), X &x, 


0.015 = 58x giving бх = 0.003. 


Exercise 10.5 (Answers on page 629.) 


1 Ify=22-—x +1, find the approximate change іп y when x is increased from 4 to 4.025. 
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2 Given the function у = x? + x? — 4, x is increased from 4 to 4.05. What is the approxi- 
mate change in y? 


3 If z = 2x? – 7, find the approximate change іп z when х is decreased from 4 to 3.99. 


4 Given that у = (x + 2), find the approximate change іп y when x is increased from 2 
to 2.005. 


5 Given that y = (22 ~ x — 1), find the change in y following an increase in x from 
2 to 2.01. 


6 For the function T = Tu find the new value of T approximately due to an increase 
in s from 9 to 9.1. 


7 Pz(1- i P. When х = 2, it is decreased by 3%. Find the approximate percentage 
change in P. 


8 Find the approximate change in T for the function T = 4+ Зи — 24? when н is increased 
by 5% from the value of 2. 


9 The radius of a circle is increased by 5%. Calculate the approximate percentage 
increase in 
(a) the circumference, 
(b) the area of the circle. 


10 A piece of wire of length 20 cm is shaped into the form of a sector of a circle of radius 
r cm and angle Ө radians. 
(a) Show that the area A cm? of the sector is given by A = r(10 — ғ). 
(b) If ris increased by 2% when r = 2.5 cm, find the approximate percentage change 
in A. 


11 The height of a cone is 20 cm but the radius of its circular base is increased from 
10 cm to 10.01 cm. Find the approximate change in the volume of the cone in terms 
of л 


12 If y 2 x? — 3х2, find, in terms of k, (a) the approximate increase in y if x is increased 
from 4 to 4 + k, where К is small and (b) the approximate percentage change in y. 


13 Each side of a cube is increased by p% where p is small. What is the approximate 
percentage increase in the volume of the cube in terms of p? 


14 y2xi- 4 1. x. If x is increased from 3 to 3.001, find the approximate change in y. 


15 If x is decreased from 5 to 4.98 in the function y = Es what is the approximate 
percentage change in y? 


16 Find the positive value of x when y = 4 for the function y = x? — 5x — 2. 
Hence find the approximate change in x when y changes from 4 to 4.02. 


17 Тһе y-coordinate of a point in the first quadrant on the curve y = 332 — 8x — 1 is 2. Find 
its x-coordinate. What is the approximate change in x if the point is moved to a 
position on the curve where y = 2.04? 


18 For the function y = 3x? + ax + b, where a and b are constants, when x changes from 
2 to 2.02, y changes from 2 to 2.12 approximately. Find the values of а and b. 
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19 In an experiment to find the values of T from the formula T = zy values of x are 


read from a measuring device. A value of x is read as 2.04 but should be 2. What is 
the approximate error in the value of 7? 


20 U is calculated from the formula U = ---ү. Measurements of x are taken but they are 
liable to an error of 51.59. When x is маш аз 3, what are the greatest and least 
values of U? 


21 Given that v= des 


и 
2 to 2.04. 


22 For the function A = Tm e 
reduction in the value of A. Find the change in r approximately. 


a small change in r when r = 2 (r — 1)? produces a 2% 


Connected Rates of Change 


Example 23 


Some oil is spilt onto a level surface and spreads out in the shape of a circle. The 
radius ғ cm of the circle is increasing at the rate of 0.5 ст s”. At what rate is the area 
of the circle increasing when the radius is 5 cm? 


The rate of change of the radius wrt time () = 5 = 5. 


We wish to find the rate of change of the area M іе. E 


We can find a link between these two rates by using the rule for the differential 


coefficient of combined functions i.e. JA ДА, залал 
dt ‘dr d 


ea that A = 17? so «А = дг =2nx 5. 


Then ЯА =2nx5x05= 15.7 cm! s. 


This Желе? сап always be used to compare the rates of change of two connected 


quantities x and y with respect to a third quantity. The relation between x and y gives 2. 


Example 24 


Water is emptied from a cylindrical tank of radius 20 cm at the rate of 2.5 litres 87 and 
fresh water is added at the rate of 2 litres 87 (Fig. 10.24). At what rate is the water 
level in the tank changing? 
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{ 2 litres 67 


2.5 litres 5”! 
Fig. 10.24 


Let the depth of water be h cm at time г s. 
The rate of the change of the volume V cm? of the water 


= т = +2000 — 2500 = – 500 cm? s^! 


(1 litre = 1000 cm?; so 2000 cm? of water flowing in and 2500 cm? of water flowing 
out, per second). 


The rate of change of the water level = М which we have to find. 


Since V = nh and Ён = 400л, 


dh .. dh 
therefore —500 = 4007 x аг giving ч, = эу 7-040 cm s?! 


-500 


The water level is falling at the rate of 0.4 cm s^. 


Example 25 


A hollow circular cone is held upside down with its axis vertical (Fig. 10.25). Liquid 
is added at the constant rate of 20 ст! 87 but leaks away through a small hole in the 
vertex at the constant rate of 15 cm? s. At what rate is the depth of the liquid in the 
cone changing when it is 12 cm? 
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V on 5 


Fig. 10.25 
2 15 cm? 57 


If V cm? ig the volume of the liquid in the cone at time / s, then 
E = +20 — 15 = 5 сш? s. 


Let h cm be the height of the liquid at time г s. We have to find 2. 


dV _ dV ,, dh Ў 
a a ха so we find a relation between V and h. 


Taking r as the radius of the water surface, from Fig: 10.26 we have: 
tan Ө = 5 = 


25 х 5 
7 пх 144 


The depth of liquid is rising at the rate of 0.28 cm 57. 


= 0.28 cm s''. 


Fig. 10.26 


Note that in this example the rate of change of the depth depends on how much liquid 


is already in the cone as the cross-section is not constant. 


Example 26 


The pressure P units and the volume V т? of a quantity of gas stored at a constant 
temperature.in a cylinder are related by Boyle' s Law PV = К (a constant). At a certain 
time, the volume of gas in the cylinder is 30 т? and its pressure is 20 units. If the gas 
is being compressed at the rate of 6 m? s^, at what rate is the pressure changing? 
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PYV = k so k = 20 x 30 = 600 units m?. 


The relation between Р and V is PV = 600 or P = 50, 
ар 600 

Now Gr = av X ар and 5-0 | 

We are given that a = -6 (decreasing). 


So ар -— 5% х (-6) = 4 units per second (increasing). 


Example 27 


A street lamp is 8 m high. A man of height 1.6 m walks along the street away from the 
lamp at a steady rate of 1 m s^. At what rate is the length of his shadow changing? 


In Fig. 10.27, L is the lamp and OL = 8 m. 
MN = 1.6 m is the man and MS = s m his shadow. 


Fig. 10.27 


Let OM = хт. 


Now m rate at which the man is walking = 1 m 67. We require ш 


eje 
в. 


х a so we find the relation between s and x. 


Е 
М, 
& ele 


= 16 218 Ve. = х 
Ме“ = xyes which gives 5 = 4. 


=| 
5 
eje ыы 


Al 


х 1=0.25 т 5”! which is the rate at which the length of his shadow 
is increasing. 


Exercise 10.6 (Answers on page 630.) 


1 At what rate is the area of a circle decreasing when its radius is 8 cm and decreasing 
at 0.4 cm 877 


2 The area of a circle is decreasing at the rate of 2 cm? 57. How fast is the radius 
decreasing when the area is 9л cm?? 
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3 The radius ғ cm of a sphere is 10 cm and it is increasing at the rate of 0.25 cm 57. At 


what rate is (а) the volume, (b) the surface area, increasing? 


(For a sphere, volume = ӛлі. and surface area = 4л/?). 


4 A spherical balloon is being inflated by blowing in 2 x 10? cm? of air per second. At 
what rate is its radius increasing when its diameter is 20 cm? 


5 ABC is a triangle with ZB = 90° and AB has a fixed length of 8 cm. 
The length of BC is increasing at 0.5 cm 57. At what rate is the area of the triangle 
increasing? 


6 A closed cylinder is of fixed length 10 cm but its radius is increasing at the rate of 
1.5 cm s^. Find the rate of increase of its total surface area when the radius is 4 cm. 
(Leave the answer in terms of 7). 


7 А circular cylinder has a diameter of 40 cm and is being filled with water at the rate 
of 1.5 litres 87. At what rate is the water level rising? 


8 The length of each side of a cubical framework of straight wires is expanding at the 
rate of 0.02 m s^. At what rate in cm? s~! is the volume of the framework changing 
when each side is 0.2 m long? 


9 xand y are connected by the equation y = £- 3 If xis changing at a rate of 0.3 units 
per second, find the rate of change of y when x=3. 


10 у= Qr? - r * 1)? and x= 4r. At what rate is y changing with respect to x when r = 0.5? 


11 The height of a cone remains constant at 20 cm. The radius of the base is 5 cm and 
is increasing at 0.2 cm 87. At what rate is the volume of the cone changing? 


12 The volume V cm? of liquid іп a container is given by V = 2x° — 4x? + 5 where x cm 
is the depth of the liquid. At what rate is the volume increasing when x = 4 and is 
increasing at the rate of 1.5 cm 572 


13 Liquid escapes from a circular cylinder of radius 5 cm at a rate of 50 cm? 87. How fast 
is the level of the liquid in the cylinder falling? 


14 A hollow cone of radius 15 cm and height 25 cm, is held vertex down with its axis 
vertical. Liquid is poured into the cone at the rate of 500 cm? 57. How fast is the level 
of the liquid rising when the radius of its surface is 10 cm? 


15 In an electrical circuit the resistance R — 10 where 1 is the current flowing in the 
circuit. If J is increasing at 0.05 units рег second, what is the rate of change of R when 
R=5 units? 


16 Two quantities p and 4 are related by the equation (p — 1)(q + 2) = k where k is a 
constant. When p = 5 units, g is 7 units and 4 is changing at the rate of 0.04 units per 
second. Find the rate at which p is changing. 


17 Water is being poured into a cylinder of radius 10 cm at a rate of 360 cm? 87! but leaks 
out at a rate of 40 cm? 87, At what speed is the water level changing? 
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18 In Fig. 10.28, the sides of the rectangle ABCD are 18 cm and 10 cm. The rectangle. 
KLMN lies inside ABCD and the shaded агеа Пав a width of x cm at each side. ` 
(a) Express the shaded area in terms of x. 


(b) If the shaded area is 5 of the area of ABCD, find the value of x. 
(c) The area of KLMN varies as x decreases at a constant rate of 0.25 cm s^. 


Find the rate at which the shaded area is decreasing when it is iz of the area of | 
ABCD. ‘ 


D 18 cm с 


Fig. 10.28 Fig. 10.29 


19 A hemispherical bowl contains liquid as shown in Fig. 10.29. The volume V cm? of 
liquid is given by V = 17424 — h) where h is the greatest depth of the liquid in cm. 
If liquid is poured into the bowl at the rate of 100 cm? 57, at what rate is the greatest 
depth of the liquid increasing when it is 2 cm? (Leave the answer in terms of л). 


20 Sand falls on to level ground at a rate of 1000 cm? s~! and piles up in the form of a 
circular cone whose vertical angle is 60°. 
(a) Given that tan 30° = de show that the radius r of the base is given by r = 
where h is the height. 
(b) Show that the volume V of the pile is ue 
(c) Hence find the rate at which the height of the pile is increasing when Л = 20 cm. 


21 In Fig. 10.30, ABC is an isosceles triangle where AC = BC = 13 cm and AB = 10 cm. 
PQ moves towards АВ at a steady rate of 0.5 cm s~! keeping parallel to AB. If PQ is 
х cm from C, show that с 
(а) РО = ¥ ст, 
(b) the shaded area = E (144 — x?) emè. 
(c) Hence find the rate at which the shaded 


area is decreasing when PQ is half way 
towards AB from C. 


Fig. 10.30 A 


10 cm 
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аг, : di? 
22 (a) If ш = k where & is a number, show that y m 2kL. 


(b) ABC is a triangle in which ZCAB = 60° and AB is of fixed length 5 cm. If 
AC = 8 cm, show that BC = 7 cm. 

(c) Taking AC = x cm and L = length of BC, find an expression for 12 in terms of x. 

5 2 

(4) Find ис when x = 8 and is increasing at 1 cm 81. 


(е) Hence, using (a) find the rate at which the length of BC is changing. 


| SUMMARY Ier 


s x increases, ` M 


y s £@) is increasing for 9 >0 


у= ТО) is decreasing for 2 ёс. 
ө Gradient of tangent toy =f@) is 


Gradient of normal is - ... 
ах 


o Fora Stationary point (maximum, minimum or point of айн а. di =0. 
i dy 
The 2 point is maximum 18: at « 0, minimum if B 0. 


If 2 = 0, use the sign test. 
{ ©. If distance s is:à пей; of time 4, Шеп. ув осиу v 2S 


acceler ation а= 
EET 


Ф If) эс 10) and x is s changed Пот а үзіне k by. a small incrément: on ewe 
БЕТ? Qn хх 


“ө у= б), 2 = 5 х x o 


REVISION EXERCISE 10 (Answers on page 630.) 
A 
1 Find the range of values of x for which the function y = 2? — 6x? — 15x + 3 is increasing. 


2 For what value of x does the function y = 4x? — 6x2 — 9x + 5 have a minimum stationary 
point? 


3 The area of a circle increases from 252: to 25.57. Calculate the approximate increase 
in the radius. 


4 Variables х and y are related by the equation у = 2—6 


(i) Obtain an expression for 2 and hence find an ИИК for the approximate 


increase in y as x increases from 4 to 4 + p, where p is small. 
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(ii) Given that x and y are functions of t and that Z з 04, find the corresponding 
rate of change of x when y = 1. а (С) 

5 Тһе os А cm’, of the image of a rocket on a radar screen is given by the formula 
A= 5, where ғ km is the distance of the rocket from the screen. The rocket is 
approaching at 0.5 km 577. When the rocket is 10 km away, at what rate is the area of 
the image changing? When A is changing at 0.096 cm? 57, how far away is the rocket? 
(С) 

6 A piece of wire, 60 cm long, is bent to form the shape shown in Fig. 10.31. This shape 


consists of a semicircular arc, radius r cm, and three sides of a rectangle of height 
х сш, 


222 
х ст 


Fig. 10.31 


Express x in terms of r and hence show that the area enclosed, A cm’, is given by 
А = 60r-22. E*. 


Hence determine, to 3 significant figures, the value of r for which A is either a maxi- 
mum or a minimum. Determine whether this value of r makes A a maximum or a 
minimum. (C) 


7 If y = 10 — x + 53, find the approximate percentage change in y when x is increased 
“Бу p% (p small) when x = 4. 


8 Under a heating process, the length, x cm, of each side of a metal cube increases from 
an initial value of 9.9 cm at a constant rate of 0.005 cm s~. Express the volume, V ст, 
and the surface area, A ст?, of the cube in terms of x. 

Write down expressions for л and 4л. 
Hence find (i) the rate at which V is increasing when the cube has been heated for 
20 s, id the approximate increase in А as x increases from 10 to 10.001 cm. (С) 


9Р- ын + 10 800 ; Find the value of V for which R is least. 


10 A piece of wire, 100 cm in length, is divided into two parts. One part is bent to form 
an equilateral triangle of side x cm and the other is bent to form a square of side уст. 
Express y in terms of x and hence show that A cm’, the total area enclosed by the two 
shapes, is such that 

V3x2 (100-3ху 
A= 747 + ^ 168 ^ 
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` Calculate the value of x for which A has a stationary value. 
Determine whether this value of x makes A a maximum or a minimum. (С) * 


11 Show that the equation of the normal to the curve y = 2x + $ at the point (2,7) is 


y + 2x = 11. Given that this normal meets the curve again at P, find the x-coordinate 
of P. (C) 


‚ 12 The diagram shows a solid body which consists of a right circular cylinder fixed, with 
no overlap, to a rectangular block. The block has a square base of side 2x cm and a 
height of x cm. The cylinder has a radius of x cm and a height of y cm. Given that the 
total volume of the solid is 27 cm?, express y in terms of x. 

Hence show that the total surface area, A cm’, of the solid is given by 


А = 5 +82, 


уст 


Fig. 10.32 


Find : 
(i) the value of x for which A has a stationary value, 
(1) the value of A and of y corresponding to this value of х. 
Determine whether the stationary value of A is a maximum or a minimum. (C) 


13 Fig.10.31 shows part of the curve y = 4 +:3х — x? and the line 2y – 2 = x. OB = b and 
BCD is рагайе! to the y-axis. 
(a) Express the length of CD in terms of 5. 
(b) Hence find the value of b for which the length of CD is a maximum. 
у 


р 


у-4-3х-х 


Fig. 10.33 


14 A circular cylinder of height 2/ cm is fitted inside a sphere of radius 10 cm. Find an 
expression for the radius of the cylinder in terms of л and hence find the maximum 
volume of the cylinder. 


15 A point moves on the x-axis and its position at time г is given by x = 2 — 6t + 12). 
Show that its velocity at the origin is 12 and find its position when it comes to instan- 
taneous rest. If v is its velocity and a its acceleration at time 7, show that a? = 12v. 


.16 A piece of wire, of fixed length L cm, is bent to form the boundary OPQO of a sector 
of a circle (Fig. 10.34). The circle has centre O and radius r cm. The angle of the 
sector is 0 radians. 


Show that the area A cm?, of the sector is given by A = iL -r. 


Fig. 10.34 о 


(a) Find а relationship between г and L for which A has а stationary value and find 
the corresponding value of 0. Determine the nature of this stationary value. 

(b) Show that, for this value of 6, the area of the triangle OPQ is approximately 
45.5% of the area of the sector OPQ. (C) 


17 A line of gradient m (т < 0) passes through the point (3,2) and meets the axes at Р and 
Q. iar the ee of P and Q in terms of т and show that the area of APOQ 


is 6 — = — 2%, Hence find the minimum area of APOQ. 


18 A particle i is de in a straight line and its distance 5 cm from a fixed point on the 
line after ? seconds is given by s = 127 — 152 + 48. Find. 
(a) the velocity and acceleration after 3 seconds, 
(b) the distance between the two points where it is at instantaneous rest. 


19 A rectangular box without a lid is made from thin cardboard. The sides of the base are 
2x cm and Зх cm and the height of the box is Л cm. If the total surface area is 200 cm?, 
show that 

h=2 _ 2 
= 5 5 


and hence find the dimensions of the box to give the maximum volume. 


20 Show that the height of a circular cone of volume V and radius r is given by Ax. If 
V remains constant but ғ is increased Бу 2%, find the approximate percentage 
change in A. | 


238 


21 A particle Р travels in a straight line so that its distance, s metres, from a fixed point 
О is given by s = 11 + 6? — P? where t is the time in seconds measured from the start 
of the motion. Calculate 
(i) the velocity of P after 3 seconds, 

(ii) the velocity of P when its acceleration is instantaneously zero, 
(iii) the average velocity of P over the first two seconds. 


22 In Fig. 10.35, ABCD is a rectangle with AB = 6 cm and AD = 8 cm. DE = x cm. 
EC meets AB produced at F. Find the value of x which gives the minimum area of 
A\AFE and show that it is a minimum. 


Fig. 10.35 
A 6cm B F 


B 


23 Given the function y = ax? + bx? + cx + d, find the values of a, b, c and d if the curve 
(i) passes through the point (0,3), 
(ii) has a stationary point at (—1,1), 


2. 
(iii) the value of m =2 whenx= 1. 


24 Find the nature of the stationary points on the curve у = 3x4 + 4x° + 2. 


25 A cylinder of radius r cm is placed upright inside a cone so that the top of the cylin- 
der is 4 cm above the top of the cone as in Fig. 10.36. The cone has a radius of 6 cm 
and a height of 18 cm. The part of the cylinder inside the cone is й cm deep. 

(a) Show that k + 3r = 18. 
(b) Find an expression in terms of r for the volume of the cylinder. 
(c) Hence find the value of ^ for which the volume of the cylinder is a maximum. 


hcm 


18 cm 


Fig. 10.36 


26 (a) If $ + $ =2, show that u = z> and that this equals $(1+ 51). 


(b) If v is increased by 2% when it is 2, find the percentage change in и. 


.27 A water trough 100 cm long has a cross section in the shape of a vertical trapezium 
ABCD as shown in Fig. 10.37. AB = 30 cm and AD and BC are each inclined at 60° 
to the horizontal. The trough is placed on level ground and is being filled at the rate 
of 10 litres 84. 


10 litres 5"! 


Fig. 10.37 


(a) Given that tan 60? = үз, , Show that the volume V cm? of water in the trough when 
itis x cm deep is given by У = 100x(30 + 43 
(b) Hence calculate the rate at which the water level is rising when x = 15 cm. 


28 A. point A moves along the positive x-axis away from the origin О at a speed of 
4 cm 57 where OA » 5 cm. B is a fixed point on the positive y-axis where 
OB = 20 cm. P is a fixed point on the positive x-axis where OP = 5 cm and Q lies on 
the line joining B and A with PQ parallel to the y-axis. 

(a) Show that when OA = x cm, PQ = 20(1 – 3) сш. 

(b) Hence find the speed of О along PQ as A moves when (i) х = 12 cm, 
(ii) x = 20 cm. 1 2 

(c) Obtain an expression in terms of х for the acceleration of О along PQ. 


29 In AOAB, ZAOB = 60°, OA = 10 cm and OB = 4 cm. P lies on OA where 
“ОР = x cm and О lies on OB. Given that the area of AOPQ is twice that of AOAB, 
find in terms of x, (a) ОО, (b) PQ?. Hence find the value of x which will make РО? 
a minimum and the corresponding length of OQ. 


30 Find the point of intersection P of the curves у? = 4x and 4y = 3? and sketch the parts 
of these curves which lie between the origin О and Р. A lies on у? = 4x with x- 
coordinate 2. B is a variable point (х,у) on the curve 4y = 22, lying between О and P. 
Find an expression for the area of AOAB and hence find the maximum area of this 
triangle. 
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Саїсшив (3): 
Integration | 


ANTI-DIFFERENTIATION 
If we differentiate y = 3x? — 4x + 3, we obtain эбх-4. 
dy 


Supposing we were given ду = 6х — 4, can we do a reverse operation, i.e. anti- 
differentiate, to find y? 


This is easily done for a single term as follows. 


+1 
Start with y = ах т: (You will see why we choose this in а moment). 
dy ал _ 
Then a = nae] =a". 
1 
So if we are given z = ax", then y = a. 


To obtain this result, the index (л) has been increased by 1 to n + 1, and we then divide 
by the new index. Here is the rule for single terms: 


provided n # —1 


This process of anti-differentiation is actually called integration. We integrate ax" 
wrt x. ax" is the integrand and the result is called the integral. A notation for this will be 
given later. 


Example 1 
Integrate wrt x (а) х? (Б) 22 (c)4x (4)7 (е) $ 


We show here the steps taken to obtain the integral. With practice these would not be 
written down, only the result. 


(a) Increase the index by 1 to 4: then divide by 4. 
Result x 
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(5) New index is 3: then divide by 3. The factor 2 is left as it is. 


Result 2 


Always simplify when possible. 


(d) 7 = 7х9, New index is 1, divide by 1. 


7x! 


Result T57x 


(е) 2 -3x?. New index is -2 + 1 = —1. Divide by -1. 


-l 
Result эс =- 


Now check each result by differentiation and verify that the original expression is 
recovered. 


Before we go further there is one important point to note. This is discussed in the 
next section. 


THE ARBITRARY CONSTANT: 
INDEFINITE INTEGRAL 
dy 


If y = х2 — 3x + c where c is any constant, then ат 72-3. 
Now if we start with ә = 2x — 3, then y = x? — 3x, 


But this is not the original expression. The constant c is missing and so it must be added 
to the result. The correct result is x? — 3x + с. с is called the arbitrary constant as its 
value is not known, unless we are given further information. It must always be added 
to an integral. Such an integral is called an indefinite integral. 

It is easy to get confused between differentiation and integration. It may help to 
remember: 

Differentiation : multiply by the index and then Decrease the index. 

Integration : Increase the index and then divide by the new index. 

As in differentiation, the integral of a sum of ternis is the sum of the separate integrals. 
So we can integrate for example x? — 3x? + 1 or (x + 2), provided it is expanded first, but 


1 
по! х+1 


Example 2 
Integrate wrt x (a) 2x5 - 3x - 1. (b)(2x-3P (c) Tp 
(a) Integrate each term: x - E - x. tc- x - = +х+с 
(b) Expand first: 4x? ~ 12x + 9 
Now integrate: ae - юх +9х+с= ax -6 + 9x4+¢ 
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v 


2 3 
Зх? | x 


(c) Divide by 2х3 first: 2 3 


ых 


; cix ponet. ча Ex 
Now integrate: 20) 4 


-2D + X5 7607 


Notation 


The symbol for integration is Í. For example wè write ! 3x dx. This means that the 
integrand 3x is to be integrated wrt x. 


So ETE and fedus sc. 


Example 3 

Find 

(a) Ге dx, (b) Јах, (c) Јов dt, (а) [te 25 +3) ds, (е) f (p - 12 - p) dp 
(a) fa ax = х +с 

(b) fdxmeans |1 ах- fx°dx=x+e 


(с) Here the variable is /: Ip dr = 27. +с= 5 + с. 


(9) If the integrand is a polynomial, it must be placed in brackets between the | sign 
and 45. 


fise—254+3)ds= $ -28 +35+с= $ -24364с 


(e) Expand first. 
je + 3р – р?) dp = -2p + 


Note that an integral such as J 4x dy is not possible unless x can first be expressed in 
terms of y. 


Exercise 11.1 (Answers on page 630.) 
1 Find the indefinite integrals wrt x of: 


(a) 4x (b) 48 (c) -7 

(d) 32 (e) 3-х (f 4 

(в) 235 (h) 2-3 0) 1-x-x 
02:53: (К) 1- 3x 42 (D 57-32 
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(5) (+ 2)(х – 3) 
(у) (2 + 2)(х - 1) 


2 (a) | (х-4) dx 
(с) ГЕ (i.e. IE dx) 
(e) | (3x – 2) dx 
(g) ЕЕ; ду 

3 Find 
(а) | 4) du 
(с) | р- 20-3) dp 
(е) | (48-38-1 ge 1) dt 
(g) | а- P + 35) ds 
@ [e-d 

1 

(к) | 88-44 1) ae 
ш) | 3832-2) ar 


The Integral | 3 dx 


(n) (+ 27 (0) (2-1) 
() 0-х) 0-4 
(0 х+ 2 (а) 551 

ә fea 

«€ fe-He 

O [£a 


d 
W [02+ 2) du 


(0) | "2 dr 

@ а-а 

® је- уа 

W Је) ах 

O [ü-2» d 

Q | х» 2 ах 

09 | p2p + 3)Gp - 2) dp 


-ізі 
If We use the rule for this integral, J x dx, the result is E which is not possible. Hence 
[1 dx is an exception to the rule. 
“in Part II of this book, we shall see that a special function is created for this integral. 


APPLICATIONS OF INTEGRATION 


Example 4 


Find y given that 2 = 2x — 3 and that y = -4 when x = 1. 
42 =2x-3, then y= [Qx -33 dx 2 £ -3x 40. 


This is the indefinite integral and is illustrated in Fig.11.1. For all values of c, the 
family of curves y = x? — 3x + с are parallel, one vertically above the other. The 
equations could be y = x? — Зх or y = x? — 3x + 5 etc. 
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узх-3х-3 


Fig.11.1 


For any given value of x (say 3), the gradient on each curve at x = 3 is 3 as 
2 = 2x — 3 and the tangents at these points are parallel. 


Further information is therefore needed to identify a particular member of the family. 
In this example, we have this information to find c. 


Whenx-zl,y21—-3-4cz-4 soc=-2. 
Hence y = x? – 3x – 2. 


Example 5 


The gradient of the tangent at a point on a curve is given by х? +x — 2. Find the 
equation of the curve if it passes through (2,1). 


Gradient = 2 =x +х- 2. 


Then y= |02%х-2)4- 
When x = 2, y= 3 + 
Hence c = 1. 


The equation of the curve is y = 
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Example 6 


A curve has a turning point at the point (—1,1). If the gradient is given Бу 
б + ax — 12, find the value of a and the equation of the curve. 
Z = 6x? +ах- 12 
d 
When x = -1, TH =0. 
Then 6 ~ a – 12 = 0 giving a = -6. 
So È = 6x2 - 6x - 12. 
Hence у = | (6x2 — 6x — 12) dx = 2x3 — 3X — 12x + с. 
When x =-1, y=-2-34+12+c=1,soc=-6. 


- The equation is y = 2x3 — 3x? — 12x — 6. 


Example 7 


For a curve у = ДХ), 4% -бх-2. Given that y = 11 and 2 = 10 when x = 2, find 


the equation of the curve. 
2. 


gx is obtained by differentiating v wit x. Then dx is found by integrating E 


dy d 
wit x. 
d d 
$ = | Bars | (бу —2уйх = 38-2 
dy 

- dx 
Then 12-4 + c = 10 giving с = 2. 
dy _ 
ax =3x-2x+2 


= 10 when x = 2. 


Now we integrate again to find y. 

у=] G3 -2x 4 2) dx 2 9 6 2x c, 
When x= 2, y=8—-44+4+¢,=11 soc, = 3. 
Hence the equation is y = х5 — x? + 2x + 3. 


Example 8 


A particle moves ina straight line so that its velocity v m s at time t s from the start 
is given by v = Ё — 2t — 3 (t 2 0). 

If it started 3 m from a fixed point O of the line, find 

(a) the value of t when it is at instantaneous rest, 

(b) its distance from O at that time, 

(c) for what values of t its acceleration is positive. 
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(a) It is instantaneously at rest when v = 0. 
v= (1— 3)( + 1) sot = 3 (-1 not being allowed). 
(b) v= E =п-2-3 
Then s = J(& 21-3) = Ê -8-3tc. 
But s = 3 when г = 0, so c = 3. 
Hence s = 5 -8-3-3. 
When f = 3,s=9-9-9+3:=-6m. 


() а= Ẹ 221-2, Hence a » 0 when t» 1. 


Example 9 


For a particle moving in a straight line, its.acceleration a ms? is given by a =1— j 
where t is the time in s from the start. 
Given that its velocity v at the start was 3 m s^, find (a) an expression for v in terms 
of t, (b).the time t when the particle is at instantaneous rest. (с) If the particle started 
from a fixed point О on the line, how far is it from.O after 2 s? 
_ dv _ 5 
(а) а= d à : 
2-1|(-3удфг-5.3 
Then v= |6 5)йг= 5 2 te 


When t= 0, у = 3. 
5! 
= 3 +3 


-5t-6 _ (1-3) —:2) 
2 = 2 


(D v=0 when t=3 ort=2. 


ds 2 St -1/(2 s 
=$- 3 +3зоз= [06 3+3) а 


Bf SP 
= §- 4 t3tte, 


Soc=3 and y = 


g 
2 
2. 


When t = 0, = 0 so c, = 0. 


3 
Therefore s = 5 - af +3¢and іг = 2, 5= 21 m. 


Exercise 11.2 (Answers оп page 631.) 
1 A curve is given by 2 ='2x — 1. If it passes through the point (2,6), find its equation. 


2 Ifa curve is given by a = x(x — 1), find (a) its equation if it passes through:the point 
(1,0) and (b) the nature and coordinates. of its.turning points. 
3 Given that T = 1 – 5x and that y = —5 when x = 2, find the value of y when х-- 1. 
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Р 


4 The rate of change of a quantity Р is given by a tt 2. If = 5 when t = 2, find 


the value of P when г = 3. 


5 The velocity v m s^ of a particle P moving in a straight line at time 2 s is given by 
v = 22 — 31. Find an expression for its distance s m from a fixed point O on the line 
if OP = 4 m when / = 1 and its acceleration at that time. 


6 Given that © = 2x + 1 and that ® = y = 3 when x = -1, find y in terms of x. 
Ч dx 


dx 
: Фу : с. бу 
7 Given that au 3, find y in terms of x if ж = 4 and у = 6 when x = 2, 


8 А curve has gradient x? — 4x + 3 at the point (x,y) on the curve and it passes through 
the point (3,-1). Find (а) its equation and (b) the types and coordinates of its turning 
points. 

. 9 For the function y = f(x), 2 = х? + kx where К is a constant. If y has a turning point 
at the point (3,-2), find the value of k and the value of y when x = 4. 


10 rÈ -1- 2, find the value of y when / = 4 if у = 4 when t = 1. 


11 If 2 = 6x + 4x — 5 and y = 10 when x = 2, find the value of y when x = 3. 


12 The rate of change of a quantity L with respect to 1 is given by ас =3t-2.1L=3 
when t = 2, find the value of L when і = 4. 5 


13 A curve passes through the point (1,0) and its gradient at any point (x,y) on the curve 
is 3x? — 2x — 1. Find (a) the equation of the curve, and (b) the coordinates of the points 
where y has a maximum and minimum value, identifying each one. (c) For what range 
of values of x is the gradient on the curve decreasing? | 


14 A small body moves їп а straight line so that its velocity v m 51 at time t s is given 
by v= P — 62 + 9t + 2, Find (а) the times when its acceleration is zero, and (0) its 
distance from a fixed point on the line when / = 2 given that it started from this point. 
(c) For how long was its acceleration negative? 


15 The velocity v m s” of a particle moving in a straight line is given by v = 2 — 4t where 
t is the time in seconds after starting from a fixed point O on the line. Find 
(a) the time when the particle is instantaneously at rest, 
(b) its velocity and acceleration at the start, ! 
(c) its distance from О when t = 3. 


16 The velocity v m s~ of a particle moving in a straight line at time / seconds is given 
by v=1+ 3 Юг15:53, | 
When t = 3, the particle is 6 m from a fixed point on the line. 
(a) Find an expression in terms of t for iis distance from this fixed point. 
(b) How far does it travel between t = 1 and 1 = 3? 
dy 


17 Given that ту = 3 — kt where k is a constant and that T dm —6 when t = —1 and 9 when 


t = 2, find the value of k. If y = - when f = 1, find y in terms of t. 
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18 A particle passes a fixed point O on a straight line with a velocity of 10 m s and 
moves on the line with an acceleration of (4 — f) m 8-2 at time / s after passing through 
O. Find 
(a) its velocity when t = 4, 
(b) the distance of the particle from О when ¢ = 2. 


19 A quantity и varies with respect to г so that E = a + bt where a and b are constants. 


Given that it has a maximum value of 54 when f= 1 and that its rate of change when 
t = 2 is —3, find и in terms of t. 


Area Under a Curve 


An important application of integration is in finding the area under a given curve y = f(x). 
Up to now, such areas could only be found approximately, for example, by counting 
squares or by the trapezium rule. Using calculus, we can now find the exact value of areas 
bounded, by curves. 

Fig.11.2 shows part of a curve y = f(x). The shaded area A lies between the curve and 
the x-axis, bounded by the ordinates at a and b. This area is called the area under the curve 
between a and b. 


Fig.11.2 


We now show a method of finding А. For the moment we can only deal with areas 
which lie above the x-axis. 


Fig.11.3 


Let P be a point on the x-axis where OP = x (Fig.11.3). PQ = y, OA = a and AB is 
perpendicular to the x-axis. The shaded area under the curve from a to x is A. 
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Now take an increment 5х іп x to reach В and draw the ordinate RS. RS = у + бу and 
the increment in A = ФА = the area PRSQ. 


Fig.11.4 


QT and US are drawn parallel 10 ће x-axis (Fig.11.4). 
Area of rectangle PRTQ < бА < area of rectangle PRSU. 
ie. yx < 6A < (y + dy) dx soy < M <y + by. 

Now if ёх — 0, бу — 0 and y + dy > y. 


The left hand term of the inequality remains fixed at у but the right hand term -> у. Hence 
бА : гох, GAS = 
ж» and in the limit ec 


We then have 


We can find c from the fact that А = 0 when x = а. 


Example 10 
Find the area under the curve y = х? + 2 between x = 1 and x = 3 (Fig.11.5). 


y 


Fig.11.5 


0 
А= Јуа= Jo «2axe È +2х+с 


Now when x 21, A = 0. 


Hence 0 = i +2 + с giving с --21. 
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Then Ai = к T2x- 21 where Ат means the area between the ordinates 1 and 


x(x > 1). ; 
We want the area from 1 to 3. So put x 2 3. 


Аї-946-21 = 124 units?. 


If we had required the area from 1 to 2, i.e. A7, then we put x = 2 etc. 


Example 11 


Find the area under the curve y = 2 +x- x. 


The curve meets the x-axis where y = 0, 
ie. where (2 — х)(1 +x) 20 
giving x =—1 or x = 2 (Fig.11.6). 


Fig.11.6 


SoA-jQsx-x)dxs2xe E E +с. 


But A = 0 when x =-1. 

Hence 02 -24 4 + $ «cgivingc - 11. 
Then A, = 25+ $ — 5 +11. 

Now put x = 2 to obtain the required area. 


А2 =4+2- 5 11-41 units?. 


DEFINITE INTEGRALS 
We can shorten the above process by using the concept of a definite integral. 
Suppose АТ is the area under y = f(x) from a to x (Fig.11.7). 
Тһеп А = [Ке dx = g(x) + c where g(x) is the indefinite integral of f(x). 
y 


Fig.11.7 


Now when x = a. A = 0 so 0 = g(a) + c giving c = —g(«). 
Hence A* = g(x) – g(a). 
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Now we put x = b 


and A^ = g(b) — g(a) 
= (value of the integral at b) — (value of the integral at а) 


We write this as Ї f(x) dx and it is called the definite integral of f(x) wrt x between 
the limits а (the lower limit) and 5 (the upper limit). The arbitrary constant с disappears 
in the subtraction. 

Hence if y = f(x), the area under the curve between the ordinates a and b, where 
a<b,is қ 

со) dx = g) - g(a) 
where g(x) is the indefinite integral of f(x). 
At present this is only true if f(x) 2 0. We investigate what happens if f(x) < 0 later. 


Example 12 | 
Find the area under the curve y = x! + 2 from x = —1 to x = 2 (Fig.11.8). 


Fig.11.8 | 


A=J yar 


= оз + Ddr вО) = +2х+с 
1 


Ж 2x | 2 upper limit g(x) is placed in square brackets with the limits at 
., lower limit the right. The arbitrary constant is not included. 


=(®+2х) - (8 +2х(1)) 
substitute upper limit ^ substitute lower limit 
to obtain g(b), the to obtain g(a), the 
value when b 2 2 value when a = -1 
8 (1-2) 


3- B cii 
= 94 units? 
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Example 13 


(a) Find the coordinates of (1) the point A where the curves y = (x + 1№ and 
y = (x — ЗУ intersect and (ii) the points where the curves meet the x-axis. 
(b) Hence find the area of the region enclosed by the curves and the x-axis. 


(a) (1) Тһе curves meet where (x + 1)? = (x — 3)? i.e. where x = 1. 
Hence the coordinates of A are ( 1,4). 


(i) у= (x + 1)? meets y = 0 where x = –1, i.e. the point (1,0). 
y = (x — 3)? meets y = 0 where x = 3, i.e. the point (3,0). 


(b) The curves are shown in Fig.11.9. The area required is divided into two parts 
because the boundary changes at A (x = 1). 


Fig. 11.9 


Total area = | (r+ 1} dc | с-3у de 


=f Gt+2e+ аж ['02-6х +9) dx 


zx Eo 
=[& tex] + [5 3 + 9x | 
-014141-0141-1)40-27427)-(4-349) 


substitute substitute substitute substitute 
upper limit 1 lower limit —1 upper limit 3 lower limit 1 


3 
! 


1,1 19 
3%3%9-3 


16 ,nits? 
= = units 


In ће next two examples, only the value of the definite integral is to be found. 
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Example 14 
Find [ (x - 1) dx 
4 x ` 


CRE) 


substitute the upper substitute the lower 
limit (-2) ‘limit (-4) 


2-2-6-% 


Ехатріе 15 
0 
Evaluate Ј (1 -t-2) dt. 


[[a-:i-5a- 1-5 
ақ c 


Example 16 


The volume V of the liquid in a container leaks out at the rate of 30t cn? s^ where t 
is the time in seconds. Find the amount of liquid lost in the third second. 


X = —30t (decreasing). 


The third second is between / = 2 and t = 3. 
So we find the (value of V when г = 3) — (value of V when 7 = 2) using a definite 


integral. 
Change of volume = р V dt Ї (-30) dt = БЕЗ --135 ~ (-60) 
g 2 dt 2 : 2 
ш-75 


Hence 75 cm? of liquid was lost in that time. 
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Example 17 


The velocity v of a particle moving іп a straight line is given by v = t — 3t where t is 
the time after the start. What is the displacement of the particle between the times 
t=2andt= 4? 

=E = — 3t sos=f (6 - 35 dt 
The displacement is the distance between the positions of the particle at times t= 2 and 
t = 4, so it is the value of the definite integral 


[| @-30 a= [§ - F] 


2 


48 12 
-(6-%-6-2 


Note: As we have seen in Chapter 10, this is not necessarily equal to the actual distance 
travelled by the particle. It may have gone, for example, 8 units to the left followed by 
82 units to the right. 


Example 18 
(a) Show from a diagram that 
ШІ [f ax + Гло) ах where а «b«c. 
(b) Given that ] fto dx = 10, find (if possible) the values of 
() — ['2f9 dx, 
(і) fife) + 1] ds, 
(iii) Ї (Кх) – 2] dx + I 227 


@) Гп- Лә) 4 
(») 1 ? (0) dx 
(а) 


Fig.11.10 


From Fig.11.10, f f(x) dx = area A + area B 
= ft) ax+ [оа 
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5 5 
(b) (i) 1 280) dx =2 | f(x) dx = 2 x 10 = 20 
5 5 5 
Gi) f tf) de= f io dc fide 
=10+[хЁ 
= 10 + (5)- Q) = 13 
3 3 5 
(ii) This equals |, Ға) 4х- 244 | fo) dx 
5 ЖЕТІ 
-10-2-8 
6 [= 31601 de = [1-4 су 
-3-5--2 


(v) Not possible, as f(x) is not known. 


Exercise 11.3 (Answers on page 631.) 


16) f d 0) f xà 

© f Par Ф Гох-1) 
(e) р (1-2) dx Ф ЭС 
efie ш |, ё-хувс 
9 f Ф-2їр-3) ap Ф fa 

15) f (u? — 3) du 0) ik 1-3 dy 
(m) f 4ё-1) ё о с-а 
(о) 18 3x2 dx (р) fe 

@ | xG-x а © | G-29 a 
(s) Ї (x + DG + 2) dx (t) Ї G- id 


(ш IH GB — 2+ x) dx 


21 Í, (x — 4) dx = 10, find the value of а. 
3 Given that | | (2x — 1) dx = 12, find the values of £. 


2 
4 Given that 1 (x + p) dx = 3, find the value of p. 
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3 
5 1f f, (р) dt - 3, find the value of р. 
Qu 
6 Find the value of u if Ї х= 1. 


`7 Find the areas under the following curves between the coordinates given: 


(a) у-4-х;х--2,х-0 (b у= (3 – х); х= 0, х= 3 
() у= 15 х=1,х=2 (d) у= 3 2х- х; х= -3,х= 1 
(е) у-2-х;х--і,х-1 (D 2y=14+x2;x=-2,x=1 
(gy23-2;x20,x22 (h y2xi-x-2;x2-3,x2-1 


8 Find the area bounded by the curve y = 2x — 2x? and the positive х- and y-axes. 


9 Find the area under the curve y = x? + 3 between the ordinates (i) x = 0 and x = 2, 
(ii) х= —2 and x = 2. Using a sketch of the curve explain the relation between the two 
areas. 

10 The area under the curve y = x2 + ax — 5 between the lines x = 1 and x = 3 is 143 2 Find 
the value of a. 


11 If the area under the curve y = x between x = 2 and x = k, where k is a constant, is 
8 times the area under the curve “Бай х= 1 and x = 2, find the value of k. 


12 Given that 2 = 2 — t + 5, find the change in the value of А between t = 1 and 
t= - i 

13 ir $ — ={—{ + 1, find the change in T as t 2 from 1 to 2. 

14 mie rate of change of a quantity P is given by а= = 10 + ¢ for t» 2. Find the change 


in the value of P when / increases from 3 to 5. 


15 If d: АС = 2x — 1, find the increase in y as x increases from 2 to 4 given that 9) = =6 


when x= 2. 


16 The curve у = ax’ + bx + c passes through the points (0,-2) and (1,-3) and its gradient 
where x = 2 is 5. Find (а) the value of a, of Б and of c and (b) the area under the curve 
between the lines x = 2 and x = 3. 


17 (а) If Јо D аке 5 f (х + D de find the value of a. 
(b) Given that ЇЁ f(x) dx = 7, evaluate (i) ec ах, (ii) Ї [2 - Қау) dx, 
Git) ftf) 2] de + Јо) ах 


18 A particle starts from a fixed point O and moves in a straight line. Its distance 5 from 
O at time t seconds from the start is given by s = = 18.2£ 431 Find an expression for 
the velocity v of the particle in terms of t. At what times from the start is the particle 
at instantaneous rest? What is its displacement between those times? 
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19 Fig.11.11 shows part of the line y + 2x = 5 and the curve у = x(4 — x), which meet 
at A. 
(a) Find the coordinates of A. 
(b) Hence find the area of the shaded region. 


у 


Fig.11.11 


20 The curve y = 4 — x? meets the positive x-axis at B and the curve у= x(4 — x) meets 
the positive x-axis at C. The curves intersect at A. Find 
(a) the coordinates. of A, B and C, 
(b) the area of the region ABC bounded by the.curves and the x-axis, 


21(2) If y =x? — 4x + 4, find (i) where the curve meets the y-axis and 
(ii) the x-coordinate m.of the minimum point on the curve. 
(b) Sketch on the same diagram the graph of y = 4 — x? for 2 € x € 0 and the. graph 
ofyzx—-4xcr4for0sx&zm. 
(c) Hence find the total area under the two curves. 


Further Notes on Areas 
1 Area between a curve and the y-axis 

b 
The area between y = f(x) and the x-axis for a €. x € b is [ у.х. 


Similarly, the area between у = f(x) and the-y-axis isf x dy where c and d are the limits 
on the y-axis and the equation of the curve is expressed i in the form x = g(y) (Fig.11. 12). 


y 


Fig.11.12 
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Example 19 


Fig.11.13 shows part of the curve (y — 1}? = x — 1. Find the area of the shaded region. 


у 


(y-1P =x-1 


Fig.11.13 


1 
The area = Í, x dy as 0 and 1 are the limits for y. 
The equation of the curve is rewritten as x = (y - 1 + 1:2 y! - 2y-+ 2. 
i ! 
i zi py ] 
So the area is J, 0? -2y + 2) dy = Б – у + 2у А 


= ($-142)- (0) = 11 units? 


П Area under the x-axis 


The curve у = x? — 3x + 2 = (x — 2)(х — 1) meets the x-axis where x = 1 and x = 2 
(Fig.11.14). 
у 


Fig.11.14 


For all points in the domain 1 « x « 2, y will be negative. So ! y dx will also be negative 
for this domain. 


Ї у4х= | 08-3х42) = Е- +) 


3 2 
= ($ 6+4) - (5-2 +2) 
= 2_5 

3 6 


m H which is negative as expected. 


The numerical value of J ydxis- | ydxz i апа this is the area below the x-axis. 
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If part of a curve lies below the x-axis, the area 
between that part and the x-axis is - | y dx (Fig.11.15). 


Fig. 11.15 


If a curve lies partly above and partly below the x-axis (Fig.11.16), the total area will be 


Гуфх-Ї y dx. 


Fig. 11.16 


The two parts are evaluated separately. Hence a sketch of the curve must be made to 
check if any part is below the x-axis. 

Similarly the area of a region on the left of the y-axis will be negative. Its numerical 
value is — | x dy. 


Example 20 


Find the area between the curve y = x(x — 2) and the x-axis from x = -1 to x = 2. 


The curve meets the x-axis at x = 0 and x = 2 (Fig.11.17). 


Fig.11.17 
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Area A= |? Q2 — 2x) dx = [s -«]' -0)--1-0-1 


THe 


ч 


эр BM ES 
Arca B =~" 6-22) dx=- E Ё 


Hence the total area = 1i +15 = 22 


Note that É (2 ~ 2х) dx = Б -41, 
-04-4--4-1-0 


which is the correct value for the integral but not for the area. 


ПІ Area between two curves 


Example 21 
Find the area enclosed by the curve y = 5 +x — х? and the line y =x 4 4. 


First we find where these intersect: 
5+х-д=х+4 
ie. x= 1 giving x = 1 or -1. 


Then we require the area of the shaded 
region in Fig.11.18 with limits x = –1 
and х= 1. 


Now the area under the curve 
1 
= | бх) а 
and the area under the line 
1 
=| @+4) dx. 
4 П 1 
Hence the shaded area = Ї (5-х-3)4х- J; (x + 4) dx. 


Fig.11.18 


Since these two definite integrals have the same limits they can be combined into one 
definite integral: 


f, (G+x-2-@ 4a ас» | (5 +x-2-x-4) de 


Га -ә dx 
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In Fig.11.19, y = f(x) and y = g(x) are two curves such that f(x) > g(x) for a <x € b. 


Fig. 11.19 


Then Ї f(x) dx = area ABDE and Г g(x) dx = area ABCF. 
Hence the area between the curves i.e. the shaded area 
= ABDE - ABCF 


= [ tt) - s0] ax 


This rule is still true if parts of either curve are below the x-axis (provided f(x) > g(x) as 
the next example shows. 


Example 22 


Find the area enclosed by the curves y , = and y, = x — 2x and the lines x = 1 and 
х= 3 (Fig.11.20). 
y 


Fig.11.20 
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We require the shaded area. 
The curve у, meets the x-axis at x = 0 and х = 2. 
Consider the. regions A, В and С. 


2 
A= f. y, dx. 
2 
В-- J. y, dx (as y, is below the x-axis in this interval). 
2 2 
So | y, de- J y,dr=A+B. 
Hence the rule is true for areas crossing the x-axis. 
3 3 
C= |, y dx- Í, y, dx (as both y, and-y, are above the x-axis). 
Hence the total shaded area A+B+C 
2 : 3 
E f. о-у) dx f, o. — y) dx 
3 
-|оө-мж 
= fe « 22) dx 
1 
-[2] 29-12 8 units? 


Example 23 


The tangents at x = 0 and x = 3 on the curve y = 2x — xi — 1 meet at T. 
(a) Find the equations of these tangents and the coordinates of T. 
(b) Calculate the area of the region bounded by the curve and the tangents. 


The curve:and the tangents are shown in Fig.11.21.. 


Fig.11.21 


If y = 2x — xt — 1, then E 22-2x. 


(a) The tangent at P(0,—1) has gradient 2. 
Hence its equation is y + 1 = 2x. 
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The tangent at Q(3,-4) has gradient 2 — 6 = -4. 
Hence its equation is y + 4 = —4(x — 3) ie. y = -Ax + 8. 


These lines intersect where 2x – 1 = 4x + 8 ie. x= 11. 
When х = 15, y=2x-1=2. 
So the coordinates of Т are al ‚ 2). 


(b) The shaded area is divided into two parts A and B as the boundary 
line changes at T (x = 3). 


Area of A = [Ох — 1) - x — x — 1)] dx 
ЕЕ 
3 
Area of B = J, [C4x + 8) — Qx — 2 — 1)] dx 
= fy, G2 - 6x +9) de 


Е – 30 + ox Jy 


0-27429-01-2432)-2-32 


3 


It 


Hence the total shaded area — 3 units?. 


Exercise 11.4 (Answers on page 631.) 


1 Find the area of the region bounded by the curve у = x? — 9 and the x-axis. 


2 Calculate the area enclosed by the curve у = 3x — 22, the x-axis and the lines x = —1, 
х= 2. 


3 Find where the curve y = 22 — x – 1 meets the line y = 5. Hence find the area of the: 
region bounded by the curve and the line y = 5. 


4 Part of the curve y = x(x — 1)(x — 2) is shown іп Fig.11.22. Find the values of a and 


5. Hence find the area of the region enclosed by the curve and the x-axis from x = 0 
tox=b. 


y 


Fig.11.22 
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5 Find the area of the region enclosed by the following curves or lines: 


(а) у= 2х, у= № (b) у= №, у= 4 

(с) у= 22-2, у= 1? @ у= ‚у= 

©) у= 202, у=х+1 (© у= (2-х), у=х 
(в) у-2-ә,у--2 (1) у=22+3,у=5-х 


(i) у= 2-1, у=х+1 


6 In Fig.11.23, the curve (y — 1)? = x + 4 meets the y-axis at A and B. 
(a) Find the coordinates of A and B and (b) calculate the areas of 
(i) the shaded region P, (ii) the shaded region Q. 


Fig.11.23 


dy _ 


7 For a curve, di 2x + k where К is a constant, and the curve has a turning point 


where x = 2. 
(a) If it passes through the point (-1,8), find its equation. 


(b) The line y = x + 3 meets the curve at points А and В. Find the coordinates of A 


and B. 


(c) Hence find the area of the region enclosed by the curve and the line. 


8 (a) Sketch the curve y = x(3 — x). 


(b) Find the equation of the normal to the curve at the origin and the x-coordinate of 


the point where this normal meets the curve again. 
(c) Find the area of the region bounded by the curve and the normal. 


9 The normal at the point A(x = 0) on the curve y = 2 — x — x? meets the curve again at 
B. Find (a) the coordinates of B, and (b) the area of the region bounded by the curve 


and the normal. 
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10 Fig.11.24 shows part of the curve y = 1 — ж 


Find (а) the coordinates of the point A idit the curve meets the x-axis-and (b) the 
equation of the tangent to the curve at A. (c) The line’ through B(2,0) parallel to the 
y-axis meets the curve at C and the tangent at T. Find the ratio of the areas of the 
shaded regions ABC.and ACT. 


y 


Fig.11.24 


11 Fig.11.25 shows part of the curve y = x? and the line y = 4. The line AB is drawn 
through A(0,2) with gradient —1 to meet the curve at B. Find (a) the coordinates of B, 
and (b) the ratio of the shaded areas P and Q. 


y, 


Fig.11.25 


12 (a) Sketch the curve y= x(4 — x). 
(b) Find the equations of the tangents to the curve at the origin о and at the point 
where х = 3. 
(c) If these tangents meet at T, find the x-coordinate of T and the area of the region 
enclosed by the tangents and the curve. 
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13 Fig.11.26 shows part of the curve у = x? — x + 2 and a line UV. 
(a) Find the coordinates of U and V and the equation of UV. 
(b) :Hence find the area of the shaded region . 


Fig.11.26 


14 Fig.11.27 shows part of the curve у = 5 — x — x? and the line y = 2x + 1 which meet 
at A and B. Find 
(a) the x-coordinate of A and of B, and 
(b) the area of the shaded region. 


у-5-х-х 


Fig.11.27 


A 


15 Fig.11.28 shows part of the.curves y= 2 and y =x? - 4x. 
A is the point (1,2) and BC is part of the line x = 3. Find the area of the shaded region. 


Fig.11.28 
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SOLIDS OF REVOLUTION 


A portion of the curve у = f(x) between the ordinates x = a and x = Б is rotated about the 
x-axis through 360° (one revolution). 

The outline will be that of a solid, called a solid of revolution (Fig.11.29). The x-axis 
is an axis of symmetry and any cross-section perpendicular to that axis will be a circle. 
Examples of such solids are a cylinder, a cone, a sphere etc (Fig.11.30). 


Fig.11.29 


Fig.11.30 


We can use calculus to find the volume of such a solid. Suppose V is the volume of the 
solid between x — a and x — b (Fig.11.31). Let x increase by àx. Then y will increase by 


бу and V Бу V. 


Fig.11.31 
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Fig.11.32 shows a section in the plane of the axes through the solid. The slice бү has 
two circular faces of radii у and у + бу. 


Fig. 11.32 


Hence its volume lies between the volumes of two cylinders of radii y and y + dy and 
thickness бх (Fig.11.33). 8v 
Then лу? бх < V < ту + бу)? бх which gives лу? < 555 т(у + бу)? 


Now as 8x — 0, бу — 0 and у + бу — y and the right hand term > Ty’. 


бу _‚ av 
ЦАР” è 
In the limit, ^ = ny? and V= | m? dx 


b 
=й | y? dx as m is a constant. 
a 


Similarly, if a portion of the curve y = f(x) is rotated about the y-axis (Fig.11.34), the 
volume of revolution will be 


d 
T | х2 dy where с and d are the limits on the y-axis. 


y 


Fig.11.34 
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Ехатрїе 24 


The portion of the curve у = х? between x = 1 and x = 2 is rotated through 360° about 
(i) the x-axis, (ii) the y-axis. Find the volumes created. 


2 2 
0) In Fig.11.35,V,=2 | dx- n | x dx 


z [B-d] 
= (32-1) 
3 


= == units? 


Such answers are usually left in terms of 7. 


Fig.11.35 


Gi) In Fig.11.36, the limits are now 1 and 4, corresponding to x = 1 and x = 2; and the 
function must be expressed as x = Vy. 


V, =n fe dy=n І» dy 


Fig.11.36 
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Solid of Revolution Created by a 
Region between Two Curves 


In Fig. 11.37, y, = f(x) and y, = g(x) are two curves intersecting at x = a and x = Б. If the 

shaded region is rotated about the x-axis, the volume created by y, 18 л Ї у? dx and that 

by y, is л Ї у; dx. Hence the volume сгеаїед Бу the region will be л J, (y? — y3) dx. 
The same principle will apply to rotation about the y-axis. 


Fig. 11.37 


Example 25 


Fig.11.38 shows the part AB of the curve у? = x — 2 where B is the point (3,1). CB is 
the tangent to the curve at B with gradient 2. The curve meets the x-axis at A. Find 
(a) the equation of CB, 

(b) the coordinates of C, А 

(с) the volume swept out by the shaded region when revolved round the x-axis. 


Fig. 11.98 


Х-1 
3 


(a) Equation of CB is y—1 = 3(x 3) ie.2y 2 x-lory- 
(b) The tangent meets the x-axis where x = 1 50:С4 (1,0). 
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(c) The x-coordinate of A is 2. 
Between C and A the boundaries of the shaded region are the line and the x-axis, 
but between A and B the boundaries are the line and the curve. So we have to find 
the volume in two parts. The simplest method is to find the volume produced by 
CB.and subtract the volume produced by AB. 


3 
Volume produced by CB = x | ў (Gu У dx 


3 
711, Q2 —2x + 1) dx 


п [x2 3 
ЕНЕ -жз)| 
п 1 
-4(0- 9 +3) – 25-11) 
= @ = F units? 


Volume produced by AB = л [ (x-2) іх= т B5 -x| 
шт 9 — 6) – n(2—4) 
Е 5 units? 


Hence the required volume = 2 - 5 = quits. 


Exercise 11.5 (Answers on page 631.) 
Unless otherwise stated, leave answers in terms of n. 


1 Find the volumes created when the parts of the curves given below are rotated about 


the x-axis: 
(а) у-х,0<х<1 (b y2x(1-x,0sxs2 
(с) у= 1,15х52 () у=х- 1,1<х<2 
(е) у-Ух,1<х<4 (0 у-У4-х,1<х<2 
2 Find the volumes made by rotating the parts of the following curves about the axis 
stated: 


(а) y2x +1,0 <x 2; x-axis 
(b) у= Nx, 0 € x € 9; y-axis 
(с) у-х-х,0<х<1; x-axis 
(d у= 1,1<х5<3; xaxis 
(e) »21-3,0€ x € 2; y-axis 


3 The part of the curve y = x? + 1 between x = 1 and x = 2 is rotated about the yaxis 
through 360°. Find the volume formed. 


4 The negative part of the curve y = x? — 2x is rotated completely about the x-axis to 
form a solid of revolution. Find its volume. 
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5 (a) Find the coordinates of the points of intersection of the line y = 2x and the curve | 
у=. 
(0) The region enclosed by the curve and the line between these points is rotated 
about the x-axis to form a solid. Find its volume. 


6 The region between the curve у = x? + 1, ће 2 axes and the line x = 1 is revolved round 
the x-axis. Find the volume generated. 


7 Sketch the curve у? = x + 4. The area bounded by the curve and the y-axis is rotated i 
about the y-axis through 360°. Calculate the volume created correct to 3 significant 
figures. 


8 (a) A point Р(х,у) moves so that it is always 2 units from the origin О. State the 
relation between х and y and the name of the curve this relation represents. 
(b) The part of this curve above the x-axis is rotated about that axis to form a solid. 
Find the volume of the sphere created. 


yl 


9 Fig.11.39 shows an ellipse whose equation is £ +a =i. 


(a) State the coordinates of the points A and B. 
(b) If the part above the x-axis is rotated about that axis through 360°, find the 
volume of the ellipsoid formed. 


Fig. 11.39 


10 Fig.11.40 shows part of the curve y = 4x — х? and a line OA where О is the origin. The 
x-coordinate of À is 2. 
(a) Find the equation of OA. 
(b) If the shaded region is rotated about the x-axis, find the volume formed. 
(c) If the curve meets the x-axis at B, what is the volume created if the unshaded 
region ОВА is rotated about the x-axis? 


Fig.11.40 
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11 Show on a diagram the region enclosed by the curve у = x + 2 and the line 
y = 4x — 1, stating the coordinates of the points of intersection. If this region is rotated 
completely round tbe x-axis, find the volume of the solid formed.. 


12 The curves y = x? and у = 2 — x? for x > 0, intersect at A. Find the coordinates of A. 
The region bounded by the curves and the y-axis is rotated about the x-axis through 
360°. Find the volume of revolution. 


13 In Fig.11.41, the curves у? = 4x and у = 2x? intersect at О and А. 
(a) Find the coordinates of A. : 
(b) The region bounded by the two curves is rotated about (1) the x-axis, (ii) the 
y-axis. Find the ratio of the two volumes created. 
M у-2х 


Fig. 11.41 


14 Fig.11.42 shows parts of the curves y = 1 (x » 0) and y? = x which intersect at А. 
(a) Find the coordinates of А. 
(b) The shaded region between the curves, the x-axis and the line x = 3 is rotated 
about the x-axis. Find the volume of revolution. 


Fig.11.42 


15 Copy Fig.11.43, which shows part of the curve у = i and. add the curve y = x? and. 
the line y = 2. If the region bounded by these curves and the line is rotated about the 
x-axis, find the volume generated. 


Fig.11.43 
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16 OA lies on the line у = 3x (x > 0), where О is the origin, and АВ is: part of the curve 
у=4- x2 (x > 0). В lies on the x-axis. Find (a) ће coordinates of A апа В, and (5) the 
volume of revolution made by rotating the юм OAB about the x-axis. 


17. Fig.11.44 shows рап of the curve y=x- = 1 for x > 0. The curve meets the x-axis at 
A and the line y = 15 at C. Find (a) the сога of A апа С and (5) the volume 
made. by rotating the shaded region about the x-axis. 


Fig. 11.44 Fig.11.45 


18 Fig.11.45 shows an arc of the circle y? = 4 — x? and a chord AB which lies on the line 
x = 1. Show that 


(a) the coordinates of B are (1, үз 3), 
(b) the volume created when the shaded region is rotated about the y-axis is 
4n. N3 units?. 
19 B is the point (/,0) and А the point (Лг). 
(a) Find ће equation of OA, where О is the origin, in terms of ^ and ғ. 


(b) If OA is rotated through 360° about the x-axis, which solid is formed? 
(c) Find the volume of this solid in terms of й and г. 


20 Fig.11.46 shows the part of the curve y = i for x > 0. A is the point (1,1) and the: 


tangent to the curve at A meets the x-axis at B. C is the point (3,0). Find 
(а) the equation of the tangent and the coordinates of B, and 
(b) the volume made by revolving the shaded area round the x-axis. 


Fig.11.46 
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21 Fig.11.47 shows the part AB of the curve у = x? + 2 where В is the point (2,6). The 


tangent at В to the curve meets the x-axis at С. Find 
(а) the equation of the tangent, 
(b) the coordinates of C, and 
(c) the volume of the solid formed by 
rotating the shaded region completely about the x-axis. 


у В(2,6) 


Fig:11.47 


SUMMARY 


If z = f(x), then y = J f(x) dx + c (indefinite integral). 


dy = _ ах" +1 
If == = ах, у= asi Т © (0% 1). 


Definite integral Ї 1 15 dx = [a(x = g(b) — g(a) where g(x) is the indefinite integral: 
of f(x). : | ant | 


Area between y = f(x), the x-axis 
and x= a, х= (Fig. 11:48(a)) 


=f yar= ЕС dx. 


If f(x) < O for a € x € b, the area 


== Ї 0) dx. 


Area between y = f(x) and the | Ş 
y-axis for c Sy < d (Fig. 114800). 


а 
= | х dy where х is found in terms of y. 


Area between y = f(x) and y = g(x) 
for a < x X b and f(x) > g(x) Fig. 11.48(c)) 


Fig. 11.48 


= по) вол ax 


If y= f() for a € x< b is rotated completely round the x-axis, ће volume of the solid 


ed 
of revolution produced = л, Ї у? dx: if rotated about the y-axis, volume = x f x dy, 
where с, d are the limits for y. 1 
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REVISION EXERCISE 11 (Answers on page 032.) 
Answers for volumes may be left in terms of m. 


А 
1 Onacurve for which i = p + х, where p is a constant, the tangent at the point (2,5) 
has a gradient of —2. Find the value of p and the equation of the curve. 
z d 21 
2 Evaluate (a) | œ- $) de (9 jd 
3 Fig.11.49 shows part of the line у = 2x and part of the curve y = 4х — x”, Calculate the 


ratio of the areas of the regions P and Q. (C) 
y у-2х 
24x—X* 
Fig. 11.49 x 
0 


4 A particle, moving in a straight line, passes through a fixed point O with a velocity of 
8m s?. Its acceleration, a m 57, t seconds after passing О is given by a = 12 — 6t. Find 
(i) the velocity of the particle when t = 2, 

(ii) the displacement of the particle from О when t = 2. (С) 


5 Fig.11.50 shows part of the curve у = x? — 2x + 2 and a chord PQ. Find 
(1) the coordinates of P and Q, 
(ii) the ratio of the area of the shaded region A to the area of the shaded region B. 
(C) 


Fig.11.50 
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6 Fig.11.51 shows part of the curve у = 5 + 4х — X. A is the maximum point.of the 
curve. Find 
(a) the coordinates of A, 
(b) the equation of OA 
(c) the area of the shaded region. 


y 


Fig.11.51 


7 Fig.11.52 shows part of the curve у = бх — x? and. the line у = Зх. Show that the area 
enclosed by the curve and the x-axis is 36 units”, Calculate the ratio of the areas of the 


regions marked A and B. (C) 


Fig.11.52 


8 Fig. 11.53 shows part of the curve y= x and the line 2y = x. If the shaded region is 
rotated through 360° about the y-axis and the x-axis, find the ratio of the volumes 


formed. 


Fig. 11.53 
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9 In Fig. 11.54, the line x + у 5 meets the curve у = 4 at A and B. 
Find (a) the coordinates of A and B, and (b) the volume obtained by rotating the 
shaded area round the x-axis through 360°. 


Fig. 11.54 


10 A particle travelling in a straight line passes a fixed point O with a velocity of 
14 m s^. It moves in such a manner that, / seconds after passing O, its acceleration 
a m 57, is given by a = p + gt, where р and 4 are constants. 
Given that its velocity is 34 m 87! when ¢ = 2 and that it comes instantaneously to rest 


when 1 = 3, calculate the value of p and of 4. 
Find the distance travelled by the particle between / = 1 and t = 2. (C) 


: 1 1 
11 (а) Find) (4 - 4) ax 
(b) In Fig. 11.55, the line y = Ix is the tangent to the curve y? 2 x — 1 at the point (2,1). 


Calculate the volume swept out when the shaded region shown is rotated through 
360? about the x-axis. (С) 


Fig. 11.55 


12 A particle passes a fixed point О with a velocity of 3 and moves іп а straight line with 
acceleration a given by a = 3 — 2t where t is the time in seconds after passing О. Find 
the velocity and the distance of the particle from О when ¢ = 2. : 
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13 Calculate the volume generated when the shaded region in Fig. 11.56 is rotated 
through four right angles about the x-axis. (C) 


Fig. 11.56 


14 Fig. 11.57 shows part of the curve y =x + 1. AB, CD are parallel to the y-axis where 
А is the point (1,0) and C is the point (&,0). If the volume produced by rotating the 
region Q about the x-axis is 3 times the volume produced by rotating the region P, find 


the value of k. 
y 


Fig. 11.57 (1,0) (к, 0) 


15 The tangent at the point (2,4) on the curve y'= x? meets the x-axis at A. 
(a) Find the coordinates of A. 
(р) If the region bounded by the curve, the x-axis and the tangent is rotated about the 
x-axis through 360°, find the volume created. 


16 The part of the curve у = 4 — x? lying in the first quadrant meets the y-axis at A and 
the x-axis at B. C lies on the curve and the equation of OC is y = 3x, where O is the 
origin. 

(a) Find the coordinates of A, B and C. 
(b) The region OAC is rotated about the y-axis and the region OBC is rotated about 
the x-axis. Find the ratio of the volumes of revolution produced. 


17 (a) Explain the geometrical meaning of the result f f@) | dx = 0 if f(x) is not every- 
where zero. 


| (b) Given that І р(х) dx = 6 evaluate 
O Ј зро) dx, 


@ |, 2-роо dx, 
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2 4 
бі) |, (po) ~ 21 dx + | (род + 1] х 


18 Fig. 11.58 shows part of the curve (y — 2)? = x + 4 and part of the line у = Ix. Find 
(a) the coordinates of B, (b) the area of the shaded region. 


Fig. 11.58 


19 Fig. 11.59 shows part of the curve y = x — i. Given that C is the point (2,0), find 


(i) the equation of the tangent to the curve at the point A, 
(1) the coordinates of the point T where this tangent meets the x-axis, 
. (iii) the coordinates of the point B where the curve meets the x-axis, 
(iv) the area of the region enclosed by the curve and the lines AT and BT, 
(v) the ratio of the area found in part (iv) to the area of the triangle ATC. (C) 


Fig. 11.59 


20 Part of the curve y = 2x? is shown in Fig. 11.60 where A is the point (2,0). АВ is 
parallel to the y-axis and BC parallel to the x-axis. 
(a) Show that the area of region P is twice that of region Q. 
(b) If both regions are rotated about the y-axis, show the volumes produced are 
equal. 


Fig. 11.60 


21 у= ax? + bx + c where a, b and c are constants. Given I: xy dx = 0 find the value of 
b. If also y = 2 when x 1 and р y dx = 0 find the value of a and of с. 


B 
22 (a) иј f(x) dx = 12, find the value of / f(x - D dx 
(b) What is the value of ait f; f(x + a) dx = f f(x) dx. 
Гхуйс 
ух 
24 Sketch the graph of y = | х2 — 2x |. Hence find |, | 2 - 2х | dx. 


23 If y =x + 1, evaluate 


25 A solid bowl is formed by rotating the parts of the curves y = x? and у = x’ — 1 for 
x > 0 and 0 € y € 1 about the y-axis (Fig. 11.61). Calculate 
(a) the capacity of the bowl, i.e. the amount of liquid it could hold, 
(b) the volume of material in the bowl. 


Fig. 11.61 


26 Fig. 11.62 shows part of the curve y? — 4x. P is any point on the curve and PN is 
perpendicular to the x-axis. : 
Show that the volume generated by rotating-the shaded region about the x-axis is 
equal to c x ON x PN?. 


Fig. 11.62 
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27 The region below the curve у = ax? (where ais positive) for 0 < x < 2 is rotated about 
the x-axis, while the region between the curve and the y-axis for 0 < y < 4a is rotated 
about the y-axis. Find the value of a if these volumes are equal. 


28 Sketch for 0 < x < 4 the graph of the positive function f, where 
f:x c 2:12 forü «x & 1, 
fix c É for «x2 and 
fix = v8 – 2x for2X x & 4. 


Show that the gradients of the last two parts are equal where x = 2. If the resulting 
figure is rotated about the x-axis through 360°, calculate (in terms of m) the volume 
produced. 
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Revision Papers 
1-5 


PAPER 1 (Answers оп page 632.) 
1 (а) Differentiate (x — iy with respect to x. 
(b) Evaluate É (x — 2)? dx 
2 Solve the simultaneous equations 2x — Зу = 7, xy = x? ~ 6. 


3 The functions f and g are defined for x > 0 as f : x ———9 3-x, g : x —— 4. 
Show that (a) f and g are each self-inverse functions, and (b) (fg = = gf. (c) Prove that 
fg(x) = gf(x) has no real solutions. 


4 Given the points AC-1,2), В(3,1) and С(4,-2), find 
(a) the equation of the line AB, 
(b) the equation of the line through C perpendicular to AB. 


5 On the same diagram, sketch the graphs of y = | x 1 | and у= | x + 2 |. Hence find 
the range of values of x for which | x — 1| » |x +2 |. 


6 AB = 2i + j and A is the point C3, 2). 
(a) State the coordinates of B. 
(b) If C is the point (0,—1), use a vector method to find ZABC. 


7 (a) Prove the identity (cos Ө + sin 0)? = 2 — (cos Ө — sin 8}. 
(b) Solve the equation cosec 20 --2.15 for 0? «0 « 360°. 


8 Calculate the area of the region lying between the curve y = x? — 3x +2, the x-axis and 
the lines x = —1, x = 2. 


9 The sector OAC of a circle centre О and radius 4 cm has an area of 12 ст2. Find 
(a) the angle of the sector in radians, 
(b) the perimeter of the sector, 
(c) the area of the segment cut off by the chord AC. 


10 (a) For what values of k is the function x? + 2kx + 5 always positive? 
(b) Given that f(x) is a quadratic function and that f(x) is only positive when x lies 
between —1 and 3, find f(x) if f(—2) = –10. 


PAPER 2 (Answers on page 632.) 


1 The perimeter of a sector of a circle is 8 cm and its area is 4 cm?. 
Find (a) the angle of the sector, (b) the length of its arc. 
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2 Find the solutions of these equations for 0° < Ө < 360°: 
(а) sin 20 = -0.4 (b) cos (Ө + 30°) = 0.25 


3 A particle starts from rest at a point O and moves in a straight line with velocity 
. vm 57! given by у = 6t — 3? where t is the time in seconds after the start. Find 
(a) its acceleration when the particle is next at instantaneous rest, 
(b) the distance travelled to that position. 


4 (a) Find the coefficient of x? in the expansion of (2x — 3)’. 
(b) If the first two terms in the expansion of (ax + b)? in descending powers of x are 
3255 — 80x^, find the value of a and of b. 


5 The sides AB and AC of a triangle lie on the lines 2x — y = 5 and x + 3y = 13 
respectively. Given that C is the point (2,5) and that ZACB = 90°, find the coordi- 
nates of А and of B. 


6 Fig.R1 shows part of the curve y = 2 — x — х? and the lines y = 2 and y = —4. Find the 
area of the shaded region. 


Fig. R1 у--4 


7 The gradient of the curve y = 2 + bx at the point (1-1) 18-8. Find the values of 
а and b. Hence find the equation of the tangent to the curve where x = 2. 


8 Given the function у = x? — 3x + 2, find the approximate percentage change in the 
value of y if x is increased by 2% when it is 3. 
9 (a) The function f is defined by Ё: x H—» 554 (х # 2). 
Find (i) ҒҚ3) and (ii) the values of x for which f(x) = x. 
(b) The function g is given by g : x —» a — E (x # 0) where a is a constant. If 
g(2) — g (2) = 2 find the values of a. 


10 The position vectors of two points A and B referred to an origin O are 2i — 3j and 
3i + 4j respectively. Find 
— 


(a) AB in terms of i and j, 
(b) angle AOB. 
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PAPER 3 (Answers on page 633.) 


-1 (a) Find (i) the range of values of x for which the function x? — 3x — 9x + 1 is 
increasing and (ii) the nature of the stationary points on the curve and the values 
of x where they occur. 

(b) Find the maximum value of (x + b)(a — x) where a and b are constants. 


2 Solve the simultaneous equations x + 2y = 8, x? – xy + y? =7. 


3 А cone of radius 6 cm and height 24 cm is held vertex down with its axis vertical. 
Water is poured into the cone at the rate of 90 cm? 57, At what rate is the water level 
rising when its greatest depth is 12 cm? 


4 (a) A and B are points with position vectors 4i + rj and i — Ң respectively with 
reference to an origin О. If OA is perpendicular to OB, find the values of ¢. 
(b) T has position vector —2i + 4j and the line TP is parallel to the vector i + 3j. Show 
that the position vector of P is given by OP = (t—2)i + (31 + 4)j where t is a scalar. 
Hence find the value of t for which OP is perpendicular to TP. 


5 Find the volumes created when the shaded 
region in Fig.R2 is rotated about 
(a) the x-axis, 
(b) the y-axis, 
each through 360°. 


Fig. R2 


6 (a) Find the equation of the normal to the curve y = i — 2x at the point where х = 1. 
3 2243 
(b) Evaluate І Цан дх. 


7 (a) Find and simplify the first three terms in the expansions, in ascending powers of 
x, of (1 + 3x)* and (2 ~ x)* and hence find the coefficient of x? іп the expansion 
of (2 + 5x — 330y. 

(b) Find the range of values of y for which | У-5у-1| <5. 
8 (a) Find the coordinates and type of turning points on the curve y = № +202 +х+1. 
(b) If P= 1 - E find ri Hence find the approximate percentage change in P, stating 
if P is increased or decreased, when t is decreased from 2 by 0.5%. 


9 In ADAB, OA = =a, OB = b and M is the midpoint of AB. T lies on ( on OB where 
or- 1 op. ОМ and TA intersect at М. Taking TN- KTÀ and ON = mOM, find two 


vector Secun for ON i in terms of &, т, a and b and hence find 
(a) the values of k and m, and 
(b) the ratios ON:NM and TN:NA. 
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10 (a) Solve the equation 3 sin? 0 = 2 cos Ө + 2 for values of Ө іп the range 0° < Ө < 360°. 
(b) A particle moves along a straight line so that its velocity v m s at time / seconds 
from the start is given by v = 2 — 4t. 
(i) Find the time after the start when the particle is at instantaneous rest. 
(ii) What is the velocity of the particle when its acceleration is zero? 
(iii) Find the displacement of the particle during the first 3 seconds of motion. 


PAPER 4 (Answers on page 633.) 
2 


1 (a) Differentiate with respect to x (i) G2 — x + 1? (i) x- 437. 
(b) Show on a diagram a sketch of the curves y = cos 2x and y = |2 sin x | for 
0 € x € 2r. State how many values of x will satisfy the equation 
cos.2x = |2 sin x | 4 that range. 


2 (a) Given that A = 3r + 7, find the rate of change of r with respect to ¢ when r = 2 
if the rate of change of A with respect to Г is ы 
(b) Solve the equation cos 8 = —0.35 for 0° < Ө < 360°. 


3 Асшуе passes through the point (0,2) and its gradient at any point (x,y) on the curve 
is 1 — x — 222. Find 
(a) the equation of the curve, 
(b) the coordinates of the turning points on the curve, stating the nature of each one, 
(c) the equation of the tangent to the curve at the point where x = 1. | 


4 InFig. R3, the curve у? = х + 1 cuts the y-axis at A and meets the line x = 3 at В. Find 
the ratio of the volumes produced by rotation through 360° about the x-axis of the 
shaded regions P and Q. 


Fig. НЗ 


5 (a) For each of the following functions, find the range of f(x) corresponding to the 
domain given: 
0) f@)=|3-x|for-lsx<4 
Gi) х) =4-2 ог-1<х53 
(iii) f(x) = 22 — 4x + 3 for0 € x <3 

(b) r, = 2i - j, г, =i+ 3j and r, = і + j are three vectors. Find 

G) |p| where pr, -r, + 2г,, 
(1) the product (г, + г,).р, 
(iii) the value of t if r, + tr, is perpendicular 10 r, + r, 
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6 (a) If y -6- x — x, find (i) the range of values of x for which y is positive and 
(ii) the maximum value of y. А 
(b) Iff: x zm (x + —3), find in a similar form f? and Р. 
(c) Given that f : xii ——9»*- x? + 2 and g: xi— х-1 , find the value of x for which 
fg(x) = gf). 
7 OAB is a triangle with OA =a and OB = b. OP lies on OA where OP:PA = 2:1 and 
Q lies on AB where .AQ:QB = 2:1. OQ and PB intersect at R. 
(a) State AB, AQ, 00: апа РВ іп terms ога and b. 
(0) By taking PR = pPB, show that PR = 3 (1 —p)a + pb. 
(с) If OR = 400 find the values of p and 4. 
(4) Hence find the ratios OR:RQ and PR:RB. 


2. 
8 (a) Find the values of AX on the curve y = 2x(x — 3)? where t =0. 


(b) A, B, C and D are the points (-5,2), (2,3), (-1,-6) and (3,10) respectively. Find 
(i) the coordinates of the point M where AD and BC intersect, (ii) the equation 
of the line through M perpendicular to AB. 


9 (a) Sketch the curve y = | x? — x 2 | for 2 € x € 1 and hence find the finite area 
enclosed by the curve and the x-axis. 

(b) OABC is a quadrilateral in the first quadrant where O is the origin. The equation 
of OA is 2y = x and the equation of OC is y = 2x. If the coordinates of B are (6,6), 
find the coordinates of A and C and show that OABC is a rhombus. Find the area 
of the rhombus. 1 


10 In an acute-angled triangle ABC, the base BC = a and the height of the triangle = h. 
A rectangle PQRS is drawn inside the triangle with P and О on BC, R on CA and $ 
on AB. If PS = x, find an expression for the area of this rectangle in terms of a, h and 
x and hence find the maximum area of the rectangle. 


PAPER 5 (ез оп page 633.) 


1 А piece of wire 120 cm long is bent into the shape shown in Fig.R4. Show that the 
area A cm? is given by A = 480x — 60х2. Hence find the value of x which gives the 
maximum area. 


2x 


Fig. R4 ыг Fig. Н5 
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2 Fig.R5 shows a part of the curve y = x — E and the line x + y = 7. 
Calculate the volume produced when the shaded region is rotated about the x-axis. 


3 (a) Find, in ascending powers of x, the first three terms in the expansions of 
0) (1 ~ 220* and (ii) (2 — х). 
Hence find the coefficient of x? in the expansion of (1 — 2x)4(2 — x}. 
(b) The function f is defined as f : x к>» e. Given that f(1) = 4 and 
f*(-4) = -4, find (i) the value of a and of b, (ii) the values of x for which 
f(x) = x. 
4 (a) The radius r of a sphere increases from 2 to 2.01. Find the approximate change 
in the surface area А. [A = 47071, 
(b) The radius r of a sphere. is increasing at a constant rate of 0.02 cm s". 
Find the rate at which the volume is increasing when r = 3 cm. 


[V = {т?]. 


(c) The volume V of a sphere decreases by approximately 6% when the radius 
decreases by p%. Find the value of p. 


5 (a) Given that Ї f(x)dx = 7, find the values of 
" 2 4 
@ 9 + цах» [7 Но)-21х 
Gi) | “одак 
Gi) | f+ 1) ах 
0 

(b) On one diagram, sketch the graphs of 
(1) y=sin 2x, (ii) у= | sin x | for O < x < 2r. 
State the number of solutions of the equation sin 2x = | sin x | in this range. 


(c) Prove the identity 
(cos Ө — sin 6)(cosec Ө — sec Ө) = sec Ө cosec 0-2. 


6 (a) (i) The equation (k + 4»? — 2(k + 1)x + k— 1 = 0 has equal roots. Find the value 
of k. 
(ii) If the equation has real roots, find the range of values of K. 
(b) With respect to an origin O, the position vectors of the points A and B are 
2i + j and 4i — 2j respectively. 
е ВЭ = 
G) Show that | OB | = 2| OA |. 
The position vectors of the points C and D are given by 
E > ә 2 0 
OC = 20B - OA and OD = BA. 
(ii) Show the points A, B, C and D on a diagram and calculate the angle between 
OC and OD. : 
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. b 
7 The mean value of function f(x) for a < x < b is defined as = І f(x) dx. 
~a Ja 


A lies on the x-axis where OA = 2 and P is the point (1,1). If Q is any point on OA 
where OQ = x, find an expression for the length of PQ? in terms of х. Using the above 
definition, calculate the mean length of PQ? as Q moves from O to A. Hence state the 
mean length of PQ. 


8 (a) Sketch on the same diagram the graphs of y = | x | and y = 2 – £. 
Hence find the finite area enclosed by у = | x | and y = 2 — 22. 
(b) A point P (x,y) moves so that its distance from the point (1,0) is always twiceits 
distance from the line x + 2 = 0. Find the equation of the curve on which P will 
lie and the coordinates of the points where this curve meets the x-axis. 


9 On graph paper, taking scales of 2 cm for 3 radians on the x-axis and 4 cm for 1 unit 
on the y-axis, draw the graphs of y = 2 cos x and 2лу = x for 0 € x € 2л. Hence find 
from your graph approximate solutions to the equation x = 47 cos x. 


10 (a) (1) Given that f(x) = x- 4, sketch the graph of у = f(x) for 1 < x € 4. Hence 
sketch the graph of y = f'(x) for3€x€3. ` 
Gi) Calculate the volume created if y — f(x) for 1 € x € 4 is rotated about the 
x-axis. 
(b) Find all the angles between 0? and 360? which satisfy the equations 
(i) 3 sec 2x =4, 
(1) 2 cot y cos y = 3. 
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Remainder and 
Factor Theorems: 
Cubic Equations 


THE REMAINDER THEOREM 


Consider the polynomial x? — 2x? + 4x — 3. Divide this by x — 3. Using long division as 
in Arithmetic, the steps are as follows. 


Ола x +7 
EP ED 
x-3)3-280 + 4x - 3 


Q № - 3¢ 

Ө! № + 4x O 

© x -3x | 
© 7x-3 © 
7x — 21 


(9) 18 remainder 


Step (1) Divide x by x to give л? 

Step (2) Multiply x – 3 by x? 

Step © Subtract to get x? and bring down the next term, 4x 
Step (2) Divide x? by x to give x 

Step (5) Multiply x — 3 by x 

Step © Subtract to get 7x and bring down the next term, -3 
Step (7) Divide 7x by x to give 7 

Step Multiply x — 3 by 7 

Step (9 Subtract; this gives the remainder 18 

In the following it is the remainder which is important. 


Let f(x) = 39 — 2x? + 4x — 3. Now find ҚЗ). What do you notice? 
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This result is not a coincidence. In fact we shall prove that when a polynomial f(x) is 
divided by a linear expression x — a the remainder will be f(a). 


If we divide say 15 by 4, then the result (the quotient) is 3 and the remainder is 3. The 
connection between these is 


15 = 4 x 3 + 3 
Т Т Т 
divisor quotient remainder 


So if we divide Қо) by (x — a) and the quotient is О, and the remainder R, then 
f~)=(~axQ+R 

This 18 true for all values of a. 

Now put x = а. 

Then f(a)=0xQ+R 

Le. R = а). 

If we divide by the general linear expression px + 4, then f(x) = (рх+ 4) х О + Р. 

Put x =— 4 апа 6-1) = К. 


This is ће remainder theorem for a polynomial f(x): 


It is also worth remembering the simple form: when f(x) is divided by (x — a), the 
remainder is f(a). 


The theorem only applies to polynomials and only to linear divisors. Note also that it 
tells us nothing about the quotient. 


Example 1 


What are the remainders when x? — x? + 3x — 2 is divided by (a) x - 1, (Б) x +2, 
(c) 2х—1? 
(а) Неге, х-аіѕх- 1 ѕ0а= 1. 
1) =1-1+3-2=1 
The remainder is 1. 
(b) Here, a --2. 
К-2)--8-4-6-2--20 
The remainder is —20. 


(с) рх%4-2х-1,50-4 = 


1 1 1 d 
(5) = 74+ 


The remainder is — 2. 
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Example 2 


The polynomial x! + ax! — 3x +4 is divided by x — 2 and the remainder is 14. What is 
the value of a? 

Taking f(x) as the given expression, 

the remainder = f(2) = 8 + 4a -6 +4 — 6 + 4a. 

Then 6 + 4a = 14 and a = 2. 


Example 3 


Дх) = x! + axi 4 bx — 3. When f(x) is divided by x — 1 and x + 1, the remainders are 
1 and —9 respectively. Find the values of a and b. ү 

Dividing by x — 1, the remainder = f(1) = 1 +a +b -3 =a+b-2. 
Thena¥+b-2=1,soat+b=3. 

Dividing by x + 1, the remainder is f(-1) =-1+a—b-—3=a-6b-4. 

Then a-b-4=-9, soa—b=-5, 

Solving the two equations for a and b, a = —1 and b = 4. 


Example 4 


The polynomial Дх) = A(x — 1P + B(x + 2) is divided by x + 1 and x — 2. The 
remainders are 3 and —15 respectively. Find the values of A and B. 

Divisor x + 1: remainder = f(-1) = А(-1 – 1)? + B-1 + 2» = 4A + B = 3 

Divisor x — 2: remainder = f(2) = AQ – 1 + B2 + 2 = A + 168 = -15 

Solving the simultaneous equations, А = 1 and B = –1. 


Example 5 


(i) If the expression х? + px? + qx +r gives the same remainder when divided by 
x +1 or x — 2, show that p +q = —3. 

(ii) If the remainder is 4 when the expression is divided by x — 1, find the value of r. 

(iii) If also the remainder is -60 when the expression is divided by x + 3, find the 
values of p and q. 

(i) Divisor x + 1: remainder = f-1) = -1:-p-q +r 
Divisor x ~ 2: remainder = f(2) = 8 + 4p + 2g +r 
Then-l+p—qtr=8+4p+2q+r 
so 3p + 39 =-9 огр +q = —3. 
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(ii) Divisor x — 1: remainder = f(1) = 1 +p+q+r=4. 
But p +q =-3 
Then 1-3+r=4andr=6. 

Gii) Divisor x + 3: remainder = f(-3) = -27 + 9p – 3q + 6 = —60 
Hence 9p – 34 = -39 or3p - 9 = -13. 

Solving the simultaneous equations in p and q, p 5-4, д = 1. 


Exercise 12.1 (Answers on page 634.) 


1 Find the remainder when х? + 2x? — x — 1 is divided by 
(a) х-1 (b) x+1 (c) х-3 (d) ха 4 
(e) 2x-1 (f 3x+2 (g) 2x-3 (h) х 


2 Find the remainder. when 
(а) 32 — 7х —3 is divided by x + 2 
(b) x4 — 332 - x + 3 is divided by x + 3 
(с) 330 – 22-х – lis divided by x - 4 


3 Find the remainder when the following expressions are divided by the linear express- 


ion stated: . 
(а) 1-2x-3byx-2 : (b) xX -3x-3 by x-2 
(с) xx -x-3byx43 (d 33 x! +4 by 3x41 
(е) 218 32 + Ax c 2by 2x 1 (D x3 -2x?-3 by x+3 


4 If 2x° — х2 — 1 is divided by x + 2, what is the remainder? 
5 If 9 - 2x 1 is divided by 3x + 2, what is the remainder? 
6 What is the remainder when ах? + bx? + cx + d is divided by x + 1? 


7 The expression 2x5 + px? — х-2 is divided by х + 3. State the remainder in terms 
of p. 

8 Given f(x) = ax? + х2 — 3x — 2 and that the remainder on dividing f(x) by x + 2 is 0, 
what is the value of a? 

9 x + px — 4 is divided by x + 4 and the remainder is —28. Find the value of p. 


10 The polynomial x? + ax? + bx — 1 is divided by x ~ 2 and x + 1. 
The remainders are 7 and 4 respectively. Find the value of a and of b. 


11 When the expression x? + px? + qx + 2 is divided by x + 2, the remainder is double that 
obtained when it is divided by x — 1. Find a relation between p and q. If the remainder 
is also 6 when the expression is divided by x -- 1, find the value of p and of q. 


12 The remainders obtained when px? + qx? + 4x — 2 is divided by x — 1 and x 2 are 
equal. Show that 3p — q = —4. If also the remainder is -18 when the polynomial is 
divided by x — 2, find the value of p and of 4. 
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13 The expression x? — 4х — 2 has the same remainder when it is divided by either x — a 
or x — b (a + Б). Show that a+ b = 4. 
Given also that the remainder is 10 when the expression is divided by x – 2a, find the 
values of a and b. 


14 When л? — x? + ax + b is divided by x — 1 and x + 1, the remainders are —5 and -1 
respectively. Find the values of a and b. 


15 The polynomial x* + 33? + ax? + bx — 1 is divided by x — 1 and x + 2. 
The remainders obtained are 4 and 19 respectively. Find the values of a and b. 


16 When the polynomials x? — 4x + 3 and x3 — x? + x + 9 are each divided by. x —a, ће 
remainders are equal. Find the possible values of a. 


17 If + (m—2)x — n? — 3m + 5 is divided by x + m, the remainder is —1. Find the values 
of m. 


THE FACTOR THEOREM 


If (x — a) is a factor of f(x), then there will be no remainder when f(x) is divided by 
(x — a). So Ка) = 0. Similarly, if px + q is a factor of f(x), f (- 2) = 0. This is the factor 
theorem for a polynomial f(x): 


We use the factor theorem to factorize polynomials (if possible). 


Example 6 
Factorize х? ~ 6x! — x +6. 


Take f(x) as х3 — 632 х + 6. As f(x) is of the third degree, it will have at most three 
linear factors of the form px + a, qx + b, rx + c. 


Then x? — 6? — x + 6 = (px + a)(gx + Бу(ғх + c) 
=_= N 


As the first term isx, p=g=r=l. 
Sox — бх?^—х +6 = (x + а)(х + Б)(х + с) 
Lt 


The last term is +6 so a X b x c = +6. 

Hence the possible factors come from x + 1, x X2, x £3, x 56. 
The first factor has to be found by trial. 

Try х – 1. Then 1) =1-6- 1 +6 = 0 so x — 1 is a factor. 


Now we could continue trying other possible factors. In simple cases, this would be 
quick and satisfactory but in general could be time consuming, especially if the poly- 
nomial had only one linear factor. 
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For a cubic polynomial the best method is to find one factor by ша! and then deduce 
the remaining quadratic factor by inspection. The steps are shown in full here but in 
practice all the working is done mentally and only the results written down. 


8-6 -х+6 = (х– 10 ). 
We now complete the blank bracket step by step. 


© ; 

3 — б? —х+ 6б = (х— 1)(02 + tx- 6) 
Q © 

Step D The first term in the second bracket must be x? 

Step (2) The last term must be -6 as -1 x —6 = 46 


Step (3) Take the middle term as tx. То find t, equate the coefficients of х2. 
а 
-6x (х= DG? + tx -6) 
quur E. 
So —6x? = —х? + tx? and t --5. 


Гете 
Check the coefficient of x: (x — 1) — 5x – 6) i.e. +5x — 6x = — which is correct. 
| rcc p * 


Hence f(x) = (x — D — 5x — 6) = (x — Dx — 6x + 1). 


Example 7 
Factorize x! — 3x! — 2x +8. 


The possible factors are x + 1, x + 2, x + 4, x + 8. The first factor is found by trial. 
Try x + 1: remainder = -1 — 3 + 2 + 8 £20. x + 1 is not a factor. 
Try x - 1: remainder 21 - 3-24 8 £0. х – 1 is not a factor. 


Try x + 2: remainder = —8 — 12 + 4 + 8 £ 0. x + 2 is not a factor. 
Try x - 2: remainder = 8 - 12 — 4 + 8 = 0. x - 2 is a factor. 
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E 
Then x3 - 332 -2x + 8 = (x - 2009 - x — 4) 
LIII 


LL ш 
= -30 


Hence the expression = (x — 2)(? — x — 4) as х? — x — 4 cannot be factorized. 
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Example 8 

Factorize 4x? — 8x! — x +2. 4 

The first term 4x? makes the solution more complicated as one of the factors must be 
2x + a or 4x + b. However try x — 1 and x + 1 and confirm that they are not factors. 
Now try x — 2: remainder = 32 – 32 — 2 + 2 = 0 so х – 2 is a factor. 


Then 4x? -8-x42-2(x-2)4X? -1) 
no middle term 


ER 
Hence the expression = (x — 2)(4x? — 1) = (x - 222x – 1)Qx + 1) 


Example 9 


The expression 2x3 + ax? + bx — 2 is exactly divisible by x — 2 and 2x 4-1. Find the 
values of a and b and hence find the third factor. 


Divide by x — 2: remainder = 16 + 4a + 2b – 2 = 0 so 4a + 2b = -14 or 2a + b = —7. 
429 А А _ 1Y 1% 1 
Divide by 2x + 1: remainder = 2(- D + a(- 5 * b(- 5) -2 
sl pb - 2 
=-g +4 - 5 -2= 0з0а- 26 = 9. 
Solving ће two equations for a and b, а = -1, b = —5. 
Let (px 4-4) be the third factor. 


Hence 225 ~ x? ~ 5х - 2 = (2x + 1)(х — 2)(рх + q) 
= (2x? – 3x – 2)(px + а) 


By inspection, p = 1 and by checking the last term, 4 = +1. 


Hence the third factor is x + 1. 


Exercise 12.2 (Answers on page 634.) 


1 Factorize 
(a) +1 (b 3-4x--5x-2 
(с) 2-42 +x+6 (d) + 62+ 11х+6 
(е) <-ха?2х-2 (0) 3 +3x7-6x-8 
(g) 218 + 7x? + 8x + 3 (h) 38 + 222 -3x-2 
() 8-1 G) 8-22 - 9x + 18 
(k) 2:0 — 332 — 8x + 12 (0) 686-133 49x-2 


2 If à - ax * 6is divided by x + 1, the remainder is 12. Find the value of a and factorize 
the expression. 


3 Given the expression ax? + bx? + cx + d, show that x — 1 is a factor if a -- b +с+ d 
= 0. [This result is worth remembering: if the sum of the coefficients = 0, then x – 1 
is a factor.] 
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4 The expression 22? + ax? + bx + 1 is exactly divisible by 2x — 1 and x + 1. Find the 
value of a and of Р and hence find the third factor of the expression. 


5 Given that f(x) = х3 — 6x? + 11x + p, find the value of p for which x — 3 is a factor of 
f(x). With this value of p, find the other factors of f(x). 


6 x? + ах + b and x? + 2ax + ЗЬ have а common factor x + 1. Find the value of а and of 
b and with these values factorize the cubic expression. 


7 f(x) = x5 + ax? + bx + 4 and f(x) is exactly divisible by x — 2. If the remainder is — 24 
when f(x) is divided by x + 2, find the value of a and of b and hence factorize f(x). 


8 23 ax + x+ bis exactly divisible by x — 3 and the remainder is -20 when it is divided 
by x + 2. Find the values of a and b and then factorize the expression. 


9 The function f(x) = 22 + ax? — 2x + b has a factor 2x — 1. When f(x) is divided by 
x +2, the remainder 18-15. Find the value of a and of b and find the other two factors 


of f(x). 


10 Given that f(x) = x? + ax? + bx + 8 and that the remainders when f(x) is divided by 
x+ 1 and x +2 are 6 and —8 respectively, find the value of a and of b and hence 
factorize f(x). 


11 If x — 2 is a common factor of the expressions x? + (p + q)x — 4 and 
22 + (р — Dx + (p + 24), find the value of p and of q. 


12 The remainder when x(x + b)(x — 2b) is divided by x — b 15-16, Find the value of b. 


13 Find the value of k (# 0) for which x + k and x — k are both factors of x — x? — 9x + 
9. Then find the third factor. 


14 The expression x^ + 4x? + 6x? + 5x + 2 has only two linear factors. Find these factors. 


15 The expression A(x — 1)? + B(x + 3) + 20 is exactly divisible by x + 1 and the 
remainder is 26 when it is divided by x. Find the value of A and of B. Using these 
values, rewrite the expression as a polynomial and factorize completely. 


Solving a Cubic Equation 


Example 10 
Solve the equation 2x! + 3x3 — 3x = 2. 


First we factorize the polynomial 2x? + 3x? — 3x — 2. 
The sum of the coefficients is 0 so x — 1 is a factor. 
Then the polynomial is (x — 1)(22 + 5x + 2) = (x - 1)(2x + D@ + 2). 


Hence the roots of the cubic equation 2x? + 3x* – 3x — 2 = 0 are x = 1 or — 5 ог-2. 
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Example 11 

If f(x) = х? – 3x3 +x +2, solve the equation Дх) = 0. 

x — 1 is not a factor of f(x). | 

Verify that х + 1 is also not a factor. 

Try x — 2 and verify that this is a factor. 

Then f(x) = (x - 2702 - x - 1). 

The roots of f(x) = 0 are x = 2 and the roots of x? — x — 1 = 0, 
- мэс = 1.62 or -0.62. 


Example 12 
Given that f(x) = x! — 2х2 + 2x, solve the equation f(x) = 4. 


f(x) = 4 gives х3 — 23? + 2x — 4 = 0. To solve this equation, we first factorise the 
polynomial x? — 2x? + 2x — 4. 

Check that x + 1 and x — 1 are not factors. Now try x — 2. 

Divide the polynomial by x ~ 2 to obtain the other factor. 

The equation is (x — 2)(x? + 2) = 0 and the only root is x = 2 as x? + 2 = 0 has no real 
roots.’ 


Example 13 

Find the nature and x-coordinates of the turning points on the curve 
у = 338 +49 — б? – 12x +1. 

Z = 1233 + 1232 — 12x — 12 = 12(5+9—х- 1) 


dy . КӨРМЕСЕ 
те = 0 when xi +22 —х—1 = 0. 


x — 1 is a factor of the left hand side of this equation. 
Then х? +. -x— 1 = (х – DG? + 2x + 1) = (х— 1)(х + 1)? and so Z =0 when x=1 
огх--1. 


Фу _ Е 
53 20 1) 


When x = 1, A » 0 so tliis is a minimum point. 


When x = -1, S -0 so we use the sign test on e -(x- 1)(х 1). 
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— slightly<-1 | -1 | slightly >-1 
Leg [e 


sketch of tangent м 


At x = –1, the curve has a point of inflexion. 


IDENTICAL POLYNOMIALS 


· If we state that two cubic polynomials are identical, then corresponding coefficients must 
be equal. 
So if 28 —-2+x-S5=a2+be+cx+dthena=2,b=-l,c=landd=—. 
We can also say that the polynomials are equal for all values of x. 
This enables us to convert a polynomial into a form which may be more suitable for 
further computations. The method is general and applies to any polynomials of the same 
degree. 


Example 14 


Given that 2x3 —х? — 7x — 5 = (Ах + B)(x — 1)(х + 2) + C for ай values of x, evaluate 
A, В апа С. 


First expand the right hand side, obtaining 


(Ax + BX - x -2) +С = Ах + (В + А)? + (В – 2А)х -2B +С 
эш-20-Х-1Хх-5 


Now compare coefficients: 

The х term gives A = 2. 

The x? term gives B + A= -1 so B =-3. 

Check that the x-coefficients are equal. B – 2А =--3 – 4 = — 7 which is correct. finally 
-2B *C-2-5soC z-1l. 

An alternative method is to substitute suitable values of x into each polynomial, 
remembering that these are equal for all values of x. 

Put x= 1. Then 2- 1-7 -5=0 +C so C 2-11. Note why 1 was chosen: What other 
value of x could we have chosen instead? 

Now put x 0. Then — 5 = (B)(-1)(2) - 11 so B = -3. 

Put x 2-1. Then -2- 1 +7 - 5 = (CA -3)(—2)(1)— 11 

i.e. -l = 2А + 6 – 11 so A = 2. 

Either method is simple to use, but the second method needs a careful choice of values 
for x. 
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Exercise 12.3 (Answers on page 634.) 


1 Solve the equations 


(а) x3 -x-xz1 (b) 6+ 22-x=2 

(с) х? +62 +11х+6=0. (d) х3 42+ 5х-2=0 
(e) 2%22-2х%3-0 (f) x9 = 13х + 12 

(р) 9 90 + 26x = 24 h) PC = бх+ 5 

(i) 2-42 +х+6=0 0) 42 1202 + 5х+6=0 


(k) 22x + 1) = 13x-6 


2 The expression x? + ax? + bx + 12 is exactly divisible by x — 1 and x + 3. Find the value 
of a and of b and the remaining factor of the expression. Hence solve the equation 
X + а? + bx + 12 = 0. 


3 (x — 2) is a factor of 2x3 + ах? + bx — 2 and when this expression is divided Бу x + 3, 
the remainder is -50. Find the value of a and of b and the other factors. Hence solve 
the equation 25 + ax? + bx = 2. 


4 In each of the following, the polynomials are equal for all values of x. Evaluate A, B 
and C. 
(a) х2 -x: 22-7 = x(Ax + Bx - 1) +С 
(b) 339 – &? + Ax – 5 = х(Ах + Bx - 22 +С 
(c) 38 — 1322 + 18x — 10 = (Ax + B)(x - 1) 2) + С 
(d) 49 – 7x? - 5x + 6 = (Ax + Bx - 2)(х+ D +С 
(e) 22-х%3-А(х-1У + В(х+1) +С 
( 2:— 72 Ix 5 = A(x - 1) + Bx(x- 1) + С 


5 (a) Solve the equation x? – 7х + 6 = 0. Hence state the solutions of the equation 
(x— 2 —7(x-2)+6=0. 
(b) Solve the equation 22 = 11x? — 17x + 6. 

6 If f(x) = 29 + ax? + bx + 6 and the remainders when f(x) is divided by x + 1 and x - 2 
are 20 and 8 respectively, find the value of a and of b and hence solve the equation f(x) 
-0. 

7 (a) f(x) = X+ ад? + bx + 12. Given that the remainders when f(x) is divided by 

x+ land x + 3 are 12 and —30 respectively, find the value of a and óf b. With 
these values, solve the equation f(x) = 0. 
(b) f(x) = 33 + ke + 3x – 2 is divided by x. К. If the remainder is 4, find the value 
divisible by x — 4. With this value for k, solve the equation f(x) = 4(x — 1). 


8 Find the x-coordinates of the points where the line y — 5x — 1 meets the curve 
у-2 +0 + 1. . 


9 Find the coordinates of the points of intersection of the curve у = x? and the line 
y=7x+6. i 


10 Show that 223 — x? + 3x — 4 cannot be equal to x(Ax + B)(x — 2) + C for all values 
of x. State the new coefficient of x in the first polynomial which will make the 
polynomials identical. 
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11 Find the x-coordinates of the points where the line у = x + 6 meets the curve 
y = + 3x° + x + 2 and show that the line is a tangent to the curve at one of these 
points. 


12 Find the x-coordinates and the type of the turning points on the curve 
y= — 8 + 22x? — 24x + 4. 


13 Fig.12.1 shows part of the curve y = x? + 1. The tangent at A (—1,0) meets the curve 
again at T. Find 
(a) the equation of AT, 
(b) the coordinates of T, 
(c) the area of the shaded region in the figure. 


Fig.12.1 


14 The tangent at P(1,1) on the curve у = x? meets the curve again at О. Find 
(a) the equation of PQ, 
(b) the coordinates of Q, 
(с) the area of the finite region enclosed by the tangent and the curve. 
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REVISION EXERCISE 12 (Answers on page 635.) 


A 


1 The expression ах? — xi + bx — 1 leaves remainders оГ-33 and 77 when divided by 
x +2 and x — 3 respectively. Find the value of a and of b and the remainder when 
divided by х-2. 


2 (a) 


(b) 


3 (a) 


(b) 
(c) 


The expression 6х2 + x + 7 leaves the same remainder when divided by x ~ a and 
x + 2a, where a # 0. Calculate the value of a. 

Given that x + px + 4 and 3x? + q have a common factor x — b, where р, 4 and 
b are non-zero, show that 3p? + 4g = 0. (C) 


Find, in terms of p, the remainder when 3x? — 2x? + px — 6 is divided by x + 2. 
Hence write down the value of p for which the expression is exactly divisible by 
x42. : 

Solve the equation x? — 12x + 16 = 0. 

Given that the expression х3 + ax? + bx + c leaves the same remainder when 


divided by x 1 or x + 2, prove that à = b + 3. 


Given also that the remainder is 3 when the expression is divided by x + 1, 
calculate the value of c. : (C) 


4 Find the x-coordinates of the points where the curves у = x? — 4x? — 5 and 


уз 


5 (а) 
(b) 
(c) 

6 (a) 
(b) 
(c) 


7 (a) 


(b) 


2x? – 115 + 1 intersect. 


The expression 2x? + ax? — 72x — 18 leaves a remainder of 17 when divided by 
x + 5. Determine the value of a. 

Solve the equation 22° = x? + 5x + 2. 

Given that the expression x? — 5x + 7 leaves the same remainder whether divided 
by x — b or x — c, where b + с, show that b+ c = 5. 

Given further that 4bc — 21 and that b » c, find the value of 5 and of c. (C) 


Given that x + 2 is a factor of f(x) = x? — 332 — 4x + р find the value of p and hence 
factorise f(x). 1 

Solve the equation 2x? + 3x? — 4x — 4, giving the answers correct to 2 decimal 
places if necessary. 

If 4x3 — 1132 - 6x +7 = (Ax + В)(х + 1)(x — 3) + С for all values of x, evaluate A, 
В апа С. 


The expressions x3 — 7x + 6 and 3? — x? — 4x + 24 have the same remainder when 

divided by x + p. 

0) Find the possible values of p. 

(ii) Determine whether, for either or both of these values, x + p is a factor of the 
expressions. 

Given that E = x* — x? + 5x? + 4x — 36, find (i) the remainder when Е is divided 

by x + 1, (ii) the value of a (a > 0) for which x + a and x — a are both factors 

of E. | | (С) 
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8 If the polynomials (i) 33 + x? + 2x + 4 and (ii) л? + 232 + бх — 10 are each divided 
by x ~ a, the remainder from (i) is double the remainder from (ii). Find the possible 
values of a. 


9 The gradient of a curve at the point (x,y) is given by 3x? — 12x + 12 and the curve 
passes through the point (0,—7). Find the equation of the curve and the coordinates of 
the point(s) where it meets the x-axis. 


10 If the vectors г, = (t — 1)i — (f + 2)j and r, = Pi + (t — 1)j are perpendicular, find the 
possible values of t. 


11 (a) Find the remainder when х? + 3x — 2 is divided by x + 2.. 
(b) Find the value of a for which (1 — 2a)x? + Sax + (а — 1)(a — 8) is divisible by 
X — 2 but not by x - 1. 
(c) Given that 16x* ~ 4х3 — 40222 + 7bx + 18 is divisible by 2x + b, 
(i) show that b> — 7b? + 36 = 0, 
(ii) find the possible values of b. ) (С) 


12 The tangent at the point Р(1,3) on the curve y = x? — x + 3 meets the curve again at T. 
Find (i) the equation of PT, (ii) the coordinates of T and (iii) the area of the finite 
region enclosed by the curve and the tangent. 


13 Fig.12.2 (not drawn to scale) shows parts of the curves у = x3 + 2 and y = x(2x + 1). 
' Find the coordinates of the points A, B and C where the curves intersect and the areas 
of the shaded regions P and Q. ` 


Fig. 12.2 


14 By first solving the equation x3 — 3x + 2 = 0 or otherwise, find the solutions of the 
equation (x + 2? = 3x + 4. 


B 
15 If f(x) = х3 — 3x? + x — 3, show that x — 2 is a factor of f(x + 1). 


16 Given that 2x + р is a factor of 2x^ + рх? + 2px? + 7x + 3, show that p? - 7p - 6-0 
and hence find the possible values of p. 
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17 Solve the equation 6 соз? Ө = 7 cos? Ө — 1 for 0° < Ө < 360°. 


18 Factorize the polynomial f(x) = x? — (2р + 1)х? + (2р — q)x + q where p and q are 
constants. If the equation f(x) = 0 has three real roots, show that p? + q > 0. 


19 If the polynomial ax? + bx? + cx — 4 is divided by x + 2, the remainder is double that 
obtained when the polynomial is divided by x + 1. Show that c can have any value and 
find b in terms of а. 


20 If the solutions of the equation x? + px? + ах + r= 0 are а, b and с it can be proved 
that а? + 2 + c? = p? — 2pq and that а? + D? + с? = 3pq – p? – 3r. 
Verify these statements for the equation x? + 2x? — 5x — 6 = 0. 
Make up a cübic equation (x — a)(x — b)(x – с) = 0 with values for a, b and c and verify 
the statements for your equation. 


21 Find the ranges of values of x for which 
233 — 32 +x + 6 < (x + 2)(х + 1)(х— 1) 
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Arithmetic and 
Geometric 
Progressions 


ARITHMETIC PROGRESSIONS 


Here are 3 sequences of numbers which follow a simple pattern. Can you say what the 
next two numbers should be? - 


@ 1,4,7,19,... 
Gi) —15,—11,-7,-3,... 
(ii) 29, 273, 26, 241, ... 


You will have found that in (i) the numbers increase Бу 3 so the next two numbers are 
13 and 16, in (ii) the numbers increase by 4 so the next two are 1 and 5, and in (iii) the 
numbers decrease by 11 so the next two аге 23 and 215. 

These are examples of an arithmetic progression, which we shall abbreviate as AP. 
An AP is a sequence of numbers which increase by a constant amount (+ or —). This 
amount is called the common difference (d) and the starting number is called the first 
term (a). Hence the second term, or T, for short is a + d, the third term T,isa+d+d 
= a+ 2d and so on. 


lst term 2nd term 3rd term 4th term ... nth term 
T, T, T, T, E T, 
a аға a * 2d at+3d .. а+(п-1а 


So the formula for the nth term (Т,) of an AP is 


Note that the difference between consecutive terms is constant: 


Т,-Т,-Т,-Т,-Т,-Т,-..-4 
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Example 1 


(a) What is the 15th term-of the AP -5, 2,1,../ 
(b) Which term is 28? 


In this AP, a=—5 and d 23. ` 


(à Т.-аз144--5 +42=37 
(D T =а+ (п – Ddso28 2 5 + (n- 1) x3-3n- 8 


Hence п = 12 i.e. 28 is the 12th term. 


Example 2 


Find a formula in terms of n for the nth term of the AP 15, 9, 3, ... and hence find the 
30th term. 


Т,= а + (п-1)4= 15 + (1—1) x -6) 221 - 6n 
Then Ту, = 21 — 6 x 30 = —159. 


Example 3 


The nth term of an AP is given by T, = 2n + 9. Find (a) the first term, (b) the common 
‘difference. 


(à T,=2x14+9=11 
(D d=T,-T,=2x2+9-11=2 


Example 4 


If the Sth term of an AP is -4 and the 10th term is 16, find the first term and the 
common difference. А 


Т, =а+41= А піт, =а+94 = 16. 
Solving these equations, d = 4 and а = –20. 
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Example 5 


The first term of ап AP is -4 and the 15th term is double the 5th term. Find the 12th 
term. 


We must first find 4. 
T, 2 —4 + 14d and T, = —4 + 4d. 
T, = 2T, so —4 + 14d = 2(-A + 4d) =-8 + 8d. 


Hence 6d = 4 and d = – 3. 
Then the 12th term =a + 11d 2 -4 + 11 x (-2) - 114. 


Example 6 


The sum of three consecutive terms of an AP is 18 and their product is 120. Find these 
terms. 1 


We could take k, k + d and k + 2d as the three consecutive terms but it is simpler to 
take k — d, К and k + d instead. 


The sum of these is 3k = 18 and so k= 6. 
The product of the three terms is 

(k — d)k(k + d) = (6 — d) x 6x (6 + d) = 120 
so (6 2)(6 + d) = 20 i.e. 36 — 42 = 200r d? = 16. 
Hence 4 = +4, 


The numbers are either 2, 6, 10 or 10, 6, 2. The numbers are the same but they come 
from different APs. 


Arithmetic Means 


If a, b and с are three consecutive terms of an AP, Ь is called an arithmetic mean 
between а and c. Now b- а= c — b so 2b = a + c and b = 3 (а + с). For example, the 
arithmetic mean between —7 and 3 is 367 -3)--2. 


Exercise 13.1 (Answers on page 635.) 


1 State the first term and the common difference and then find the 7th and the 15th 
terms of the following APs: 
(а) 2, 6, 10, ... (b) -3,0,3... 
(с) 1, 4, 2,.. (d) 1.7, 1.4, 1.1, ... 
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2 For the АР-2, 1, 4, ... state (a) the 8th term, (b) the 12th term. (c) Find a formula for 
the nth term. 


3 Find (a) the 9th, (b) the 20th, terms of the AP 17, 13, 9, ... 
(c) Which term of this AP will be —35 ? 
(d) Find a formula for the nth term. 


4 (a) Find a formula for the nth term of the AP -10,-7,-4, ... 
(b) If 2x — 3 is the arithmetic mean of x° — 4 and 5x — 8 find the values of x. 


5 The 8th term of the AP a, a +4, a + 8, ... is 33. Find (a) the value of a, (b) the 15th 
term. 


6 If the first term of an AP is 5 and the 9th term is 25, find the common difference. 
7 Find (a) the 7th term and (b) a formula for the nth term of the AP 4, 2, 14, ... 

8 The 4th term of an AP is 13 and the 10th term is 31. Find the 20th term. 
9 


The 5th term of an AP is 54 and the 9th term is 2: Find the 17th term and a formula 
for the nth term. 


10 The 4th term of an AP is 5 and the 11th term is 26. Find 
(a) the first term and the common difference, 
(b) a formula for the nth term. 


11 A ball rolls down a slope so that it travels 4 cm in the Ist second, 7 cm in the 2nd, 
10 cm in the 3rd and so on. How far does it travel in 
(a) the 7th, 
(b) the nth, second? 
12 The nth term (Т,) of an AP is given by T,= 3 – 5n. 
(a) State (1) the 8th term, (ii) the 21st term. 


(b) What is the first term? 
(c) What is the common difference? 


13 The nth term (Т,) of an АР is given by T, = 5 (4n — 3). 
(a) State (i) the 5th term, (11) the 10th term. - 
(b) Find the common difference. 


14 If the 5th term of an AP is 10 and the 10th term is 5, find the first term and the 
common difference. 


15 If the 12th term of an AP is double the Sth term find the common difference, given 
that the first term is 7. 


16 The 16th term of an AP is three times the 5th term. If the 12th term is 20 more than 
the 7th term, find the first term and the common difference. 


17 In an АР the 9th term is —4 times the 4th term and the sum of the 5th and 7th terms 
is 9. Find the first term and the common difference. 


18 In an AP the 22nd term is 4 times the 5th term while the 12th term is 12 more than the 
8th term. Find the first term and the common difference. 
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19 Find a formula for the nth term of the АР 3, 25, 2,-... 


20 The sum of 3 consecutive terms of an AP is 6 and their product is -42. Find these 
terms. 


21 p, д and г are three consecutive terms of an AP. Express p and r in terms of q and а, 
where d is the common difference. If the sum of the terms is 21 and p = 6r, find p, 4 
and r. 


22. Which of the following sequences is an АР? · 
1 11 19 1:2 3 
2813-15-22 O DPP 
12 8 125 
(c) 223 gr (d) 2939 677 
23 The 9th term of ап АР is 3 times the 5th term. 


(a) Find a relation between а and а. | 
(b) Prove that the 8th term is 5 times the 4th term. 


24 If x + 1, 2x — 1 and x + 5 are three consecutive terms of an АР, find the value of x. 


25 x * 2, x - 3 and 2x? + 1 are three consecutive terms of an AP, find the possible values 
of x. 


Sum of an Arithmetic Progression 


Suppose you were asked in a quiz: ‘What is the sum of the first 20 numbers?’. Could you 
give the answer quickly? ! 
It would be too slow (and difficult!) to add them all up, so we think of a quicker way. 
The sequence is ап AP. Call the sum S, 
5, = 1% 2%.3%..%18-19-20 
5, =20+19+18+..+ 3+ 24 1 


Now add: 


25, =21+21+21+..+21 + 21421 
which is 20 x (first number + last number) 
= 20 x 21 = 420 


so 5, = 210 


Generalizing this for any AP with л terms of which the first is a and the last is 
І, 2S, = n(a + L) and therefore S, = 5 (a + L). 

Hence a formula for the sum S, of n terms of an AP, with first term a and last term 
Lis. 


However we may not know the last term. So we convert this formula into a more suitable 
опе. 1.18 the nth term and so L = a + (n — 1)d. 
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Then,S, = 3 (a + L) = 51а + a + (п — 1)d] = 52а + (п – 1)d] giving this alternative 
formula for 5,: 


We also say that adding the terms of a sequence gives a series. Thus 1 + 2 + 3 + 4 is an 
arithmetic series of 4 terms and the sum of this series is 10. The formula of S, above gives 
the sum of an arithmetic series of n terms. 


5, is the sum of ай the terms 7, Т,,... T. 


vi» 
сэр) is the sum of ай the terms 7, Т... T, . 
Hence T =S, 8,1 

For example the 9th term = 5-85, 


Ехатріе 7 

The integers from 12 to 55 are added. What is their sum? 
There are 44 integers. 

Hence S, = &(a + L) = “qaz + 55) = 22 x 67 = 1474. 


Example 8 


A spot of light is made to travel across a screen in a straight line and the total distance 
travelled is 115.5 cm. The distances travelled in successive seconds are in AP. It 
travels 1.5 cm in the first second and 9.5 cm in the last. How long did it take to cover 
the total distance? 


In this AP, a = 1.5, L = 9.5 and 8 = 115.5. 
Then 115.5 = BCLS + 9.5) = Ци so 11n = 231 andn= 21. 
It took 21 seconds: 


Example 9 


The sum of the first 8 terms of an AP is 12 and the sum of the first 16 terms is 56. Find 
the AP. 


= $ (2a + 1d) = 12 and S,,= É Qa + 15d) = 56. 
Then 2а + 7d = 3 and 2a + 15d =7. 


ORE эс equations, we obtain a = – 1 ап 


3 
5.35208 
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Example 10 


The sum of the first 10 terms of an AP is 80 and the sum of the next 12 terms is 624. 
What is the AP? 


Sio = 10 Qa + 9d) = 80 so 2a + 9d = 16 () 


We cannot use (һе formula for the next 12 terms as they do not start from а. But we 
know that the sum of the first 22 terms is 80 + 624 = 704, 


Hence 5,, = 2 (24 + 214) = 704 so 2a + 214 = 64 (i) 
Now solving equations (i) and (ii), а = –10 and d = 4. 
The AP is -10, -6, -2, ... 


Example 11 


Ап AP contains 30 terms. Given that the 10th term is 21 and that the sum of the last 
10 terms is 675, find the sum of the first 10 terms. 


1,-аз94-21 (i) 
The sum of the last 10 terms = S,, — $, 
= 3 Qa + 294) — L (2a + 194) 


= 15(2a + 29d) – 10(2a + 194) 
= 10a + 245d = 675 


Hence 2a + 49d = 135 
Solving (i) and (ii), a = —6 and d = 3. 
Then $, = 10 (-12+9х3) = 5x 152 75. 


Example 12 


The sum of the first 10 terms of an AP is 3i times the sum of the first 4 terms. 
(a) Find the ratio of the 10th term to the 4th term. 
(b) Given that the 5th term is 2, find the sum of the first 10 terms. 
(a) Sio = 5(2a + 9d) and 5, = 2(2a + За) 
Then 10a + 45d = 2 (4a + 6d) = 14а + 21d. 
Hence 4a = 24d or a = 6d. 
Then Т, = a + 9d = 15d and T, = a + 3d = 9d 
and the ratio T,,:T, = 15494- 5:3. 
(b) T,=a+4d=2 so 10d = 2 and d = 0.2. Then а = 1.2. 
$ = 52а + 9d) = 5(2.4 + 1.8) 221 | 


312 


13 126 logs of wood are piled ир as shown in Fig. 13.1. There are 21 logs in the bottom 
row. How many rows are there and how many logs are there in the top row? 


Fig: 13.1 


14 In an AP, T, = 2 x T,. Find the ratio 55, 


15 What is the least number of terms of the АР 5, 11, 17, ... that must be added to give 
a total sum greater than: 100? 


16 A line which is 140 cm long is divided into 20 pieces whose lengths form an AP. If 
the shortest piece is 3 cm long, find the length of the longest piece. 


17 (a) 20 pieces of wood have lengths in AP. The shortest is 5 cm long and the total 
length of the pieces is 480 cm. What is the length of the longest piece? 
(b) In an AP the sum of the first 11 terms equals the sum of the first 20 terms. Given 
that the 5th term is 33 find the sum of the first 31 terms. 


18 The 6th term of an AP with 12 terms is 14 and the sum of the last 6 terms is 126. 
Calculate the sum of the first 6 terms. 


19 The first term of an AP is 3. Given that the sum of the first 6 terms is 48 and that the 
sum of all the terms is 168, calculate 
(a) the common difference, 
(b) the number of terms in the AP, 
(c) the last term. 


20 (a) What is the least number of terms of the AP 4, 4.5, 5, ... to be added to obtain a 
total greater than 50? | 
(b) Strips of wood whose lengths form the АР 10, 12, 14 ... cm are laid end to end 
in a straight line. How many must be laid to give a total length L cm where 
160 < 1, < 190? 


21 Given that the ratio of the 18th term to the 6th term in an АР is 3:1, calculate the ratio 
of the sum of the first 18 terms to the sum of the first 6 terms. 
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GEOMETRIC PROGRESSIONS 
Can you see the difference in the pattern of these sequences of numbers? 
(i). 2, 4, 6, 8, 10, ... (ii) 2, 4, 8, 16, 32, 64... 


The first is an AP with common difference 2. In the second however, each term is 
multiplied by 2 to form the next term. This is the feature of a geometric progression or 
GP for short. In a GP, each term is multiplied by a constant, called the common ratio (r), 
to give the next term. 


Taking a as the first term, the pattern will be as follows: 


first term. || second term third term — fourth. етт ... nth term 
Т, Т, Т, Т ш ОЁ 
а ахғ arxr а? xr 
a ar ar? ar? se capi 


Note carefully — the index for T, is п — 1. 
In a GP, the ratio of a term to the preceding one is always equal to r. 
T;T,-T;T,- T;T,- = 


Example 14 


State the common ratio of 
(a) 12, 4,15, .. (b) L,1.2, (c) 10%, 16, 24, ... 


To find r, divide a term by the preceding one. 


(a) r=—-4+12=-4 


9 r= 5 + 5 


2 
(с) r= 16+ 103 = 16х зу = 3 
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Example 15 
Find (a) the 12th term of the ОР 128, 64, 32, ... (b) a formula for the nth term. 
(а) a=128,r= 4. 


(b) Т, = ar! = 128 х (1) = ү sate = 2 


Example 16 


If x 1, x +3 and x +8 are the first three terms of a GP, find (a) the value of x, 
(b) the common ratio r. 


213143 _ х+8 
(a) r= х+1 ^ x43 


Then (x + 3)(х + 3) = (x + 1)(х + 8) 


Le. x? + 6x + 9 = 2? 9x + 8 which gives x= 1. 
x+3 


Example 17 


The 4th and 8th terms of a GP are 3 and > respectively. Find the possible values of 
a and of r. 


БЭ m - AS 
T, = a? = 3 and T, = ar! = эх. 
1 
8r 


is 42: . ап zs EM 2 5 m 
Divide to eliminate a: Р = № = 27 -3- 


Hence r=+ і. 

ifr=+ 4,a(4) -Зайа-3х27-81 
ifr=-4,a(-4) =3 anda=-81, 

This gives two possible GPs: 81, 27, 9, ... or -81, 27, -9, ... 
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Example 18 


The first term of a GP exceeds the second term by 4 and the sum of the 2nd and 3rd 
terms is 23. Find the first three terms. 
a-ar=4 
and ar+ar= 8 
Divide (i) by (ii) to eliminate а: —— 
l-r 3 
Then rar 2 
which gives 2 — 2r = 3r + 3r? or 3? + 5r – 2 = 0. 
Hence (3r — 1)( + 2) = 0 giving r = $ or -2. 


From (i), when r = h a = 6 and whenr--2,a- 


4 
3: 
The first three terms аге therefore either 6, 2, 2 or 3 -3 a 


Example 19 


A Store finds that it is selling 10% less of an article each week. In the first week it sold 
500. In which week will it be first selling less than 200? 


Тһе number of articles sold forms a GP with а = 500 and r = 0.9. 

{If а = 500 then T, is 10% less i.e. T, = 0.9a] 

T, = 500(0.9)"" and we require the least value of n for which 500(0.9y-! « 200 
ie. 0,97-! < 0.4. Then 0.9" < 0.4 x 0.9 = 0.36. 

This can be found quickly using the x’ key of a calculator and testing values of 0.9" 
for say n = 5, 6, ... and stopping when the result is first < 0.36. This will be for n = 10. 
In the 10th week less than 200 are sold. (An alternative method using logarithms is 
shown in Chapter 15). 


Geometric Means 


If a, b and с are consecutive terms of a GP, then b is the geometric mean of a and c. 


1 = $ so В? = ac or b = Nac. For example, the geometric mean of 2 and 32 is 8 as 


42 х 32 = 8. 
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Exercise 13.3 (Answers on page 635.) 


1 Find the term stated for the following GPs: 
(a) 5th term of 80, 20, 5, .... 
(b) 6th term of the GP 60, 40, 26 2, Tep 
(c) 8th term of 229, 22, 81, .... 
2 Find a formula in terms of n for the nth term of the GP a А % я i 322 


3 The 2nd and 7th terms of a GP are 401 and H respectively. 
Find the first term and the common ratio. 


4 The sum of the 1st and 3rd terms of a GP is 3 and the sum of the 2nd and 4th terms 
is 1} . Find the first term and the common ratio. 


5 The 3rd and 6th terms of a GP are 24 and -2 respectively. Find the 2nd term. 


6 Which of these sequences of numbers is a GP? 


1 2 3 1 2 8 125 
(а) 293» quoe (b) 295 39 9° (c) 29:37 67°" 
(а) 2, 1, 3... (е) $, 1, 2,... (f) 8, 12, 18, ... 
(г) 9, 12, 15, ... (00563616 


77 The 2nd and 6th terms of a GP (with common ratio r > 0) are 3 and 4 respectively. 
Find 
(а) r, 
(b) the first term, 
(c) the 3rd term. 


8 The 2nd and 5th terms of a GP are 5 апа 3 respectively. Find 
(a) the common ratio, 
(b) the first term, 
(c) the 3rd term. 


9 The nth term T, of a GP is given by T, = аЁ"-1. State the first two terms. If the 
5th term is 16 times the 3rd term, find the common ratio. 


10 If 8, x, y and 27 are four consecutive terms of a GP, find the value of x and y. 


11 The arithmetic mean of two numbers is 15 and their geometric mean is 9. Find the two 
numbers. 


12 Given that x + 2, x + 3 and x + 6 are the first three terms of a GP, find (a) the value 
of x and (b) the 5th term of the GP. 


13 Show that x + 1, x + 3 and x + 5 cannot be three consecutive terms of a GP, whatever 
the value of x. 


14 If x — 2, x — 1 and 3x — 5 are the first three terms of a GP, find 
(a) the possible values of x, 


(b) the common ratio for each of the possible GPs. 
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15 Each year the value of an article decreases by 8% of its value at the beginning of the 
year. If the original value was $4000, after how many years will its value first be less 
than $1000? 

4 


16 Which term of the GP 3, 1, 3,... is 2? 


17 The first term of a GP is 4 and the sum of the first three terms is 7. Find 
(a) the possible values of r and 
(b) the 5th term of each possible GP. 


18 In a GP the sum of the 2nd and 3rd terms is 18 and the 4th term is 22. 
Find (a) ће possible values of ғ and (b) the first term of ће СР. 


19 In a GP where r > 0, the sum of the 2nd and 3rd terms is 7% and the 4th term is 12. 
Calculate the value of ғ. 


20 For the GP 4, 6, 9, ... find the value of n if the nth term is the first term greater 
than 100. ` 


21 When а ball is dropped onto a floor, it always rebounds a distance equal to 2 of the 
height from which it fell. If it is dropped from a height of 300 cm, calculate, correct 
to the nearest cm, the height to which it will rise after the 6th bounce. 


22 The sum of the first 3 terms of a GP is 7 times the first term. Find the possible values 
of. ће common ratio r if г + 1. 


Sum of a Geometric Progression 


If S, denotes the sum of the first л terms of a GP then 
S, =atartar+.. + ar" 


Now multiply throughout by r: 


r$, = art ar t af +... t ar" + ат (ii) 
Subtract (11) from (1): 

$,-r$,2a-ar 

or S (1 — 7) = a(1 — ғ) which gives 5, = “=? 


Hence the sum S, of the first л terms of a GP, i.e. the sum of the first n terms of a 
geometric series, is given by: 


js 


This formula can also be written as 5, = em, This form is more suitable when r > 1. 
If r = 1, the formula cannot be used but ће GP is then a + a +a +... +a and S, = па. 
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Example 20 
Find the sum of the first 10 terms of Ё, Z, 2, - 
а= br22a- 10 


MU 


— la024- 1) = 1923 = 1271 


Example 21 


Calculate, correct to 3 significant figures, the sum of the first 8 terms of the СР 12, 8, 


2-0 28-00 


1-2 


= 36[1— (2) = 36 x 0.961 = 34.6 


Example 22 
What is the least number of terms of the GP 2, 3, =, ... to be added to give a total 
greater than 30? 


Here a = 2 and r= 3. 


_ 26" - 1 
3-1 
Hence 1.5" – 1 > 7.5 or 1,5" > 8.5. 


By calculator the least value of n (which must be an integer) satisfying this inequality 
is 6. So 6 terms must be added. 


= 4(1.5" – 1) and this must be >30. 


Exercise 13.4 (Answers on page 635.) 

1 Find the sum of the first 6 terms of 64, 16, 4, ... 

2 Calculate, correct to 3 significant figures, the sum of the first 7 terms of the GP 2, 1, 
2» 


3 The 3rd and 6th terms of a GP are 108 and -32 respectively: Find 
(a) the common ratio, : 
(b) the first term, 
(c) the sum of the first 6 terms. 
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4 In a GP the product of the 2nd and 4th terms is double. the 5th term. 
(a) Find the first term. 
(b) If the sum of the first four terms is 80, show that 7° + 2 +r + 1 = 40. 
(c) Hence find the value of r. 
(d) Show that the sum of the first п terms is 3" — 1. 


5 In a GP the product of the 1st and 7th terms is equal to the 4th term. Given that the 
sum of the Ist and 4th terms is 9, find 
(a) the first term, 
(b) the common ratio, 
(c) the sum of the first six terms. 


6 Three consecutive terms of a GP are x + 1, x – 3 and x — 6. Find 
(a) the value of x, 
(b) the common ratio 
If x + 1 is the 4th term of the GP, find 
(c) the first term and 
(d) the sum of the first 5 terms correct to 3 significant figures. 


7 'The numbers p — 1, 2p — 2 and 3p — 1 are the first three terms of a GP, where p » 0. 
(a) Find the value of p. 
(b) Using this value of p, calculate the sum of the first 8 terms of the GP. 


8 In a GP the 3rd and Sth terms are 9 and 1 respectively. Find the possible values of 
(a) the common ratio, 
(b) the first term, 
(c) the sum of the first 6 terms. 

9 A particle moves along a straight line starting from a point O on the line. It covers a 
distance of 24 cm in the 1st second, 16 cm in the 2nd, 103 cm in the 3rd and so on. 
What is its distance from O after 10 seconds, correct to the nearest cm? 


10 The first term of a GP is 64 and the common ratio is 3, How many terms must be 
added to obtain a total of 1274 2 

11 The 1st, 3rd and 7th terms of an АР with common difference 2 are the first three terms 
of a GP. Find 


(a) the common ratio of the GP and 
(b) the sum of the first 6 terms of the GP. 


12 Find 3 geometrical means between 405 and 8. Hence find the sum of these 5 terms of 
the GP. 

13 A ball is thrown vertically upwards to a height of 81 cm above a floor. After each 
bounce it rises to a height of 3 of the distance it dropped. Show that the total distance 


it travels until it reaches the floor for the nth bounce is given by 486[1 -(3y1 cm. 
Calculate this distance correct to the nearest cm if n = 8. 
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14 The sum of n terms of a GP is given by 10— 10, Find 
(а) the sum of the first 4 terms, 
(b) the 4th term, 
(c) the first term, 
(d) the common ratio. 


15 The nth term (T) of a GP is given by T, = 2°". Find 
(а) the first term, 
(b) the common ratio, 
(с) the sum of the first 9 terms. 


16 What is the least number of terms of the GP 5, 6, 7.2, ... to be added for the total to 
exceed 100? 


17 The annual output from an oil well diminishes each year by 5%. 200 000 barrels were 
extracted in the first year. It will become uneconomic to use the well when the output 
is less fhan 80 000 barrels per year. For how many years can the well be used? How 
much oil (in barrels correct to 2 significant figures) will have been extracted by then? 


Sum to Infinity of a Geometric Progression 


If we take more and more terms of a GP so that there is never a last term, we have an 
infinite GP. We look at what happens to the sum of such a GP. 
Consider these two GPs: 
(0 1,2, 4,8, .. G) 1, 1, 4, d, 
10" - 1) 


In (i) a = 1 and г = 2. Then the sum of n terms (5,) is given by 5, = “5-1 = 2"— 1. 


Now as n increases, 2" will also increase, in fact doubling for each successive value of n. 
2" – 1 will increase beyond any bound. We say S, — оо (tends to infinity) as n — о, Note 
carefully that оо is NOT a number but a symbol to indicate that л and S, continually 
increase without limit. 

OE 2211-6071 _ 1 
Now in (ii), а = Lr- 2 and 5 = БЕТЕ -2(1-2). 


п 


As n gets larger and larger (i.e. п — о), x will become smaller and smaller, i.e. — 0. 
Soi- i will get closer and closer to the value 1. 
Then S, = 2(1 — 1) will get closer and closer to 2. 


Here are some calculated values of S, to show this: 


n 8, 

5 1.9375 
10 1.998 046 88 
15 1.999 938 96 
20 1.999 998 09 
25 1.999 999 94 
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We write lim 2(1 -2) = 2 ie. ће limiting value of S, is 2 as п — оо. 


So in GP (ii), S, continually increases as л increases and its limiting value is 2. This is 
illustrated in Fig.13.2, where the dots show values of 5, for increasing values of n. 


Fig. 13.2 


We call this limiting value of S, the sum to infinity (S_) of the GP. 5, is not the sum of 
an ‘infinite’ number of terms as there is no such number but is the limit of 5, when 
n- о. 


For the general GP a, ar, ar’, ... , S, = ай=гу а ar. 


l-r "^ 1-r 1I-r' 


Now if r is numerically larger than 1, i.e. r > 1 ogr « —1, 7" — eo as n — oe as in (1) above. 
So S, — œ as n — «e and the GP has no sum to infinity. 


However if ғ is numerically less than 1, i.e. —1 < г < 1, then 7" will get smaller and 
smaller as n — «e and S, — 1t The GP will have a sum to infinity and S_ = - : 


Example 23 


Find the sum to infinity of the GPs 
(a) 20, 12, 5, 2 


3 
(5) 12, -3, cU 


(a) Here a = 20, r= 2 <1.. 


(b) Ігі-і-1|<1ю5,- 2 
4 
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Example 24 


What is the least number of terms of the GP 3, 1, 4, ... for which their sum differs from 
the sum to infinity by less than 0.001? 


= < 0.001. Then 2 2Х 1000 < 3" or 3" > 4500. 


By calculator $ least value of n to satisfy this inequality is 8. 


Example 25 
The sum to infi b of a certain GP is 27. If the first term is 36, find r. 
бол - 27 


D 


so 36 = 27 – 27r giving r = — i 


А А шаг 
This GP is 36, –12, 4, — -3, 5, 


If we add the terms опе by опе we get 36, 24, 28, 263 5221 i 2638 улс Which аге 
alternately greater and smaller than 27 but tend to the limit 27. 


Example 26 


In its first year a tin mine produced 100 tonnes but thereafter output fell by 124% 

per year. (Assume that production could continue in this way indefinitely). 

(a) What is the maximum amount that could be extracted from the mine? 

(b) It is decided to close the mine when the annual production falls below 40 tons. 
After how many years will this be done? 

(c) How many tonnes of tin (correct to 2 significant figures) had been taken up to 
that time? 

(d) What percentage of the maximum amount was extracted in that time? 

This is a GP with a = 100 and r = 1 ~ 0.125 = 0.875 

(a) Maximum amount = sum to infinity = E = 800 tonnes. 


0.875 
(b) We must find n where 100(0.875)'-! < 40 i.e. 0.875"-! < 0.4 so 0.875" < 0.35. 


BY calculator, л = 8, so the mine will be closed after 8 years. 
(c) Amount produced in 8 years = Ei E 


2100-0344) _ 
з 012575 5л 530 їоппе$ 


(4) Percentage produced = 220 х 100% = 66%. 
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Exercise 13.5 (Answers оп page 636.) 


1 Find the sum to infinity (if possible) of the following: 


(а) 2+1+1+... (b) 24+8+22 +... 

(с) 1-2+4-8+... (d) 36 + 30 + 25 +... 

(е) 1+3+9+... (f) 10-5425 +... 

(p 12+8+51+... h) 16-414... 

(i) Kehat.. | G) 1 + cos 60° + cos? 60° +... 


2 The sum to infinity of a GP is 2 and the first term is b- Find the common ratio. 


3 In Question 13 of Exercise 13.4, the distance the ball travels up to the nth bounce was 
given as 486[1 — (2 1 cm. What would be the maximum distance the Бай will travel 
before coming to a stop? 


4 What is the sum to infinity of the GP 2, 0.2, 0.02, ...? 
5 The sum to infinity of a GP with common ratio 3 is 12. Find the first term. 
6 The sum to infinity of a GP is 75 and the common ratio is 1. Find the first term. 


7 The sum to infinity of a GP is 9 and its second term is 2. Find the possible values of 
(a) the first term and (b) the common ratio. 


8 If the sum to infinity of a GP is 4 times the first term, find the common ratio. 


9 Find the sum of the first 8 terms of the GP 1, 1, Le 
(a) What is the difference between this value and the sum to infinity? 
(b) Express this difference as a percentage of the sum to infinity. 
(c) Find the smallest value of n for which the sum of n terms differs from the sum to 
infinity by less than 0.001. 


10 If the sum to infinity of a GP is twice the first term, find the common ratio. 
11 If the sum to infinity of the GP e + e? + e) +... is 2, find the value of e. 


12 If the sum to infinity of a GP is 18 and the second term is 4, find the first term and 


the common ratio of the possible GPs. 


13 The sum to infinity of a GP whose first term is а is 22. Find the common ratio in terms 


оға. 


14 If 1 +p, 1 + 3p and 1 + 4p (p + 0) are the first three terms of a GP, find 


(a) the value of p, 
(b) the common ratio, 
(c) the sum to infinity of the GP. 


15 The first three terms of a GP are 2x — 1, x + 1 and x — 1 (x # 0). Find the value of x 


and the sum to infinity of the GP. 
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16 A pendulum is released from the position OP (Fig.13.3) and swings freely. It swings 
through angles of 60°, 50°, 413 ° and so on. Find the total angle it swings through 
before coming to a halt. 


Fig. 13.3 


17 The 3rd and 6th terms of a GP are 23 and E respectively. Find 
(a) the common ratio, 
(b) the first term, 
(c) the sum to infinity of this GP. 


18 The 5th term of a GP is 2 and the sum of the 3rd and 4th terms is i. 
Find the possible values of (a) r and (b) the sum to infinity of this GP. 


19 What is the common ratio of a GP if the ratio of the sum to infinity to the sum of the 
first 7 terms is 128:127? 


20 1200 people visited an exhibition on its opening day. Thereafter the attendance fell 
each day by 4% of the number on the previous day. 
(a) The exhibition closed after 10 days. How many people visited it? 
(b) If it had been kept open indefinitely, what would be the maximum number of 
visitors? 


21 Anoil well produced 100 000 barrels of oil in its first year but output fell by 71% each 
year thereafter. (Give answers correct to 2 significant figures). 
(a) What is the maximum amount of oil that could be extracted? 
(b) If the well is closed down after 15 years, what was the total amount of oil 
extracted in that time? 
(c) What percentage of the maximum amount is left in the well? 


22 Find the sum to infinity of the GP 0.9, 0.09, 0.009, ... 
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sn Ee ao 


23 In Fig.13.4, ABC is ап isosceles triangle with AB = AC. B,, C, are the midpoints of 
AB, AC respectively. B,, С, are the midpoints of AB,, AC, respectively and so оп. 


Fig. 13.4 


(а) Show that the areas of the triangles ABC, AB,C,, АВ,С,, АВ,С,... forma GP and 
state the common ratio of this GP. 

(b) If this sequence of triangles is continued indefinitely, find the sum of the areas 
AB C, AB,C,, AB,C,, ... as a fraction of the area of triangle ABC. 


24 The first three terms of a GP are 1, a and b while the first three terms of an AP are 1, 
b and a where a + b + 1. Find 
(a) the value of a and of b, 
(b) the sum to infinity of the GP. 


25 (a) If each term of the GP a, ar, ar’, ... (r 1) is squared, show that the new sequence 
is also a GP and find its sum to infinity. 
(b) If this sum is equal to the sum to infinity of the original GP, find a relation 
between a and r. 
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SUMMARY 


“when n> 287 


Arithmetic progression (АР): а sequence а, а + d, а + 2d, ... in which the 
ferms increase by a fixed amount.(the common difference d). a is the first term | 


The nth term T, 2 a + (n —1)d. 


The sum of п terms S, = 5 [2a + (п. ~ 1)d] = ақа + L) where L is the last term 
being added. i 


If a, b, c are сопѕесийуе їегтѕ:оҒ ап АР, b is the arithmetic mean of a and c. 
- (а + €). 


Geometric progression (GP): a sequence a, ar, ar’, ...in which each term is 


© multiplied by a constant (the common ratio т): а is the first term. 


The nth term T, заг" 

aü-r). а 1) 
“Per. TERRA ns 

If a; b, c are consecutive. terms ofa ОР, bis Ше p mean: rof a and c с. 


bz Vac. 


Provided ар « re " a GP will have a a sum nto infinity 5. мма 18 13 limit of S, 
Qo no ӨӨР : 28 
1 “ке 


The sum ОЁ. 16108, = l. (Either form can be used)... 


REVISION EXERCISE 13 (Answers on page 636.) 


А 


1 The 5th and 12th terms of an АР are 2 and 23 respectively. Find 
(a) the 9th term, (b) the sum of the first 20 terms. 


2 There are 20 terms in an AP. The sum of the first 10 terms is 55 and the sum of the last 
10 terms is 355. Find the first term and the common difference. 


3 If the 9th term of an AP is 3 times the 3rd term and the sum of the first 10 terms is 
110, find the first term and the common difference. 


4 What is the greatest number of terms of the AP 40, 45, 50, ... which can be added if 
the total is not to exceed 500? 


5 Find the sum of all the multiples of 3 between 5 and 91. 


6 In an AP the sum of the first three terms is 12 and their product is 28. Find the possible 
values of the first term and the common difference. 


7 The numbers x + 3, 5x + 3 and 11x + 3 (x + 0) are three consecutive terms of a GP. 
Find the value of x and the common ratio. 
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8 (a) The sum of the first 8 terms of an arithmetic progression is 24 and the sum of the 
first 18 terms is 90. Calculate the value of the seventh term. 
(b) A geometric progression with a positive common ratio is such that the sum of the 
first 2 terms is 171 and the third term is 42 . Calculate the value of the 
common ratio. : (C) 


9 (a) An arithmetic progression contains 20 terms. Given that the 8th term is 25 and 
that the sum of the last 8 terms is 404, calculate the sum of the first 8 terms. 
(b) The first term of a geometric progression exceeds the second term by 2, and the 
sum of the second and third terms is 1. 
Calculate the possible values of the first term and of the common ratio of the 


progression. Given further that all the terms of the progression are positive, 
calculate the sum to infinity. (С) 


10 (a) The first term of an arithmetic progression is 2. The sum of the first 8 terms is 58 
and the sum of the whole series is 325. 
Calculate (i) the common difference, (ii) the number of terms (iii) the last term. 
(b) The first three terms of a geometric progression are x + 5, x + 1, x. 
Calculate (i) the value of x, (ii) the common ratio, (iii) the sum to infinity. (C) 


11 (a) A length of 200 cm is divided into 25 sections whose lengths are in arithmetic 
progression. Given that the sum of the lengths of the 3 smallest sections is 

4.2 cm, find the length of the largest section. 
(b) An infinite geometric progression has a finite sum. Given that the first term is 18 
and that the sum of the first 3 terms is 38, calculate the value of (i) the common 
ratio, (ii) the sum to infinity.  . (C) 


12 In an AP, the 15th term is double the 9th term. If also the sum of the first 15 and the 
sum of the first 9 terms added together is 279, find the first term and the common 
difference. 


13 Deliveries from a warehouse are reduced each week by 1096. In the first week 2000 
loads were taken. Assuming that this operation can continue indefinitely, find (i) the 
maximum number of loads in the warehouse. If it is decided to stop the operation as 
soon as the number of loads taken falls below 400, find (ii) the number of weeks the 
operation was in action, (iii) the total number of loads taken and (iv) the percentage 
of the maximum left in the warehouse. 


14 What percentage of the sum to infinity is the sum of 10 terms of the GP 1 + 0.8 + 
0.64 +... ? Find the least value of n for which the sum of n terms differs from the sum 
to infinity by less than 0.1. 


15 .r is the common ratio of a GP (г + 1) and the sum of the first 4 terms is 5 times the 
sum of the first 2 terms. Find the possible values of r. 


16 The positive numbers p, 6 and g are three consecutive terms of a GP. p and q are also 


the 3rd and 5th terms respectively of an AP whose common difference is 21. Find the 
possible values of p and q and the common ratio of the GP. 
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B 


17 Given that the first term of an AP is 1 and that the sum of first п terms is n°, find 
the AP. 


18 Three successive terms of a GP are 1, sin Ө and cos Ө where 0 < 0 «л, Find 
(a) the value of 6 in radians and 
(b) the common ratio of the GP. 


19 Given that the T, = 23, T, = 43 and T,, = 91 in an AP, find the values of a, d and n. 


20 In Fig.13.5, the outer square is divided into 4 equal squares and one is shaded. One 
of the three remaining squares is again divided into 4 smaller squares with 1 square 
shaded. This process is then repeated indefinitely. What is the ultimate value of the 
ratio of the total shaded area to the area of the original square? 


Fig. 13.5 


21: If the common ratio of a GP with a sum to infinity is x?- x — 1, within what limits must 
x lie? 


22 Three squares are placed side by side on the line PQ as shown in Fig.13.6. The lengths 
of their sides form a geometric progression. 
(а) Show that the vertices A, B and C lie in a straight line. 
(b) If the length of a side of the largest square is double the length of a side of the 
smallest square, what angle does ABC make with PQ? 


Fig. 13.6 


Q 
23 If the value of an article is assumed to increase annually by 5% of its value at the 
beginning of the year, after how many years will its value have doubled? 


24 What is the least number of terms of the GP 1 + 1 + Е +... which should be added 


so that their sum is less than the sum to infinity by 10:92 
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Further 
Trigonometry: 
Compound and 
Multiple Angles: 
а cos Ө + b sin Ө 


In this Chapter, we study the trigonometric functions for compound angles such as 
А + B where А and B are any two angles. 

Let us consider the values of sin A, sin B and sin(A + B) where A= 60° and B = 30°. 
Is sin(A + В) = sin A + sin B? Is sin(A — B) = sin A — sin B? The answers are ‘No’ in both 
cases. We now derive suitable formulae to give the correct results. 


ADDITION FORMULAE 


I Sum of two angles А + B 

Fig.14.1 shows two angles, ZUOP = A, ZTOU = B. Then ZTOP = А + В. 

For simplicity we take OT as 1 unit in length. 

TP is perpendicular to OP, TU is perpendicular to OU and UR is perpendicular to TP. 


Fig. 14.1 


Now ZOSP = 90? — A = ZTSU. So АВТО = A. 
PT = РК + RT 2 QU + RT 
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Now PT = 1 x sin(A + B), QU = OU sin A and RT = UT cos А. 

So sin(A + B) = OU sin A + UT cos A. 

But OU = 1 x cos B and UT = 1 x sin B. 

Hence sin(A + В) = sin A cos В + cos A sin В (i) 


This gives us a formula for sin(A + B) in terms of A and B. It is rather more complicated 
than you may have expected. 


Now we find a formula for cos(A + B). 


OP = OQ- PQ = OQ- RU 
OP = 1 x cos(A + B), OQ = OU cos A and RU = UT sin A. 


So cos(A + В) = OU cos А- UT sin A. 
But OU = cos B and UT = sin B. 


Hence cos(A + B) = cos А cos В — sin А sin В 1 0) 


П Difference of two angles, A - В 


In each of (i) and (ii), change В to —B. 

Remember that sin(-B) = — sin B and that cos(-B) = cos B. 

Then sin(A — B) = sin А cos B - cos A sin В (iii) 
and cos(A — В) = cos A cos В + sin A sin В (iv) 


These four formulae are very important. Note the pattern of sin and cos in each pair to 
help you remember them. Also note carefully the reversal of the sign in the two cos 
formulae. 


Addition formulae 


These formulae are identities and are true for any angles A and B. 


Example 1 
Show that cos (90° + Ө) = —sin Ө. 


cos(90° + 8) = cos 90? cos 0 — sin 90? sin Ө 
= 0 — sin Ө ав cos 90? = 0 and sin 90° = 1. 
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Example 2 


IfsinA= : and cos B = 12 , calculate (without using tables or calculators) the values 
of sin(A + B) and cos(A + В) when 

(a) A and B are both acute angles, 

(b) A is ad and B is acute. 

Jf sin A= 4, зоон 1-8:0А- 2 

and cos А = (+ if A is acute, — if A is oe 
If cos В = 


and sin B = 5 (+ for B acute and obtuse). 


ti 
12 
| 


a sin? B = 1 — cos? B = 35, 


(a) sin(A + B) = sin A cos В + cos A sin B = 
cos(A + B) = cos A cos B - sin A sin В = 


Example 3 


In a triangle ABC, cos A = IE and cos B — -4 : 
Calculate, without using tables or calculators, (a) cos(A + B ), (b) cos С. 
А is acute but B is obtuse. Hence C must be acute. 


sin? A = 1—cos А = 1 – 19 = 5 so sin A= ў; (+ as A is acute). 
sin? B = 1 со В=1- 15 = 2 sosinB= $ Т” 
(а) cos(A + B) = cos A cos B — sin A sin В = 12 12 2 x(-i)- 

(b А+ В + С = 180° so C = 180? — (A + B). 


Then cos C = cos [180? — (A + B)] = -cos(A + B) = e 


Example 4 


Given that sin Ө == $ where 90? < 0 < 180? and that cos д = -5 where 
180° < ф < 270°, find cos(0 — Ø). 


cos 9 = 1 - si? 9 = 1 — 5 = 16 СЕ ее 


sin? ø = 1 – cos? ø = 1 — 25 = it so sing =- 12 iz as 180° < ø < 270°. 


Hence cos(0 — ø) = cos Ө cos ø + sin Ө sin ø 


-C3«C8 +0568 
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Example 5 


Given that sin А = 0.6 where 90° < A < 180° and that cos B = 3, where 
270° < В < 360°, calculate the value of cos(A – B) without using tables or calculators. 


If sin A = 0.6 = 3, then co? A=1- 5 = 33 


and cos А =— 1 (as 90° « A « 180°). 

If cos B = $. then sin? В = 1 - 55 = 3 
and sin B -- 12 (as 270° < В < 360°). 
Then cos(A — B) = cos A cos B + sin A sin В 


-C3x( + @ х6 


85 


)=-2 


Example 6 


Simplify cos @ cos 60° — sin 0 sin 60° and hence solve the equation 
cos Ө cos 60° — sin Ө sin 60° = -0.25 for 0° < 6< 360°. 


We must recognize that the given expression is the right hand side of the formula for 
cos(A + B) where A = 0, В = 60°. 


Hence cos Ө cos 60° — sin Ө sin 60° = cos(0 + 60°). 


Then cos (0 + 60°) --0.25 and 6 + 60° = 104.5° or 255.5° giving Ө = 44.5° or 
195.59. 


Ехатріе 7 
Solve the equation sin(@ + 30°) = 3 cos Ө for 0° < 0 « 360°. 


Expand the left hand side: sin 0 cos 30° + cos 0 sin 30° = 8 sin Ө + 5 cos Ө = 
3 cos Ө. This reduces to М sin Ө = 5 cos Ө so tan Ө = 3 and 6 = 70.9° or 250.9°. 
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TANGENTS OF COMPOUND ANGLES А + В 


We can derive the formulae for tan(A + В) directly from the four formulae derived earlier. 
sin(A + B) sin А cos B + cos A sin B 

T + B = Lx L————————————— 
tan(A ) cos(A + B) cos A cos B -sin A sin В 
sin AcosB  cosAsinB | 

A B A ET 

22 = хайн г dividing each term by cos A cos В 
cos A cos В _ sin Asin B 
cosAcosB сов А cos B 


.tan A + tan B 

1-tnA tan B 

he in(A — В) sin A cos B — cos А sin В 
„ашщ(А-В)= dA m -~ 

Similarly, tan(A -B)= ACB). sos Acos ВЧ sin A sin B 


tan A — tan B saa 
ТАТАТ after dividing each term by cos А cos В. 


So the two formulae for tan(A + B) are 


Example 8 
Angles A and B are both obtuse angles. Given that sin A = 3 and that cos B = – i , 


find tan(A — B). 
169 = ы so cos A =- 12 


= 5. 
= 13 


Exercise 14.1 (Answers on page 636.) 
1 Simplify 
(а) cos(A — В) - cos(A + В), 
(b) sin(A + B) — sin(A - B). 
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2 Prove that 
(а) sin(90? + Ө) = cos Ө, 
(5) bod + 0) --сов » 


3 IfcosA= 4 and cos В = 12 where А апі В аге both acute angles, find, without using 
tables or a Баю 
(а) sin(A + В), 
(b) cos(A — B), 
(c) tan(A +В). 


4 Simplify cos 0 соз(5 + 9) * sin 0 sin(5 * 9). 


5 Simplify cos 40? cos x — sin 40? sin x and hence solve the equation 
cos 40? cos x — sin S sin x = 0.7 for 0° < x « 360°. 


6 Given that sin A = – 7 8 (180° < А < 270°) and that cos B=- 5, (90° <В < 180°), 
calculate (without ising tables or a calculator) the value of (a) о. – В), 
(b) sin(A + B), (c) tan(A – B). 


7 Prove that tan(@ + 45°) = Тїш: 


Given that Тап(Ө + 45°) = 3 , find the value of tan Ө. 


8 Given that Ht BD = 1, show that 2 sin A sin B = cos A cos В and that 


2 tan A = cot B. Given e. that tan A = 2 , find tan B and hence find tan(A — B). 
9 If A and B are acute angles such that tan A = 1 and tan B = 5 show that A + B = 45°. 
10 Find the value of sin($ t ө) cos 0 – cos( 2 + 0) sin 0. 


11 Express tan(& + В) in terms of tan œ and tan В. Given that tan @® = а and 
tan(a + В) = b, find tan B in terms of а and b. Hence express (ањо — D) in terms of 
а and b. 


12 Solve, in the domain 07 < 0 < 360°, the equations 
(a) cos(® + 30°) = sin Ө 
(b) «2 cos(@ — 45°) = 4 sin Ө 
(c) cos(8 - 30°) = 4/2 sin(0 + 45°) 
(d) cos(@ + 60°) = 2 ѕіп(Ө + 30°) 
(е) 2 іп(6 + 120°) = cos(0 + 150°). 


13 Solve the equations (a) sin 50° cos x + cos 50° sin x = 1 and 
(b) tan x — tan 35° = 1 + tan x tan 35° for 0° < х < 360°. 


14 Given that cos A = 0.6 and cos В = 0.8 (A and В both acute angles), find, without 
using tables or a calculator, the value of 
(a) sin(A +В), 
(b) cos(A — В), 
(c) tan(A ~ B). 
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15 Ө and ø are acute angles where cos Ө = 3 and тап б = 5 . Without using tables or a 
calculator, find the value of 
(а) sin( + ø), (b).tan(@-¢), (с) sec(8—9), (d) cot(0 + 9). 

16 A and B are both acute angles such that cos A = 8 and tan B = 2. Without using 
tables or calculators, find the value of ; 
(a) sin(A — В), (b) соѕ(А + В), (c) tan(A— B), (d) cot(A + B). 

17 if cos Ө + cos ø = p and sin Ө + sin ø = q, by squaring each one and adding, prove that 
cos(8 - 9) = 20+ A -2) 

18 If sin A sin B = i and cos A cos B = Ї (A and В both acute), find the values of 
cos(A + B) and cos(A — B). Using tables or a calculator, find the values of the angles 


А +В and A— В and hence. find the values of A and В. 


19 If sin Ө = 2 sin(A — 0), prove that tan Ө = 155 74 - 25 A 


Given that cos A = 1 , where A is an acute angle, solve the equation 
sin Ө = 2 sin(A — Ө) for 0? < Ө < 360°. 
20 Simplify sin(A + B) — sin(A — B) and cos(A + B) – cos(A - B). 
By taking X = A + B and Y = A – B, show that 
sin X — sin Y = 2 sin lx-v cos i + Ү) and 
cos X + cos Y = 2 cos lx + Y) cos ix — Y). 
21 The position vectors with respect to an origin O of the points A and B are 
а = cos ĝi + sin бі and b = cos gi + sin gj respectively, where Ө > 6. 
(a) Show by means of a diagram that the angle between OA and OB is Ө – ø. 


(b) Find the scalar product a.b and hence derive the formula 
cos(0 — ø) = cos Ө cos ø + sin Ө sin ø. 


MULTIPLE ANGLES 


The addition formulae can be used to find expressions for trigonometric functions of 
multiple angles such as 2A, А etc. 


In the formula for sin(A + B), put B = A. 


Then sin 2A = sin A cos A + cos A sin A = 2 sin A cos A. (i) 
Again, in the formula for cos(A + B), put B = A. 

Then cos 2A = cos A cos A ~ sin A sin A = cos? A — sin? A (ii) 
This can also be expressed in two other useful forms. | 
cos 2A = cos? А — sin? А = cos? А — (1 — cos? А) = 2 cos? А – 1 (iii) 
or cos 2A = (1 — sin? А) sin? А = 1 – 2 sin? A (iv) 
Also putting B = A in the formula for tan(A + B), 

tan A + tan A 2tan A 
(ап 2А = ;'anAtanA ^ T-tan?A (0 


These five formulae are known as the double-angle formulae. 
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Note that in each one, the angle on the left is double the angle appearing on the right. So, 
for example, we could have 


sin 6 = 2 sin 3 cos 9 or cos 4А = 1 — 2sin? 2A, etc. 


If we start with angle A on the left hand side, then the formulae become 


These are sometimes called the half-angle formulae. 


Also, for future use, note that 


Example 9 


Given that sin A = { where 0° < А < 90°, find the values of 
(а) sin 2A, (b) cos 2A, (с) cos4A, (d) ғап 2А, (е) tan 4А. 


If sin A = 4, then cos? А = 1 – 15 апі соѕ А = 3 (+ as A is acute). 
(а) sin 2A = 2 sin Acos А-2х E х 3-3 
(b) соз 2А = 1-2siP A2 1-2x 1 --4 


(Either of the other two formulae for cos 2A could have been used instead.) 


= 2 = 49 1232 
(c) cos 4А = 2 сов? 2A-1=2x ge – 1 = – © 
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_ sin2A 2 Q( 1): M 
0) ша2А- 4823 = %-(-2)--3 
2 tan 2A 2х(-%) 48 x (_ 42) = 336 


(е) tan 4A = i-tm2A 7 1- C Ey 2-7 х 


Example 10 


If sin g = B , find the value of sin Ө where 0° < Ө < 90°. 
8 25 e 12 8 

cos? 5 = 1— тер 80008 5 = 13 (+ as 0° < 5 < 45°). 

sin Ө = 2 sin 8 cos 8 and 

12 _ 120 


0 5 y 12 _ 120 
hence sin 22 X 13 X 13 = 169 


Example 10 
If cos 0 = — 5 (90° < Ө < 180°), find the values of (a) cos 2, (b) tan $. 


(a) We can obtain cos ? by using cos Ө = 2 cos? 3 -1. 


T. oz 29 28-14 
Then – 5 = 2 cos 5 — l so cos 5 = 9 and 


cos 3 = 1 (+ because 45° < 3 < 90°). 


ме 


b) То find tan 8 we use the identity sec? 
2 


=9 


29 
e х = 
596: 2 сов? 8 


Hence tan? 8 -9-1-8 


апа їап 8 = V8 (+ as 45° < 9 < 909). 


Example 11 
Solve the equations (a) 3 sinx cosx+1 = 0, (b) tan 2x = 3 cot x for 0° < x € 360°. 


(a) sin x cos х = i sin 2x 


Then 3 sin 2x = —1 or sin 2x = -0.6667. 


This gives 2x = 221.8° or 318.2° or 581.8°. or 678.2° (0° < 2x < 720°). 
Then x = 110.9°, 159.1°, 290.9° or 339.1°. 
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2 tan x 3 
(b) tan 2x = 1-1а2х 7 tanx 
Then 2 tan? x = 3-3 tan? x or 5 ta? x = 3 
and tan x = + V0.6 = + 0.7746. 


Hence x = 37.8°, 142.2°, 217.8° or 322.2°. 


Example 12 


Solve the equation 2 sin 20 = tan 0 for 0° < Ө < 360? and show the solutions on a 
sketch graph. 

sin Ө 

cos Ө“ 


Then 4 sin Ө cos? Ө — sin Ө = 0 or sin Ө (4 cos? Ө — 1) = 0. 


(Note: We must not divide through by sin 0 as sin 0 = 0 contains possible solutions.) 


We rewrite the equation as 2 х 2 sin Ө cos Ө = 


Then sin Ө = 0 or cos? Ө = 1 i.e. соз Ө=+ 1. 


Verify that the first gives Ө = 0°, 180°, 360° 
and that the second gives 6 = 60°, 120°, 240°, 300°. 
So the complete solutions are 0°, 60°, 120°, 180°, 240°, 300°, 360°. 


The graphs of y = 2 sin 26 and y = tan 6 are shown in Fig.14.2 with these solutions 
marked. 


y=2sin 20 


Fig. 14.2 
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Exercise 14.2 as on page 637.) 
1 Show that sin? 8 = р 1—соз 2) and that cos? 38 = i + cos 30). 


2 Given that cos A= 5 where A is an acute angle, calculate without tusing tables or a 
calculator the value of (a) sin 2A, (b) cos 2A, (c) tan 2A, (d) cos > 


3 If cos 0- 3 (0? « 0 « 90°), find, without using tables or a ERO the value of 
(a) sin Ө (b) sin 20 (c) cos 20 
(d) tan 20 (e) sin $ (f сов 


4 If 8 is an acute angle and cos 20 = 18, find, without using tables ог a calculator, the 
value of (a) sin Ө, (0) cos Ө, (с) tan 20. 


5 Given that sin 8 = 4, find, without using tables or a calculator, the value of 
(a) cos 8, (b) sin Ө, (с) cos Ө. 


6 Prove that me 
: 22 : д _sin 
(a) (sin Ө + cos Ө)? = 1 + sin 20 (b) tange 5E. 
1- cos8 = tan? 8 1-cos0 - 9 
(©) 1+ cos 6 m 2 (4) sind tan 2 


(e) (2 cos Ө + 1)(2 cos 9 – 1) = 2 cos 20 + 1 
(f) cost Ө — sin’ Ө = cos 20 
(g) cot 0 — tan 0 = 2 cot 20 


т - 1+ sin 20 
(h) cos{ ® - 0) = 
7 Find, without using tables or a calculator, the value of tan 20 if sin 0 = 1. 


8 If tan 20 = 3, find, without using tables ог a calculator, the value of 
(a) tan Ө, (b) sin Ө. 


9 If tan 2 = 2, find, without using tables or a calculator, the value of cot А. 


10 If cos Ө = p, find in terms of p, the value of (а) sin Ө, (b) sin $, (с) сов 8, 
(d) cos 20, (е) sin 20, (f) cos 40. 


11 Express each of the following as a single trigonometrical function: 


(а) зіп А сос А ` (b 1-2sin? A 
(с) BA (d) cos? A — sin? А. 


Given that sin A = s, find the values of each one in terms of s. 


12 State each of the following as a single trigonometrical function 
(a) sin 35? cos 35? 
. un4 _ 

0) гэн 
(c) sin 25° cos 35° — cos 25° sin 35° 
(а) sm 50° — tan 40° 

1 + tan 509 tan 40° 
(e) 0.5 — sin? 30° 
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2 tan x 3 
(b) tan 2x = 1-їап?х 7 tanx 
Then 2 tan? x = 3 — 3 tan? x or 5 ta? x = 3 
and tan x = + V0.6 = + 0.7746. 


Hence х = 37.89, 142.29, 217.8? or 322.2°. 


Example 12 


Solve the equation 2 sin 20 = tan 0 for 0° < Ө € 360° and show the solutions on a 
sketch graph. 

Sine 

cos 07 

Then 4 sin Ө cos? Ө — sin Ө = 0 or sin Ө (4 cos? 8 — 1) =0. 


We rewrite the equation as 2 x 2 sin 0 cos 0 — 


(Note: We must not divide through by sin 0 as sin Ө = 0 contains possible solutions.) 
Then sin 0 = 0 or cos? Ө = 1 i.e. cos 8 = + 1. 
Verify that the first gives Ө = 0°, 180°, 360° 

and that the second gives Ө = 60°, 120°, 240°, 300°. 

So the complete solutions are 0°, 60°, 120°, 180°, 240°, 300°, 360°. 


The graphs of y = 2 sin 20 and y = tan Ө are shown in Fig.14.2 with these solutions 
marked. 


y = 2 sin 20 


Fig. 14.2 
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Exercise 14.2 Зээ оп раве 637.) 
1 Show that sin? 8 = шоо - cos Э! and that cos? 38 = ій + сов 30). 


2 Given that cos А = 5 where А is an acute angle, calculate without ү шш tables ога 
calculator the value Of (а) sin 2A, (b) cos 2A, (с) tan 2A, (d) cos > 


3 If cos Ө = 1 (0? « 0 « 90°), find, without using tables or a Каня the value of 
(a) sin Ө (b) sin 26 (с) сов 20 
(4) tan 20 (е) sin 8 (f) cos 8 

4 If 0 is an acute angle and cos 20 = 15, find, without using tables or a calculator, the 
value of (a) sin 0, (b) cos 0, (c) tan 20. 


5 Given that sin 3 = 1, find, without using tables or a calculator, the value of 
(a) cos 8, (b) sin Ө, (с) cos Ө. 


6 Prove that 
: i : ‘9 = sin 20 
(а) (sin Ө + cos 6)? = 1 + sin 20 (b tan Oe ү 26 
1=cos® = tan? 8 1-cos0 = 9 
(c) 1+ cos tan 2 (à sin 8 005 


(е) (2 cos Ө + 1)(2 cos Ө – 1) = 2 cos 20 + 1 
(f) cos* 0 — sin* Ө = cos 20 
(g) cot 0 — tan 0 2 2 cot 20 
т _ 1+ sin 20 
(h) cos{ х - 9) шээсэн 
7 Find, without using tables or a calculator, the value of tan 20 if sin 0 = 1. 


8 If tan 26 = 4, find, without using tables ог а calculator, the value of 
(a) tan Ө, (b) sin Ө. 


9 If tan $ - D find, without using tables or a calculator, the value of cot A. 


10 If cos Ө = p, find in terms of p, the value of (а) sin Ө, (b) sin 8, (c) cos 8, 
(d) cos 20, (е) sin 20, (f) cos 40. 


11 Express each of the following as a single trigonometrical function: 


(a) sin A cos A (b 1-2 sin? A 
өле (4) cos? А- sin? А. 


Given that sin A = 5, find the values of each one in terms of 5. 


12 State each of the following as a single trigonometrical function 
(а) sin 35° cos 35° 
tan 40° 
O) ^ un 405 
(c) sin 25° cos 35° — cos 25° sin 35° 


tan 50° — tan 40° 
(d) Ty tan 50° tan 40° 


(е) 0.5 - sin? 309 
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13 Solve the equations (а) cos 20 = 3 cos Ө ~ 2, (b) cos(20 + 309) = sin 20, 
(c) sin( $ — 45°) = 42 cos 8 for 0° 50 < 360°. 
14 Solve the equations (a) sin 2x = cos x, (b) sin 2 = cos x, for 0° < x < 360°. 


15 Convert the equation 3 cos 20 = cos Ө — 1 into a quadratic equation in cos 0 and hence 
find the solutions of the equation for 0? « 0 « 360°. 


16 By writing ЗА as 2A 4 A, show that 

(a) sin ЗА =3 sin A — 4 sin? A, and 

(b) cos 3A 2 4 cos? A —3 cos A. 

Using (b), solve the equation cos 3A = cos 2A for 0? « A « 360°. 
17 Show that cos? A + 2 sin? A = 1(3 — cos 2A) 

Given that tan B = 2 tan A, show that tan(B — A) = 52223 


3 3 -cos 2А ° 
Given also that sin 2А = 5» find the size of the angle B - A. 


1-со52А _  si?A 
18 Show that 520553 = teeta’ 


Given that 1-00: 2а = 2, find the values of A for 0° < A < 180°. 


THE FUNCTION а cos Ө + b sin 0 


This function occurs frequently and we now show how it can be converted to one of the 
forms А 8ш(0 + о) or R cos(0 + о) where the constant R and the angle o have to be found. 


Example 13 


Convert 3 cos Ө + 4 sin Ө into (a) В sin(@ + о), (b) R cos (0-0) by finding the 
necessary values of R and a. 


(а) Rsin(0 + о) = R sin Ө cos & + В cos 0 sin a 


and this must be identical to 4 sin Ө + 3 cos 0 matching the terms with sin Ө and 
cos Ө. 


Hence R cos a= 4 
and R sin a = 3. 


Squaring each one and then adding, 
К? (cos? о + sin? æ) = R2 = 3? + 42 = 25, 


Therefore R = 5 (the + value is always taken for R). 


Rsi : 
Also 5 ud -tana- 3 so @ = 36.87? (acute value taken as sin & and cos a are 


Hence 3 cos 0 + 4 sin Ө = 5 sin(0 + 36.87?). 
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(b) This is converted in a similar manner. 
R cos(0 — о) = В cos Ө cos Q + R sin Өсіп œ 
which is identical to 3 cos 0 + 4 sin 0 
so К cos & = 3 and В sin a = 4. 


Now verify that R = 5 and tan 0 = $ giving а = 53.13*. 
Hence 3 cos 0 + 4 sin Ө = 5 cos(0 — 53.13°). 


(а) and (b) are alternative forms for the original expression. The other forms R ѕіп(Ө 
- 0) and R cos( + 0) are not suitable if œ is to be acute as they contain a minus sign 
in the middle when expanded. 


Example 14 


Find the maximum and minimum values of E = 3 cos Ө +4 sin 8 and the values of 0 
when they occur. 


From Example 13(a), E = 5 sin(0 + 36.879), 


The maximum value of a sine is 1 when the angle is 90? and thé minimum value is —1 
when the angle is 270°. 


Hence the maximum value of 5 sin(0 + 36.87?) is 5 when Ө + 36.87? = 90? i.e. when 
Ө = 53.13*. 


The minimum value is -5 when Ө + 36.87? = 270° i.e. when Ө = 233.13°. 


y = 5 sin(0 + 36.87*) 


233.13° 


Fig.14.3 


Fig. 14.3 shows the graph of y = 5 sin(0 + 36.87°) which is the graph of 5 sin 0 shifted 
through 36.87° to the left. It is also the graph of 5 cos shifted through 53.13° to the 
right. 


Note: All functions of the type а cos 0 + b sin Ө will have a similar graph. Those 
converting to А sin(0 + œ) will show a sine curve shifted o? to the left and so on. The 
maximum and minimum values will be +R and —К respectively and will occur at 
values of 0 differing by 180?. 
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Example 15 


Express 5 sin 0 — 12 cos Ө in the form В sin(0 — а). 
Hence find the values of 0 (0? « 0 « 360?) for which the expression has a maximum 
or minimum value. 


К sin(0 — о) 


= R sin Ө соз о. - R cos Ө sin 
= 5880 - 12со80 


Hence КЁ cos 6-5 and R sin Q = 12. 
Verify that R = 13 and & = 67.38? 
Hence 5 sin Ө — 12 cos Ө = 13 ѕіп(Ө — 67.38°). 


The maximum value is 13 when Ө — 67.38? = 90° i.e. Ө = 157.38°. 
The minimum value is 213 when Ө — 67.38? = 270? i.e. Ө = 337.38, 


Exercise 14.3 (Answers on page 637.) 


1 Express the following functions of 0 in the form stated: 
(a) 4 cos Ө + 3 sin Ө: R cos(9 — о) 
(b) 5 sin 0 + 12 cos Ө: R sin(0 + о) 
(c) 2 cos 0 — 3 sin €: R cos(0 + а) 
(d) 2 N2 sin Ө — cos Ө: R sin(0 — о) 
(е) 2 cos Ө + V5 sin Ө: R sin(0 + о) 


2 Using the results in Question 1, find the maximum and minimum values of the 
functions and the values of Ө where these occur for 0? < Ө < 360°. 


3 Express 3 cos 20 — 4 sin 20 in the form R cos(20 4-0). Hence find the values of @ 
(0? < 6 < 360°) for which the expression has a maximum or minimum value. 


4 By converting the expression V7 sin 3 4012 cos 8 into the form R sin( $ + о), find 
the values of Ө between 0° and 360° for which the expression has a maximum or a 
minimum value. 


§ Express V5 sin Ө + 2 cos Ө in the form R sin(0 + о). Hence sketch the graph of 
y= V5 sin Ө + 2 cos Ө for 0° < 6 < 360°. State the value of о: for which 3 со5(0-0) 
will have the same graph. 


344 


THE EQUATION а cos 0 + b sino = 


Ехатріе 17 

Solve the equation 3 cos Ө +4 sin 0 = 2 for 0° < < 360°. 

From Example 13, 3 cos 0 + 4 sin Ө = 5 ѕіп(Ө + 36.87°). 

Then sin(® + 36.87°) = 2 = 04. 

This gives 6 + 36.87° = A 58° + 360? or 156.42? (36.87? < 0 + 36.87? < 396.87°). 
Note that 360° is added to 23.58° as 23.58° is not in the domain for Ө + 36.87°. 
Then Ө = 346.719, or 119.55°. 


If we use the alternative form 5 cos(0 — 53. 13"), then cos(0 — 53.13?) = 0.4 and 
Ө — 53.13? = 66.42? or 293.58°. 
Verify that the values for 0 are the same. 


The solutions are shown on the graph of y = 3 cos Ө + 4 sin Ө in Fig.14.4. 
y 


y=3cos0+4sine 


Example 18 


Solve the equation УЗ cos 20- sin 20 = V2 for 0° < 8 < 360°. 


We convert the left hand side to R cos(20 + о). 
Verify that R = 2 and о = 30°. 
Then cos(20 + 30°) = A 203071. 


Hence 20 + 30? = 45° ог 315? or 405? or 675? (0? € 20 < 720?) 
and 20 = 15? or 285? or 375? ог 645°. 


So 0 = 7.5°, 142.5°, 187.59, 322.59, 
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ө Double angle formulae 


Exercise 14.4 (Answers on page 637.) 
1 Using the results from Question 1 of Exercise 14.3, solve the following equations for 
0° < 8 < 360°: | ` 
(a) 4 cos 0 - 3 sin6=2 (b) 5 sin Ө + 12 cos Ө = 6.5 
(с) 2со80-350-118 (d) 2 У2 880-со50-2 
(е) 2 соѕ 9 + N5sin0-1 
2 Express N3 sin 8 + cos 8 in the form R вш(3 + a). 


Hence find the solutions of the equation ҮЗ sin 5 + cos 8 = 1 in the range 
0° < Ө < 360°. 


3 Solve the equation cos Ө + 2 sin 6 = 2 if 0° < Ө < 360°. 


4 Find all the angles between 0° and 360° which satisfy the equation 
3 cos x— V7 sin x = 2. 


5 Express the function cos 2x — 3 sin 2x in the form R cos(2x + a). 
Using this form, find the solutions of the equation cos 2x = 3(1 + sin 2x) in the interval 
0° <x < 360°. 

6 Find the values of x in the range 0° < x < 360° satisfying the equation 


2 cos(2x — 60°) + sin(2x — 60°) = 2 


. SUMMARY 


€ Addition formulae’ 


sin(A +В) = ѕіп A cos В + cos A sin В 
зА —B) = sin A cos B.—cos Asin B 
cos(A + В) = соз А соѕ В —sin A sin В 

; со5(А - B) = cos А cos B ^ sin A sin B 

tan À + tan B tan A —tan B 


ЩА В) А а ABO Bu =B) = 1 + tan.A tan B 


sin 2А = 2 sin А cos А 
cos2A = cos? A —sin? A 
= 2 cos А 1? 
1-2 sin? А 
2 tan A 
1—tan? A : 
sin? A = 1(1—c0$ 2A); со А = ia 40s 2A)izcn vto H 


tan 2А = 
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ө The function a cos 89 +b sin Ө can: be: converted into ‹ one- of the forms 
R cos(0 + о) or R sin(0 + о), where R > 0. 
[If а and.b are both positive, use either А ѕіп(Ө + o) or R cos(@ — - o). 
Tf one of а ог b is. negative,’ üse either R sin(0 = o) or R xs * о). 1 


Е? = а? Ж tan a (0 acute) is. found from.a апі b. 


ө То solve the equation.a:cos 0 b біп Ө =-ceuse one of the above conversions. 
Then cos(0 + а) or sin(0 + о) = ` 


REVISION EXERCISE 14 (Answers on page 637.) 
A 


1 Solve the equation tan 29 = 3 tan 0 for 0° < Ө < 360°. 


sin(A + B) — sin(A — B) 
cos(A + В)-соб( А-В) 7 tan B. 


2 Prove that 


3 tan А and tan B (tan A > tan B) are the roots of the equation 22 — t = 3. Calculate, 
without using tables or a calculator, the values of tan(A + B), tan(A — B) and tan 2A. 


4 Solve the equation 3 cos 2x + 8 sin x + 5 =0 for 0? < x < 360°. 


5 Find all the angles between 0° and 360° which satisfy the equation 3 sin x = sec x. 


6 Given that AT B = 3, Show that 5 tan A = 2 cot B. 
Given further that A is acute and that tan B — 2 fipd, without using tables or a 
calculator, the value of (i) tan(A + B), (ii) sin A, (iii) cos 2A. (C) 


7 Given that cos A = 5 where A is an acute angle, find, without using tables or a 
calculator, the values of cos 2A, sin 2A and sin А 


8 (а) Given that sin & = 3. Where 90° < œ < 180° and that cos В = -8 where 
180° < В < 270°, calculate, without using tables or a calculator, (i) sin(a — В), 

(ii) cos 20, (111) sin 2p. 
(b) Given that 3 cos Ө + sin Ө = R cos(0 — a), where R is positive and ot is acute, 
evaluate R and о. Hence solve the equation 3 cos Ө + sin Ө = 2 for 0? < Ө < 360°. 
(C) 


1-cos2A sin 2A + sin A 
9 Prove that (a) (24 = tan’ A and (b) Ty cos 2A+cosA = Un A. 


10 (a) Find all the angles between 0° and 360° which satisfy the equation 
4cosx—3sinx=1. 
(b) Given that cos Ө = c and that Ө is acute, express in terms of c, 
(i) cosec Ө, (ii) cot Ө, (iii) sin 20, (iv) їап(Ө + 45°). (C) 


11 Solve the equation cos 40 cos Ө + sin 40 sin Ө = i for 0? < Ө < 180°. 
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12 If sinx-z— 5 апа 270? « x < 360°, calculate without using tables or a calculator, the 
values of (a) cos 2x, (b) sin 2x. 


13 (a) Find all the angles between 0° and 360° which satisfy the equation 


4соѕ5 9 + 2 зіп Ө = 1. 


(b) Given that SKATE = 2, prove that cos А cos В = 7 sin A sin B and deduce 


a relationship between tan A and (ап B. Given further that A + B = 45°, calculate 
the value of tan A + tan В. (C) 


14 (a) Find the maximum and minimum values of 45 cos 6 + 2 sin 0 and the values of 
9 where they occur. 

(b) Solve the equation sin 20 + cos 20 = 5 for 0? < a < 360°. 

15 (a) Convert the expression V2 sin x + V7 cos x to the form R sin(x + о) where 
R > 0 and & is acute. Hence sketch the graph of у = V2 sin x + V7 cos x for 
0° < х < 360°. 

(b) Solve the equation V7 cos x + V2 sin x = 2 for that domain. 


16 Find all the values of x between 0° and 360° which are solutions of the equation 
3 tan 2x – 2 cotx=0. 


17 Given that tan 30° = 4 and that tan 45? = 1, calculate, without using tables or a 
calculator, the values of (a) tan 150°, (b) tan 15°, (c) tan 75°. 
18 If sin(0 + ф) = 2 sin(@— ф), prove that tan Ө = 3 tan $. Given that tan ф = 3, find, 


without using tables or a calculator, the values of (a) tan Ө, (b) cosec Ө, (с) cos д, 
(4) їап(Ө + ф), where Ө апа ¢ are both acute angles. 


19 If A, B and C are the angles of a triangle and tan A = 2, tan B = 3, find the value of 
tan C without using tables or a calculator. 


20 If t = tan 0 (¢ £1), show that sin 20 = ү and cos 20 = 


Given that sec 20 + tan 20 = k, prove that ¢ = ЕЧ. 


р 


1 
EN 


B 


21 A and B are both acute angles. Given that tan A + tan B = 3x and that 
tan A tan B = 2х2 find, in terms of x 
(a) tan A — tan B, 
(b) tan(A + B), 
(c) tan(A — B). 
(d) Hence solve the simultaneous equations tan A + tan B = 3, tan A tan В = 2. 


22 Solve for 0° < 0 « 360°, the equation 1—5 28 + sin 28 =6. 


23 Given that A — B = 5, show that 1 + tan A tan B = 0. 
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2A (a) If sin x, tan x and sin 2x are three consecutive terms of a GP, show that 
cos? x = 3 and find the common ratio of the GP. 


(b) 2 sin 2x, 3 and 3 cos 2x are three consecutive terms of ап AP. 
Find the possible values of x (to the nearest degree) if 0? < x < 360°. 


25 In Fig.14.5, P is a point on the circle centre O. PQ is a tangent and QS is perpendicular 
to PQ. PT is a diameter. If ZQPR = Ө, show that РТК = Ө and deduce that 
ZPSR = Ө. с : 
Prove that PQ = QS tan Ө and that QR = PQ tan Ө. Hence show that RS = 2PQ сог20 
and find the value of 6 if RS = 2PQ. 


Fig. 14.5 T 


26 In Fig. 14.6, ABCD is a square of side a and AFE is a sector of a circle centre A and 
angle 20. Show that 


= a 2— 2d 
G) AE= созбу — 6)” (b AE 1+ sin 20 
D Е с 
Е 
а 
| 


Fig. 14.6 A a B 


Given that the area of the sector is half the area of the square, deduce that 1 + sin 20 = 40. 
Writing this equation in the form 1 + sin x = 2x, draw the graphs of y = 1 + sin x and 


у=2хЇог0<х< 3 to find an approximate value for x and hence for Ө. Use a calculator 


to confirm your result. 
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Exponential 
and Logarithmic 
Functions 


In this chapter, we study functions such as 3* where x is an index or exponent. Hence 3* 
is called an exponential function and 3 is the base of the function. 
First, here is a revision check on the rules for working with indices. 


RULES FOR INDICES 


The three basic rules are: 


I xa? хха" When multiplying exponential functions 
with the same base, ADD the indices. 

П хив" When dividing exponential functions with 
the same base, SUBTRACT the indices. 

I (x"y' = x7" If an exponential function is raised to 


another power, MULTIPLY the indices. 


Using these rules we can deduce that x? = 1 (x + 0) and that x” = x (x #0). A negative 
index gives the reciprocal of the function. 


Fractional indices 

We can also find a meaning for fractional indices. For example 
(93p = 9252 = 9! 9, 509: = 49-3. 

In general, xa = Nx. 

Further, 273 = 273 = (N27 = G} = 9. 

In general, х? = (ху. 
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Example 1 

Find the values of (a) 100? (b) 3273. 

(а) 100° = (V100)3 = (10) = 1000 
- 21. 

( 32% = 53 = 


25 


Example 2 
Show that (a) 32! = (b) 2! x 8+! = е 
(а) 9235x342 BX + 


(b) 2141 х 8 = 2 х (VA 
= 251 x 233 
= 242 = (2241 = 4291 


Exercise 15.1 (Answers on page 638.) 
1 Find the value of: 


(а) 8° (b) 4% (с) (387 
(а) 83 (e) 814 (D 323 | 
(g 16% ch) (еу? © -EF 
2 Show that 
(a) 2 = 4х2 (b) 16" = 4% (с) 2292 = 8 х 4 
(а 2--2 (Q 4-1 ( 9x2»25"» 


3 Simplify (a) 22? x 49, (b) 275 +93, (с) 83 ха», 


EXPONENTIAL EQUATIONS 


An equation such as 3* = 81 is an exponential equation. The unknown (x) is the 
exponent. We can solve such equations by expressing both sides in terms of the same 
base. Sometimes this can be done directly. If not, a more general method using loga- 
rithms can be used. This will be shown later. 
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Example 3 
Solve the equations (a) 3* = 81, (b) & = 0.25. 


(a) We have to see that 81 is a power of 3 (the base of the left hand side). 81 = 3* so 
the equation is 3* = 3*. Both sides are now expressed to the same base, so the 
exponents must be equal. Hence x = 4. 


(b) Here we must see that 8* and 0.25 can both be expressed to base 2. 
| 8х = (23) = 23x 


Example 4 

Solve the equation 22585 +} = 9 x 2, 

2243 — 92 у 23 = (2)? x 8 

Now if we put p = 2^, then 2293 = 8p? and 9 x X = 9р. 

The equation then becomes 8p? — 9p + 1 = 0 i:e. (8p - D(p- 1) = 0 
giving p = i orp=1. 

Then 2* = i = 23 and х = -3 

ог 2*= 1 = 2° andx=0. 

The solutions of the equation are x = —3 or x = 0. 


However, note that not all such equations will have two solutions or even any 
solutions. 


Example 5 

Solve the equation 22" + 15 x 2: 8 = 0. 

2» = 2 x 2 = (2) x 2 

As before, put р = 25, 

The equation becomes 2p? + 15p - 8 = 0 ie. (2р – 1)(р + 8) = 0 giving p = 1 or -8. 
So? = 3 = 27 and x =-1 


ог X = —8. As 2* is never negative, this part has no solution. 


The equation has therefore only one solution, x = —1. 
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Example 6 


Solve the equation 2* + 2^* = 3. 


The equation is 2° + 21x 2423 ie, 2+ 2-3. 
Take p = 27. 
The equation becomes p + 2 23ie.p-3p42-0. 


Then (p — 2)(p — 1) = 0 and p z2 or 1. 
Then X = 2 = 2! and x = 1 or X = 1 = 22 andx=0. 


The solutions are x = 1 or 0. 


Example 7 
Solve the simultaneous equations 
Fxv=1 
and 2x 4 = % 
In equation (i), we see that each term can be expressed as a power of 3. 
Then 35 х (32) = 3° 
sox+2y=0 
Similarly, each term of equation (ii) can be expressed as a power of 2. 
Then 2% x (22) = 23 
во 2x + 2y = -3 


Solving equations (iii) and (iv), we obtain x = –3, y = 11. 


Exercise 15.2 (Answers on page 638.) 


1 Solve the following equations: 


(a) 25-64 (b) 5*= 125 

(с) 5-1 (d) 9-81 

(e) 16 = 0.125 (8 4-05 

(p 95-55 h) 25-9(2)-8-0 

(i) 3*— 123) +27 =0 G} 5+ 1 = 26(5~!) 

(к) 2%+!_ 12929 + 64 =0 0) 34+ 2639-9 =0 
(т) 22*! — 15(2) = 8 (п) 242" = 5 

(о) 293 = 21+ + 15 (р) 32%: – 283" +1 = 0 


2 Show that the equation 22: + 3(2*') + 8 = 0 has no solutions. 
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3 Solve the simultaneous equations 5* x 252 = 5, 3% x 9-! = ж. 


4 Find x and y given that 2% x 8 = 4, 33 x 9" = ar 


The Graph of the Exponential Function 


Complete the following table for values of 25 and 35 using a calculator where necessary. 


Ee [2 [ojos |i [ss | [s]5] 
|= {ozs} | [| [| [e 
zdej [| | [ef ] T- 


(The value 3? is omitted as it is out of scale.) 


Now taking scales of 2 cm for 1 unit on the x-axis and 1 cm for 1 unit on the y-axis, plot 
the points given by these values and draw the two curves (Fig.15.1). 


Fig.15.1 


These are typical graphs of the exponential function a* (а > 1). They all have the same 
shape and pass through the point (0,1) as a? = 1 for all values of a #0. 
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Fig. 15.2 shows the graphs of y = a* and y 2a" (a> 1). These are reflections of each other 
in the y-axis. Note that ах is never negative but a* — 0 as x > — ee. 


Fig.15.2 


Exercise 15.3 (Answers on page 638.) 


1 From Fig. 15.1, estimate the values of (a) 252, (b) 395 and find approximate values of 
x if (c) X = 5, (d) 3 = 7. 


2 Copy the curve y = 35 from Fig. 15.1 and add the curve y = 3" for the same domain. 
Now draw the graph of the curve y = ic + 37) by taking the values of y halfway 
between the two curves y = 3* and y = 37. [This curve is called a catenary and is the 
curve made by a flexible chain when suspended from two points on the same level.] 


3 Using a calculator, make a table of values for the function у = e* where e = 2.72. Take 
values of x from —1 to 2.5 at intervals of 0.5. With scales of 2 cm for 1 unit on the 
x-axis and 1 cm for 1 unit on the y-axis, plot the points and draw the curve. 

By drawing tangents to the curve at the points where x — 0; 1 and 2, estimate the 
gradient of the curve at these points. Compare your results with the value of y at these 
points. [The significance of the exponential function e" will be seen later in Chapter 
18. Your results suggest the unique property of this function that 2 =y] 


THE LOGARITHMIC FUNCTION 


The inverse of the exponential function is called the logarithmic function. If y = а“, we 
define x as the logarithm of y to the base а (а > 0). This is written as log, y. 


exponential form logarithmic form 
у=а <> log, у= х 
r~~ index becomes logarithm —————] 
For example, 8-2 log, 8-3 
1-------- base—————————————À 
100 = 10? log,, 100 = 2 
r=a log, r=3 
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Conversely, if log, 10 = 4, then 10 = 24 
if log, x = 5, then x = 3°. 


Example 8 
Write in logarithmic form: (а) 3? = 9, (b) x = 10. (c) 2? = 


(a) If 3? = 9, then log, 9 = 2. 
(b) If x? = 10, then log, 10 = 3. 


(с) If 2?= 1, then log, (1) = — 2. (Logarithms сап be negative) 


i 
т 


Example 9 
Write in exponential form: (a) 4 = log, x, (b) х = log, 7, (c) 2 = log, 5. 


(а) 4 = log, x becomes 3* = x 
(b) x = log, 7 becomes 5* = 7 
(с) 2 = log, 5 becomes x? = 5 


Example 10 

Find the value of x if (a) x = log, 64, (b) log, 25 = 2, (c) x = log, (4), (d) log, x = 4. 
(a) If x = log, 64, then 2* = 64 and x = 6 (as 64 = 25), 

(b) If log, 25 = 2, then № = 25 and x = 5 (+ as base must be positive). 

(c) Ifx=log, (1), then 3*= 1 = 3 and x= -1. 

(d) If log, x = 4, then 3* = x = 81. 


Exercise 15.4 (Answers on page 638.) 


1 Write in logarithmic form: 


(а) 42-16 (0) 33-81 (c) 10° = 1000 
(d) 10? = 0.001 1 (е) 422 (0 2-2 
(в) 75-21 h) х“-16 à) 107 =0.1 
0) 8-064 k) #=9 | 4) х3-03 

2 Write the ТоЙоулпа in exponential form and hence find the value of х: 
(a) х = log, 16 (b) x = log, 27 
(c) x = log, 64 (d) x=log,(;) 
(e) х = log, 0.001 - (f о x= log. 4 
(g) x= log, (4) (h) log, 625 = x - 
(i) x= log, (5) () x=log,, 169 


(К) x = log, 13 
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3 Find the value of: 


(а) ‘log, 5 (b) log, 64 (c) log, 1 

(d) log, 1 (e) log, 16 (f) log, 243 

(g) log,3 (h) log, p? (i) log, 25 

G) log, 8 7 (К) 102,82 | (D log, 16 

(m) log, x (n) log, (4) (0) log, (4) 
4 Find the value of x if: 

(а) log, 9 =2 (b) log, x 2 -3 

(с) log, 125 = 3 (d) log, ,,27 =3 

(е) log, (x -2) =3 (f log, 36-2 

(е) log 8124 (h) log, x 2 -1 

G) log. 3-1 (D log, @-2)=4 


(К) log, 64 =3 


The Graph of the Logarithmic Function 


As the logarithmic function is the inverse of the exponential function у = а^, we can obtain 
its graph by reflecting у = а* in the line у = x (Fig.15.3). 


Fig. 15.3 


Note the following: 


(1) log, 1 = 0. This follows because 4% = 1. 

(2) log, x is not defined if x < 0. The logarithm of a negative number does not exist. 
(3) If 0 « x « 1, log, x « 0. The logarithm of a positive number < 1 is always negative. 
(4) log, 0 is undefined. 

(5) As x increases, log, x increases. 
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Rules for Logarithms 


These are similar to the rules for indices. 


Let P = а". Then т = log, P. 
Let Q = a". Then л = log, О. 


1 РО = а" ха = а" 


Then log, РО = т+п = log, Р + log, О. 


For example, log, 12 = log, (4 x 3) = log, 4 + log, 3. : 
Note: Do NOT write log, (P + О) = log, P + log, Q. This is not true. 


Ps 
H g= 


T 
3 
| 
3 
I 
5- 
[012] 
© 
м 
| 
@ 
E 
e 


Then log, 


For example, log, 3 = log, 12 — log, 4. 
log, P 
Note: This rule does NOT apply to tee which is the division of two logarithms. 


Ш Р" = (а") = а" 
Then log, Р" = mn = n log, P 


For example, log, 2? = 3 log, 2 and log, 43 = log, 3? = Slog, 3. 


Two Special Logarithms 


1 For any base, a? = 1. Hence 


The logarithm of 1 is always 0. 


2 qa! = a. Hence 


The logarithm of the base is always 1. 
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Example 11 
Simplify (a) log, 49, (5) log, (5). 


(a) log, 49 = log, 7? = 2 log, 7 = 25 log, 7-1 


(b) log, (3) = log, 1 — log, 9 = 0 — log, 3? 
- яв: “2195 3 


Ехатріе 12 
Simplify log, 9 + log, 21 — log, 7. 
= log, 9 x 21 + 7) = 


log, 9 + log, 21 — log, 7 log, 27 = log, 3° = 3 log, 3 


Example 13 


Given that log, 2 = 0.431 and log, 3 = 0.683, find the value v. 
(а) log; 6, (b) log, 1.5, (с) log, 8, (d) log, 12, (e) log, 7; B 
1 We must express each in terms of powers of 2 and 3. 
(а) log, 6 = log, (3 x 2) = log, 3 + log, 2 = 1.114 
(b) log, 1.5 = log, (2) = log, 3 log, 2 = 0.252 
(с) log, 8 = log, 2? = 3 log, 2 = 1.293 
(d) log, 12 = log, (4 x 3) = log, 4 + log, 3 = log, 2? + log, 3 
= 2 log, 2 + log, 3 = 1.545 

(е) log, Ж = log, 1 — log, 18 = 0 — log, (9 x 2) 

= ор; 9 — log, 2 

= -log, 3? — log, 2 

= -2 log, 3 – log, 2 = -1.797 


(With. practice, some of these steps could be omitted). 


Example 14 
Given that log, x = p and log, у = q, express 


(а) log, ху”, (b) log, 5, (c) log, V rs in terms of p and q. 


(a) log, xy? = log, x + log, y? = log, x + 2log, y = p + 2q 


(b) log, 5 = log, x - log, y? = log, x - 3 log у=р- 3q 
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(log, ах? — log, y) 
(log, a + log, х2 – log, y) 


(c) log, VS = 3 log, a 


(1 + 2 log, x — 4) 
(1 + 2p 4) 


Nie м1 N= N= 


Example 15 
If 2 log, 2 + log, 10-3 log, 3 = 3 + log, 5, find the value of a. 
Collecting all the logarithms on the left hand side, 

2 log, 2 + log, 10 – 3 log, 3 -1og, 5-3 


log, 2? + log, 10 – Іор, 3* — log, 5 = 3 


Ax10 3 
ЕЕ = 


log, 


log, $ = 3 апі so æ = 2 and a = 2. 


Example 16 


Find the value(s) of x if 
(a) 2 log, x = log, (x +6), 
(b) log, (Gà — 3x +2) = 2 + log, (x 1). 
(a) 2 log, x = log, (x + 6) 
log, х2 = log, (x + 6). 
x2x46 
Х-х-6-0 
ог(х-ЗХх-2)-0 giving x=3or-2. 
It is essential to check if any of these solutions is invalid. We see that x = —2 is not 
possible as log (—2) is undefined. Hence the only solution is x = 3. 
log, G2- 3x + 2) - log; (x - i) -2 
Then log, Bae? =2 


Changing to exponential form, 


0 -3х+2 = 52 
х-і 


Then 22 – 3x + 2 = 25x 25 ог?-28х+27=0 


һе.(х-27)х-1)-0 giving x = 27 or 1. 


Now check these results. | 
If x = 1, log, (x - 1) = log, 0 which is undefined. 


So the only solution is x = 27. 
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Example 17 
p 
(a) If log, p = x and log, q = y, express рд and 2 as powers of 2. 


(b) If also pq = 16 and 2 = 5 : find the values of x and y. 
(a) First, we express р and 4 as powers of 2. 

If log, p = х, then p = 2", 

If log, q = y, then q = Ф = (22) = 2». 

p = (yx (Q» = 22ч2у 
If p?q = 2?» = 16 = 24, 
then 2x + 2y = 4 
orx+y=2 
If 5 = 2 3 
then x — 4y = —5 


Solving equations (i) and (ii), x 3 and y 


Example 18 


Find the value of x if log, x, log, (x - 3) and log, (x +12) are three consecutive terms 
of an AP. 


As the terms are consecutive, log, x + log, (x + 12) = 2 log, (x + 3). 
Then log, x(x + 12) = log, (x + 3)? i.e. x(x + 12) = (x + 3) 
which gives x? + 12x = x? + 6x +9 or 6x =9. 


Hence x = 13. 


Exercise 15.5 (Answers on page 639.) 


1 Taking scales of 2 cm for 1 unit on each axis, draw the graph of y = 25 for 
—2 < x € 2. Add the line y = x. By reflecting у = % in this line, draw the graph of 
y = log, x for i ES Хх < 4. 
From your graph, find approximate values for (a) log, 1.5, (b) tog, 3. 


2 Simplify: 
(a) log, V2 (b) log, 36 
(c) log, 27 : (4) log, 25 
(е) log, 125 (f) log, 10 000 
(g) log, 121 (1) log x* 
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(i) log, 12.5 + log, 10 G) 2 log, 9 – log, 81 


(К) log, 24 + log, 15 — log, 10 (D log, 98 — log, 30 + log, 15 
log, x? 

(m) log, V6 + log, 9 6) Leer 

(о) log, 8 (p) log, 81 

(q) log, 5? (т) log, 4* 

(s) log, V10 (t) log, 10 

Given that log, 4 = 1.262 and that log, 5 = 1.465, find the values of: 

(a) log, 20 (b) log, 0.8 (с) log, 1.25 

(d) log, 100 (е) log, 64 (f) log, 80 

(g) log, 6.25 (h) log, 15 (1) log, 0.25 

Given that log, 2 = 0.356 and log, 3 = 0.565, find the values of 

(a) log, 6 (b) log, 9 (c) log, 18 

(d) log, 24 (e) log, 4.5 (f log, 2 

(в) log, ҮЗ (в) log, 14 G) log, 42 

G log, 3 (k) log, 43 


5 If log, x + log, x = 8, find the value of x. 


If log, x = a and log, у = b express (a) xy’, (b) x in terms of a and b. 


If log, x = p and log, у = q, express (a) log, xy, (b) log, Ұху, (с) log, * (d) log, £7 
in terms of p and q. : 


Find y if log, y = 2 log, 7. 


9 If log, p — log, 4 = 2, find the value of p. 


13 


14 


15 
16 


17 


Given that ов, 8 + log, 4 = 5, find the value of x. 
Given that log, x = p and log, у = 4, express (a) ху, (b) $ as powers of 3. 


Given that log, 4 = p and log, 5 = q, find the value of x if (a) log, x = p + 2q, 
(b) log, x = 2p -q +2. 


log, x = a and log, y = b. Express x’y and = as powers of 2. 
Given also that х?у = 32 and that E - i find the values of a and b. 


Given that log, 2 = Л and log, 7 = К, find the value of x if (a) log, x = 2h + k, 
(b) log; xz3h-k-41. 


If log, x = a and log,, y = b, express log, N 48 in terms of a and b. 


Given that log, xy = p and that log, (32) = q, find log, x and log, y in terms of p and 
4 and hence express log, xy in terms of p and 4. 


If log, x = p, show that log, x = 2p. Hence find (а). ће value of k if 
log, k = 2 + log, k and (b) the value of n if log, n + log, n = 9. 
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18 Solve the. equations 
(а) 2 log, x = log, (2x + 3) 
(b) 3 log, x = log, (3x – 2) 
(с) log, @? + 2) = 1 + log, (x + 2) 
(d) log, @? + 8x 1) =2 + log, (x – 1) 
(е) log, (22 + 3x + 5) = 3 + log, (x + 1) 
(f) log, (x + 17) = 2 log, (x - 3) 
(g) log, Gà -x 2) 2 1 + 2 log, x 
(1) log; x = 1 — log, (x — 4) 


19 (a) H log, b = х, deduce that x log, a = 1 and hence show that log, b= д 


(b) Find log, 8 and hence state the value of log, 2. 


20 If log, x, log, y and log, z are three consecutive terms of an AP, show that x, y and z 
are consecutive terms of a GP. 


Common Logarithms 


For practical calculation, base 10 is used and logarithms on this base are called common 
logarithms. These are written as lg x, which is an abbreviation for log, x. 10 is chosen 
as it is the base of the decimal system of numbers. 

To see the advantage of base 10, suppose we know that lg 5.6 = 0.748. Then lg 560 = 
Ig 5.6 x 10? = 1g 5.6 + 2 Ig 10 = 0.748 + 2 = 2.748 (as 1g 10 = 1). The decimal part .748 
is unchanged. Similarly lg 5600 would be 3.748. On any other base the logarithms of 
these numbers would be quite different. 

Tables of common logarithms are available but they can be found directly using the 
LOG (or LG) key on a calculator. 

There is another system of logarithms, called natural logarithms, written as In x, 
which is used in Calculus. The base of natural logarithms is a certain number е (= 2.718). 
We shall see the reason for this in Chapter 18. 


Logarithmic Equations 


Example 19 
Find log, 7. 
If log, 7 = x, ther 2 = 7. 


We cannot express 7 as a power of 2 directly so we convert this equation to a 
logarithmic equation using logarithms of base 10. 


Take the lg of each side. 
Then lg 2* = lg 7. 


Hence x lg 2 = 1g 7 and so x = 457 


2.81 (by calculator correct to 3 sig. figs.) 
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Hence log, 7 = 2.81. 


(Verify the result by using the x’ function on the calculator). 


Example 20 

Find x if 3! = 2", 

Convert to a logarithmic equation. Take the Ig of each side. 

Then Ig 351 21g 2"! ie. (x — 1) lg 3 = (x + 1) lg 2. 

Now solve for x. We do not find lg 2, lg 3 yet. 

x lg 3 — lg 3 = x lg 2 + 1g 2 which gives хір 3 —1g 2) = 1g3 + lg 2 
i.e. x Ig 3 -lg6orx- з = 4.42 by calculator. 

(Note: The right hand side is NOT lg 5). 


Ехатріе 21 
Find x if log, 6 = 1.5. 
If log, 6 = 1.5, then x!5 = 6. 
Taking the lg of each side, 
Ig 6 


151gx-1g6andlgx- Ts = 0.5188 (by calculator). 


Hence х = 100518 = 3,30 by calculator, using the x’ function. 


Example 22 


In Example 19, Chapter 13 we found the least value of n where 0.9"-' < 0.4. This can 
also be done using logarithms. 


lg 0.9" < Ig 0.4 i.e. (п — 1) lg 0.9 < Ig 0.4. 
However we cannot now write 1 — 1 « 805 as log 0.9 < 0 and so the inequality sign 
must be reversed. (Division by a negative quantity). 


Son-1» ш = 8.696 by calculator 


and hence n > 9.696 and we take the integral value n = 10. 


Note:To solve an inequality, if an integral result is required, the calculator method 
(using >) as in Chapter 13, is very suitable and quick. However to solve an equation 
such as 0.9 = 0.4, the logarithmic method must be used. Here x = 8.70 (to 3 significant 
figures). . 
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Example 23 


A sum of money $P is invested at a compound interest of r% per year. 
(a) Show that it will amount to $P(1 + T00 Ж after n years. 


(b) If the rate of interest is 895, after how many years will the sum of money be 
doubled? 


(a) After 1 year, the amount will be P, = P + 15 = Р(\ + 100) 
After 2 years, the amount will be Р, = Р(1 + ami) - P(t + ia) and so on. 
Hence after n years the amount will be P, = Р(1 + im) 5 


(b) Р; = 2Р. Hence 2P = P(1 16) = Р(1.08)" 
Then 1.08" = 2. 


Taking the lg of each side, n lg 1.08 = lg 2 
lg 2 


and л = 
Ig 108 


= 9.01 і.е. after 9 years. 


Example 24 


Given that у = ах? + 3 where а > 0 and that y = 8 when x = 2 and y = 48 when 
x = 6, find the values of a and b. 


Substituting x = 2,8 =a х 22 43 
or ах2%-5 

When x = 8, 48 = a x 8 + 3 so a x (2° = 45 ie. a x 2% = 45 
or ах (2%)? = 45 

From (i), 2° = 3 so (2°)? = 15 

Hence (ii) becomes а х 15 = 45 so 4 = 85 


125 | 25... 5 
and a’ = 22 = 5 givinga= 5 (as a > 0). 


Then from (i), 3 х 2^ = 5 and 2^ =3. 


Taking the lg of each side, b ig 2 = lg 3 and b = 1 which gives b = 1.58. 
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Example 25 


Show that log, b = £z a: Hence find the value of log, 5 x log,, 4 x log, 11. - 


Let log, b = x. Then a‘ = b. Now take the ig of each side and 
lg 5 
xlga-lgbsox- dea 


Using this result, 


log, 5 x log,, 4 x log, 11 = 


Exercise 15.6 (Answers on page 639.) 
Give answers correct to 3 significant figures if not exact. 


1 Find the value of x if 


(а) 35-5 (p 2 =7 (с) 6" = 8 

(а) 5?°х+1 = 32-х (е) 22x -3!-х (f) 2х = 1.5 

(g) 4! = 7 (h) 532 = 76:1 @ 22х-1 = 32-х 
() 13:-5 (К) 0.6 = 0.4 0) 0.8:-1-025 


2 Calculate log, 5 and log, 7. 
3 If log, 3 = 17, find the value of x. 


4 What is the least number of terms of the GP 3, 4, 16 ... that can be added for their 
sum to be greater than 90? 


5 If the sum of n terms of the GP 8, 12, 18,... is not to exceed 500, what is the largest 
value of n? ; 


6 Find the least integral value of x if (а) 1.8*-1 > 47, (0)0.75 < 0.15. 


7 In how many years will $3000 invested at 5% per year compound interest amount to 
$5000? 


8 After how many years will $9000 amount to $20 000 if it is invested at 4.5% per year 
compound interest? 


9 Given that P = 50(0.75)", find (a) the value of P when n = 4, (b) the value of n when 
P=10. 


10 The population of a city in 1980 was 3 200 000 and this was an increase of 1.7% over 
the population in 1979. If this rate of increase is continued, in what year will the 
population first exceed 5 000 000? 


11 The decay of a radioactive substance is given by the formula M = M, e?” where М, 
is the initial mass, M the mass after г years and е = 2.718. Calculate the half-life of the 
substance, i.e. the number of years taken for the mass to be halved. 
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12 Find the value of log, 49 x log, 9 x log, 5. 
13 Find the value of log, 9 x log, 7 x log, 2 x log, 25. 
14 If log, 8 х log, x = 3, find the value of x. 


15 Given that lg y- 1 23 1g x, show that у can be expressed in the form у = рх and find 
the values of p and q. 


16 Show that lg 5 = -і. Hence find the values of х which satisfy the equation 
lg(sin x) + 1 2 0 for 0° « x « 180°. 


17 (a) Solve the equation log, 2.5 = 8. 
(b) Find the value of x if x? = 10. 


18 Find x if log, 12 = 5. 


19 y = ax — 2. Given that y = 6 when x = 2 and у = 22 when x = 4, find the values of 
a and b. 


SUMMARY 


€ Rules for indices: | x" x x* =x" 
х" XS xt 
(ny =a 


€ Negative index: x” = L 


x 
Zero index: x? = 1 
Fractional index: x* (ХУР 
е Exponential form ` y- a* «----» х= Іов, у logarithmic form 


(a » 0) а is the base of the logarithm 


Fig.15.4 
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ө Rules for logarithms: ‘log, Po = -log P Flog. Q © ЕУ 
pos log, 5 -log,P-log O° Re E M 
; 4 log, P” = п log, P 

log, a = 1; log, 1-0 


_ © Common logarithms have base 10 and are written as Ig х. - 


REVISION EXERCISE 15 (Answers on page 639.) 1)? 


ie 
If not exact, give answers ес to 3 significant figures. s & А 
А (5 в 2 ^ Т F * 1. (5% гэ E 
Pans the value of (a) 81, (6) 27, (c) (d)? з —— 1 V) ^ 
. £48 9% 
2 Solve the equations -У \ “Сү Т 2 ay 
HET et PUG 
БА? T. X. 
4P-2 = 16 222228 - fosse 4$ 20? 2 ^ 
Әде? %1-0 СЕ Mf 210-44. ANM: ^ 
(gy 1.6 = 3.7 d e P n 0.15. L үх Ju 
f log, xy = и and log, xy? = v, find x in terms of a, u and v. | 


чё 


ANS 
5 Ры X, 
in x if arfog 81-х, (ор,х-2,(е/іор,8-2. — | AA 
! Же : : 6 Ск INA 
| Solve the simultaneous equations x + y = 3, logy = 2 di » XU 


Р 6 (9) Given that log, 7 + log, k = 0, find k. кең bs v \ 
da fven that 4 log, 3 + 2 log, 2 — log, 144 = 2, find q. ^5 PA 27-27 
Жа Given that log, 2 = 0.631 and that log, 5 = 1.465, evaluate logt. 2, without using 
- tables or a calculator. ! : (С) 
Find x if бе, (2 + 5х — 2) = log, (2+ 3x-6)+]0g,9, буйл, 
бв, (2—3) + log, (х+3) =3. . (3 " % |, 1.2 
/ 17 iven that xy = 2 and 2 lg (x — 1) = lg y, find the values es pu AM 
AY A A Solve the equation 55" = 6. v 
Ж «bY Solve the equation log, x + log, (x + 1) = 1. 
МХ „Ley Given that lg x = a and lg y = b, express lg 5 | 
© OE oA o | бүл (С) 


>. A ! 
Find the value of log, 9 x log, 7 x log, 25. wy 


11,447 Given that e = 2.718, find the value of x 28 that ех = e + 6. ЁС, 


: If y = px? + 2 and у = 14 when x = 2 and y = 194 when x = 8, find the values of 
and of 4. i : 


Given that log, (ху?) = и and log, (2) = у, express log, (xy) in terms of и апау. 
Solve the equations (a) 1.5 = 10, (b) 0.55* = 01, (с) 3.5 = 7. | 


4 ГА : = OSES К! 
| liue wu LI 
27 


go 
If T =T °, show that t = X т ) Р T А» < ^ 
эн яс stie 


Hence find the value of t given that e = 2.72, T, = 30 and T 
14 If log, (x — 6) = 2y and log, (x – 7) = 3y, show that x? = 13x--- 42 ЕЛШІ 
y = 1, find the possible value(s) of х. ( CAG) x zu EV 


pos the relation between a and b not involving logarithms if log, a = 2 + log, Ё. 


$2000 is invested at 5% per year compound interest. After how many years will it 
ave amounted to $3500? 
flation in a certain country is 15% per year. If this rate continues unchanged, after 
ow many years will the cost of living have doubled? 
18 


raw the graph of y'= 2" for 0 € x < 3 taking values of x at intervals of 0.5. By adding VN 
‘a suitable straight line to your graph, find an approximate solution of the equation 5 
291 -x-4. xr. 
( 
19 Sketch the graphs of y = lg x and у = lg 10x. State the coordinates of the points where *: 
ach curve meets the x-axis. 
28 (a) Draw the graph of y = 2 for 0 € x € 2 taking scales of 2 cm for 1 unit on each 
axis. Add the line y = x and hence draw the graph of y = log, x fori <x 54.7 
(b) Calculate the value of log, 6. 
(c) Express x2* = 6 in the form log, x = px + q stating the values of p and q. 
(d) What is the equation of the straight line that must be added to the graph to find 
the solution of the equation x2* = 6? 


(e) Draw this line and hence solve the equation approximately. 

1 (a) Solve the гам rf = 16%, 2 = 4 + log, (y +5). 
Given that у = ах 3, that у = 4.4 when x = 10 and y = 12.8 when x = 100, find 
the values of л and of a. (C) 

22 ve the equation lg (cos? x) + 2 = 0 for 0? < x < 360°. 
3 Show that the sequence lg k, ig 10k, lg 100k,... forms an АР and find the sum of the 
first 10 terms of this AP. P - 
B ? 2 HI 8 ig 2 28 L 
UM et Pd ge 


2 the simultaneous equations log, x — log, у = 4, log, (x — 2у) = 5. 1 
i 
25 


ive the simultaneous equations ¥ = 27", 649 = 51271, 


Og, 2 = a and log, 13 = b, express log,, 52 in terms of a and b. 
| 7 Solve the inequality log, (log, x) > 0. 


Given that log, (р + 2) + log, 4 2 r— i and that log, (p – 2) – log, q = 2r + 1, show 
that p? = 4 + 327. If r = 1, find the possible v of p and q. 


Ч 


DE 
ү o VÉ Ж 2.7 22 
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Conversion 1 6 
to Linear Form 


In science, when two variables x and y are thought to be connected, a set of measurements 
is made. The results can be used to find the mathematical law connecting x and y — if 
there is one. When the law is found, it can be used to predict further values and these can 
be tested by other experiments to see if the law is still valid. 

Usually the results are plotted as a graph. If this is a straight line, the relationship is 
easily deduced as it will be of the form y = mx + c, and m and c can be found from the 
graph. 4 

However if ће graph is not a straight line, the relationship will not be so simple. A trial 
formula is therefore guessed. We convert this formula to a linear form and see if the 
transformed values lie on a straight line graph. If they do, then we can confirm that the 
formula is true for these values, allowing for experimental errors. 

Two very common relationships аге у = ab* and у = ах? where a and b are constants. 


Example 1 


The following set of measurements of two variables x and y were obtained in an 
experiment. It is thought that they are related by the formula y = ab. By converting 
this to a linear form, find whether the relationship is true for these values. 


ЕЛЕЛЕЛЕНЕЛЕН 


If the formula is у = аб”, then taking the lg of each side, lg y = lg a — x lg b. 


Now write Y = Ig y. 


Then Y = — Ig b + Ig a, which is a linear equation of the form Y = mx + c, where 
т= 16 b апіс = 16 а. ! 


So we plot values of Y (= lg y) against x. 
First we find the values of Y. 


These values are plotted as shown in Fig.16.1. We see that the points lie very nearly 
in a straight line. Any inaccuracies can reasonably be assumed to be due to experimen- 
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A m 


rs. We draw the line which fits the points as well as ме сап judge. There may 


tal erro 
so our results will be 


be some difference of opinion over the position of the line, 
approximate. 


E 


Ч 


Fig. 16.1 
Now find the gradient by taking two well spaced points such as A and B on the line. 
ints a convenient number. The gradient 


It helps to make the x-step between these poi 
= 215 --025. 

Then -lg b = —0.25 and b = 1.8. 

To find c = lg a, extend the line to cut the Y-axis (point C). 

Then lg a = 2.3 giving a = 200. 

Hence we find that the law relating these values is y = 200 x 1.87. 


Example 2 


y was obtained in an experiment. 


The following set of values for two variables x and 
It is believed that they are related by the formula y — ах. By converting to a linear 


form, estimate the values of a and b. From your graph, estimate the value of x for 
which у - 2000 and compare with the value found using the formula. 
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If the formula is у = ax’, then taking the Ig of each side, lg y = Ig a + b lg x. 
We write Y = lg y and X = 1g x. 


Then Y = bX + 1g a which is a linear equation of the form y = mx + c where 
m = b and c —'lg a. 


If we plot values of Y (= 16 y) and X (= lg x) and the graph is a straight line, then the 
relationship is correct. 


‘Now find the values of X (= lg x) and Y © lg y). 


элт | 340 


These are plotted as shown in Fig.16.2. To allow space for larges scales, we take X from 
1.3 and Y from 2.9. 
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The points lie well on a straight line and the gradient = 26 = 1.5 
so b = 1.5. 


We cannot find с = lg a from the graph as the Y-axis does not pass through X = 0, but 
we can deduce its value by using the gradient (Fig.16.3). 


235—6 = 1.5 which gives c = 1 


Then ig a = 1 and a = 10. 
Hence the law is y = 10х5, 


When y = 2000, Y = lg y = 3.30. The corresponding value of 
X = 1.533 so lg x = 1.533. Hence x = 14.1. 


Using the formula, 2000 = 10x? i.e. 200 = x! so lg 200 = 1.5 Ig x from which x = 34.2, 
giving good agreement. 


Example 3 


Two variables are known to be connected by the formula 5 = 3 +1 where a апа b 


are constants. The following table shows some values obtained by experiment: 


By drawing a suitable straight line graph, estimate the values of a and b. 
To convert F = 5 + 1 to a linear form, write Y = 1 апаХ = >. 
Then aY = bX + lie. Y = 2x44, 
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This is a linear equation where the gradient m = р and the intercept 


41 : 2-2 =i 
€ = л. We now compile a table for X =>) and Y (= } 5 


x | 0082 | 0.04 | 0.024 | 0016 
Y 1152 | 082 | 062 


These points are plotted and the line drawn (Fig.16.4). 


Fig. 16.4 
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The gradient = 129 = 16.1 = Ё. 
The intercept c = 0.2 = 1 soa=5. 


Hence b = 16.1 x 5 = 80.5. 


Example 4 


The straight line in Fig.16.5 was obtained by plotting X against xX. Find y in terms 


of x. 


X 
Nx 


Fig. 16.5 


lj 


The gradient of the line is 


By extending the line (Fig.16.6) to meet the E axis at (0,с), the gradient is 
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Example 5 


Fig.16.7 shows the straight line obtained by plotting Ig y against Ig х. 
Find 

(a) lg y in terms of lg x, уу 

(b) y in terms of x, 

(c) the value of x when y = 700. 


(6,2) 


` Ig x 
== 9 
Fig. 16.7 


(а) The gradient of the line = + = -% and the intercept on the Ig у axis is 4. Hence 
the equation of the line is lg y = -i lg x + 4 which is the expression required. 


(b) From (a), 1g уг -4 lgx  4ie.31gy c lg x= 12. 
^ 1 
Then lg ух = lg 10” giving ух = 10? or y? = 102 


Непсе у = EM = 1053. 


(c) If y = 700, then 700 = 10 000х3 and x 
Hence х = 2915. 


Example 6 


Convert each of the following relations to a linear form and state what functions of x 
and y should be plotted to obtain a straight line graph. State also the gradient and 
intercept of the straight line in terms of a and b. 


(a) $ +2 «2 (b) y=ax +È (c) y =a+bx 
(d) зер (e) у= a(1.5) (f у= а(х +3) 


(a) Take X= t}, Y=}. Then aX + bY = 24е. Y - - 5X +3. 
Plot Y against X. Gradient = — $, intercept = 2. 
(b) If y=ax+ 5 then xy = ax? + b. Take X = 22, Y = xy. 


This gives the linear equation Y = aX + b. Plot Y against X. 
Gradient = a, intercept = b. 
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(c) Take Y= y^. Then Y = bx + а. Plot Y e x. Gradient = b, intercept = a. 


(d) xy - by = a so by = xy—- -aor гу = tw- 5. Plot y against X.= ху. 
Gradient = i intercept = 
(е) y= a(1.5)*. Then lg y = Yi a -- bx log 1.5. Take Y = lg y then 


Y = «(b Ig 1.5)x + lg a. Plot Y against x. Gradient = —b lg 1.5 and 
intercept = lg a. 


(f) у= a(x + 3). Then lg y= lg a + b lg(x + 3). Take Y = lg y and X = Ig(x + 3). Plot 
Y against X. Gradient = b and intercept = lg а. 


Exercise 16.1 (Answers on page 640.) 


1 A set of values of x and y are believed to be connected by the equation y = ab* where 
а and b are constants. Values of x and lg y are plotted and the graph is a straight line 
with gradient 0.47 and intercept -0.65. Find the value of а and of Р correct to 2 
significant figures. 


2 A graph of lg y against Ig x gives a straight line with gradient 3 and intercept 1.3. Find 
у in terms of x. ` | 


3 Fig. 16.8 shows the graph of lg у against lg х, where у = ax’. Find the value of а and 
of b. 


loy 


Fig. 16.8 


4 Covert the equation by = ax? + x into the linear form Y = mX + c, stating X and Y in 
terms of x and y. Y is plotted against X and the graph has a gradient of 2.3 with 
intercept 0.5. Find the value of a and-of b. 


5 The following results were obtained experimentally for two variables x and y: 


It is believed that x and y are related by the equation y = ab*. By drawing a straight line 
graph, verify this is confirmed by the given data, except for one point. Using your 
graph estimate the value of a and of b and calculate a more accurate value of y for the 
point which did not fit. 
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6 The variables х and у are related in-such a way that when -H is plotted against y, 


a straight line is obtained, passing through the points (1, 5) and (3, 11) (Fig. 16.9). 
Find y in terms of x. | 


Fig. 16.9 


7 Itis believed that two variables и and v аге related by the equation uv? = av + b, where 
а and b are constants. 
A set of values of u and v was obtained, as in the following table: 


By plotting uv? against v, verify that these values satisfy the equation and find 
approximate values for a and b. 


8 Two variables x & y are connected by the equation y = ax + —~. Given the 


following values of x and y, show how a straight line graph may be drawn 


6.06 | 6.25 | 6.48 


Draw this graph and from it, estimate the value of а and of b. 


6.5 


9 The following set of values of x and y obtained in an experiment are thought to be 
connected by the equation 5 - f = 1. 


Explain how a straight line graph тау be obtained and draw this graph -for these 
values. From your graph, estimate the value of p and of 4. 
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10 The following table gives a set of related values of x and у: 


x and y are known to be related by the equation x?y = p + 4:2. Convert this equation 
to linear form and draw a graph for the given values of x and y. Using the graph, find 
approximate values for p and д. 


SUMMARY Биг ЭЛ аж sri meis MMC | 
m зей E 


ж Муғ га? dg у= =bigxt+lga. o 4 


‘Linear form Y= bX + lg ¢ a 


_where Y= 123 S 


оФ Ify-ab.lgy- adeb) ыШасх 


Linear form Y —(lgb)x-lga ^... 3 
: di gradient | 


where Уз=1в:у, : , е | wel 2 209 


САГАТЫ 


e Other Paca can а180:06 coriverted.to:linear: form; e.g. 
y + 2 ш1 gives Y = — aX + 1 where Ү = l x=}. 

2- wes а 5. li, y_8 1 2X 
ay = bx + x gives сада 4 ie. Y= gx+ 2 wher Y=% 


REVISION EXERCISE 16 (Answers on page 640.) 


1 Corresponding values of x and y are showing іп the following table: 


x.| 2 3 5 6 m 
5 fer fea foo [aa [or] 
It is known that x and y are related by the equation y* = a + bx. Show that a linear 


equation can be derived from this and draw its graph for the above values. Hence 
estimate the value of a and of b and estimate the smallest possible value of x. 


m 
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2 (a) Fig. 16.12 shows part of the straight line obtained by plotting у against I Two 
of the points on the line are given. Find y in terms of x. 


ы- 


Fig. 16.12 


(b) lg y is plotted against 1g x and a straight line obtained, part of which is shown in 
Fig. 16.13. Two of the points on the line are given. Express y in terms of x. 


Igy 


Ig x 


Fig. 16.13 


(c) If variables x and y are connected by the equation ax — у? = bx (a and b constants) 
explain how the value of a and of Р can be obtained from a straight line graph. 


3 Measured values of x and y are given in the following table. 


БЕНЕНГЛЕНЕЕ 


It is known that x and y are related by the equation ax? + by = x. 

Explain how a straight line graph may be drawn to represent the given equation and 
draw it for the given data. i | 

Use your graph to estimate the value of а and of b. (С) 
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4 (a) It is known that the variables x and y are related by the equation y = Үс q where 
p and q are unknown constants. 


Express this equation in a form suitable for drawing a straight line graph, and 
state which variable should be used for each axis. Explain how the value of p and 
of 4 could be determined from this graph. 


(b) The table shows experimental values of two variables x and y. 


It is known that x and y are related by an equation of the form y = ax + E where 
a and b are unknown constants. Plot xy against x? and use the graph to estimate 
(i) the value of a and of b, (ii) the value of y when x = 1.2. (C) 


5 (a) The table shows experimental values of two variables x and y: 


[5 [20 [25 so [ss [49] 


It is known that x and y are related by the equation y = kx", where К and n are 
constants. Draw a suitable straight line graph to represent the above data and use 
it to estimate k and n. 

The variables x and y are related in such a way that when x + y is plotted against 
X! a straight line is obtained passing through (1, -1) and (5, 2) (Fig. 16.14). Find 
(i) the values of x when x + у = 5, (ii) y as a function of х, (iii) the values of 
x when y = 0. (C) 


(b 


ши 


Fig. 16.14 
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6.(а) The variables х and y are connected by the equation y = ax’ where a and b are 
constants. Fig. 16.15 shows the straight line graph obtained by plotting lg y 


against 18 х. 
Calculate the value of a and of b and hence find the value of у when x = 5. 
oy 
Fig. 16.15 


(b) The variables x and у are connected by the equation x + py = аху, where p and 4 
are unknown constants. Explain how the value of p and of q may be. obtained 
from a suitable straight line graph. (C) 


7 It is predicted from theory that two variables P and T are related by the equation 


Р=а+ = 
=a Т3) ` 


The following values of P and Т were found by experiment: 


IDE 
133 | 106 | 94 | 89 | 37 | 


1 
By plotting P against 4-3) confirm that the equation is approximately true for 


these values. Use your graph to estimate the value of а and of b. 


8 (a) Variables x and y are known to be related by an equation of the form 
a(x + y — b) = bx’, where а and b are constants. Observed values of the two 
variables are shown in the following table. 


ЕЕЕ ЕЗЕП 


[es [as [1s [ss] 5| 


Plot х + y against x°, draw the straight line graph and use it to estimate the value 
ofaandofb.  — 


2 
(b) Variables х and y are related by the equation 5 + pi = 1 where p and q are 


positive constants. 


When the graph of y? against x? is drawn, a straight line is obtained. Given that 
the intercept on the y^-axis is 4.5 and that the gradient of the line is -0.18, 
calculate the value of p and of q. (С) 
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9 Variables x and у are related by the equation ay = (Nx — 1)? where a and b аге 
constants. Some values of x and y were found and are shown in the following table: 


By drawing a suitable straight line graph, estimate the values of a and b. 


10 Quantities p and v are related by the equation pv" = a where n and a are constants. The 
following values of p and v were found: 


Convert the equation to linear form and draw the straight line graph. Using the graph, 
estimate the value of n and of a. 
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Calculus (4): 
Further 
Techniques: 
Trigonometric 
Functions 


So far we can differentiate single terms such as x°, polynomials such as 2x3 — 3х + 1 and 
composite functions such as (223 — 1)*. 
We now extend the range of functions we can deal with. 


Fractiona! indices 
5 dy p 
If y = ах", then you will recall that 2 = лах”! and IE ах = күү +С. 


The rules for differentiation and integration still hold when the index л, is a rational 
number, i.e. a fraction. 


Example 1 
Differentiate (a) хі, (5) 20 (c) Ух2-2х-3 wrt x. 


лэ 
c 
= 


Gà - 2x - 33 
= 102 — 2x - 3)? x (Ох-2) 


© 
сн 


х-1 


= (x— 1)G? – 2x - 3)? or ADU 
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Example 2 
Find (a) х ах, (b) эх! ах 


2 
22033 
жсь 


o» f, 


ЕИ 5 (243 – 32) = $ x211 = 1682 


Integration of Powers of the Linear Function ax + b 
If y = (ax by", then 2 = (п + 1)а(ах + by. 


Hence | (л + 1)а(ах Бу dx = (ax + БУ" 


and so where n + –1 


This result only applies to a linear function ax + b. The integration of powers of non- 
linear functions such as ax? + b cannot be done in this way and is outside our work. 


The case where n = —1 will be studied in Chapter 18. 


Example 3 
5 
Find (a) [(2x-19 dx, (b) f uy (©) [2-1 dx. 
(a) Here a 22, b = –1 and n = 3. 
So | Ox- 1P àx- E eco lQx- ntc 
(3х + 2у! 


ах ; 1 = Өлім 
(b) | G+ is short for | бау ах- CDO) *c 


= -iQxe2y +c 


1 


7358142) +6 
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© f Vai dx= J ox- Di ax 


2 | 0х-13Г 
2х 3 


2 1 


Example 4 


г 1 
Find the area bounded by the curve y = ЕТЕГІ, the x-axis and the lines x =2,x = 6. 


у 


Fig.17.1 


As N2x — 3 is positive for x > 13, y is real and positive in the area required. 


6 i 16 
Area =] (2x ~3)?de = Ed 


2 J2 


Example 5 


The section of the curve y = = between the lines x = 2 апа x = 9 is rotated about 
the x-axis through 360°. Find the volume of the solid created. 


You will recall that the volume of a solid of revolution = Їл» dx. 
Here y = (х - 15. 

9 
So the volume = Í Fe m E dx 


i 
3 


2 = E y = n x 2) — Qn x 1) = 3n 


2 
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Example 6 


у= 29 — х2, what is the approximate change іп y when x is increased from 2 to 
2.01? 


When x = k, бу = (2 Ji бх, where (2 
Here k = 2 and 5x = 0.01. 


is the value of 2 when x = k. 


х= 


у= 29-00 so Z =2x 40-277! C29 --250-089 
_1 -4 
(2 Ju = -4(5) z= 45 


Hence бу = – +. x 0.01 =-0.018 (y has decreased). 
V5 


Exercise 17.1 (Answers on page 640.) 


1 Differentiate wrt x: 


(a) хі (b) 4Ух (с) V4x-3 

(d) 2x3 -2x (e) A9 — бу? ( 2x? 

(g) d (1) 4452 -3 O V1-2 +42 
2 Integrate wrt x: | | 

(а) x4 (b) хі (с) х3 - х5 

iod 
@ Lc ej ( sé 
3 man AP 

(g) Hs (h) 3x 0) d 

3 Evaluate 


16 
1 


о fa & five © өө | xa ө eia 


4 Integrate wrt x: 


(а) Ох-3У Ф) Ох 000 () «-2? 
а) Үх-3 © aig D Ох+зу? 
1 E л 1 

(е) 4X3 (b) (3 – 4x? (i) 45-x 

O (3х+2) () ax- Di D Qx-sy* 
(т) ¥4x - 1 (n) (1-2: 
5 Find the values of 3 
1 5 = 
ау f, Qx «1? dx () f, V3x+1 dx 
(c) І (Эх - 1) dx (d) f. № - 3x dx 
© р Gr- о [„\?х+5@& 
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(h) f (3x - 2y dx 


6 Calculate the area bounded by the curve у = (3x — 1)~, the x-axis and the lines x = 1, 
х-3. 


7 The part of the curve y = эту between x = 2 and x = 3 is rotated about the x-axis 
through 360°. Find the volume of the solid of revolution. 


8 If y = 3 Vx, find the approximate change in y when x is increased from 4 to 4.01. ` 


9 Given that y 2 3 V9 + x?, find the change in y approximately when x is decreased from 
4 to 3.99, 


10 Given that T - 9r5 and that r is increased from 8 to 8.01, find the approximate change 
in Т. 

11 IfP= іі, where k is a constant, find the approximate percentage change in P if v is 
increased by 3% when it is 5. 


12 If V= 10x Я find the approximate change in V when х is decreased from 4 to 3.998. 


Differentiation of the Product of Two Functions 

y= Gx - 1G? + 5Y is a product of two functions of x, (3x — 1} and (24-59, Each of 
these can be differentiated but how can we find i ? As we shall see, the result is NOT 
the product of their derivatives. 

Let y = uv where u and v are each functions of x. 

Suppose x has an increment бх. This will produce increments би in u and бу in v and 
finally produce an increment бу in y. 

So y + бу = (и + би)(у + бу) = uv + ибу + уби + (би)(бу) 


Then бу = иду + уби + (8u)(Sv) 
бу би 
and È sus, tvs + 38 бу 
Now let.óx — 0. Consequently би-э 0, бу-» 0, ы - &, = > Фу and È > z 
So, as &x > 0, 2 dx = и «уй. 


Hence we have the product rule for y = uv: 


where и and у are functions of x. 


As the result is symmetrical in u and v, it does not matter which function is chosen as 
И Or У, 


Example 7 


Differentiate (3x — 2)(x3 +4) wrt x. 
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Take и-3х-2,у- + 4. 
du ау _ 
dx 23, 23x 


dy у би 
Then ду =ч; tV 


= (3x —2) х3? + 09 +4) х3 
= 933 — 6х2 + 3x3 + 12 = 1253 — 602 + 12 


Ехатріе 8 

Differentiate x'(2x — 1) wrt x. 

Таке и = х3, у = (2х - 1). 

$ = 33 x 40х- 1} х2 + (2x — 1)" x32? 
Жаси гары + 


и ду y 
dx dx 


In this example, we simplify as far as possible and leave the result in factor form. 


9 = 22x — LPi x 8+ (2х— 1)3] 
= x(2x — 1 (14x – 3) 


Example 9 


Differentiate (3x — 1P( +5) wrt x. 

Z -03х- 1)? x 202 + 5) x 2x + Q? + SY x 38x - D? x 3 
= (3х — 100 + 5)[(@3х — 1) x 4x + (x2 + 5) x 9] 
= Bx - 1)? + 5)(12x? — 4x + 9x? + 45) 
= (3x — 1yG? + 5)(212 - 4x + 45) 


Exercise 17.2 (Answers on page 641.) 


1 Differentiate each of the following products wrt x. Leave the answers in simplified 


factor form. 


(a) хх-2) (b) x? – 1) (с) 02-107-1) 

(d) (x4 f(x - 2» (e) (1 — 2х)? Ф (1-3*G-3» 

(в) xà -x-1»* (hb) х2 (02-3) (0) (Bx — 2)5222 – 1) 
G) + D*Qx- 1) (К) vxo? - D? 0) хЧх-1) 

(m) 2x(1 — 2x)? (n) ¥x-1@¢+ 1) (о) Q2—- x- 2)(х + 1» 


(p (Зх – 1)(2х + 3) 


2 Find the equation of the tangent to the curve у= (x + 1)(х — 2) at the point where 


х= 1. 
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3 Given that y = ax?(x — 1)? and that Ф = 32 when x = 2, find the value of a. 

4 Find Ẹ and $2 if y= x(x 1j. 

5 Find Ẹ and ЧУ if y= xx — 1). 

6 For what values of x does the curve у = x*(x — 1)? have stationary points? 

7 f, в and h are three functions of x. By taking f as и and gh as у, show that 
айыу = ght + eh and deduce that шю = ght + 5 ғ : 


Hence differentiate x(x + 1)?(x + 2) wrt x. 


Differentiation of the Quotient of Two Functions 


We can also find a formula for differentiating a quotient of two functions, such as 
Suppose у = 5 where и and v are functions of x. 


Let x have an increment бх. Then u and v will have increments би, бу respectively and y 
will have an increment бу. 


х+ 1 
х-1' 


Now y + бу= ші and therefore 
бус и+би и _ uv yÓu—uv ир _ Уби-ибу 
УЗ Уы v^ v(v + ду) 7 v(v бу) 
$и ён й 
Then © = Уы Чё 
ёх у(у + бу) 
Now let бх — 0. Then би > 0, 6v — 0, СЭР o » > Фу and È -> 2. 


So we obtain the quotient formula for the differentiation of y — FE 


This formula is not symmetrical іп и and v so it is important to get the terms in the right 
order. An informal way of remembering this formula is ‘bottom dee top minus top dee 
bottom all over bottom squared’ where ‘top’ = u, ‘bottom’ = v. 

Note: It is unnecessary to use this formula for functions with a constant numerator such 


as k 


х – 


(divide first). 


-1 % . B 1 3 
(take as k(x — 2) 2) or functions with a single term denominator such ав к-2Х 
x 


Example 10 


5 : -4 Él meer e 
Differentiate (а) 5-5, (b) 3——,.(c) 5 Wix. 


Е = du рф 
(a) Hereu=x-1,v=x+1, d: = |, Gu! 


dy _ (x*1()-(-1XD) ы 2 
dx ^ (х+ 1) ~ + 1p 
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(9) и=№+1,у=02-х-1, ш =2x, È 22x-1 
бу 02-х 000) – 0 + )Ох- П) 


бх (2-х-1) 
2028-26-25-26-2хХ4341 | —9-4х+1 
Ч 02-х-19 ^ @ax-1F 
1 
(с) нех, у= (х + 1)2, 2 би =], 9 EET ES UE 
dy 2 «+? 9-х +1) ME yi-F@+1? 
dy (кур xl 


To simplify this, multiply the numerator and denominator by 2(x + 193. 


d 2(x4D-x x+2 
i „ 5 
бт — 2a xe 13 2x + 03 


Example 11 

x 4 2 
Ify = ж? show that 2 = (а 

А 3 ау 

Hence or otherwise find | Br +Z 
dy | @Bx+2X1)- x3) _ 2 
d ~ (x + 23 ШЕТІ 
Hence means that we should use the above result and notice that 


3 3 
[lx L1f 2 ы. 
І (3х+2# ~ 2 |. Grr dX 


silasa 9 


a х?) - 55 ) = 


Otherwise means that another Бет сап be used. We must notice that it is the 
integral of a linear function. 


ў 1 
Г ах +2у# а= (Фе?) 
-þe 0 
-(-5)-(-5)-5 
Note: The two ics (i) and (ii) look different but they only differ by a constant. 
Кк) = (0833) = 0o ih) = do aii 


la v : 
The constant ¢ disappears when the limits are substituted. 


391 


Exercise 17.3 (Answers on page 641.) 


1 Differentiate wrt x, simplifying where possible: 


@ 55% (b) ды, B X 2 
e 3 (ct @ ril 
Ф T ® 220 Q S 
Ф Ba ШЕ о 4 
m H а) $41 

2 Еу- әтеші @ and ЧУ. Hence show that аж +22 =0. 


3 Ғу- zn , show that 9 = бусту ly Hence or otherwise find / Gp D 


4 Given that y = acm find 2 2 


Hence or otherwise evaluate [| a бу+зу- 


d 
5 Ғу- VS , find di. (Take у= т ) 


9 
8 dx 
Hence evaluate f тпа: 
-3 


1 3. 
x?(x 1)? 


6 Differentiate т wrt x. Hence find Ї 


5 : 1 
7 Find 2 ify= ү=Н. 


8 Find the values of x which give stationary points on the curve у = = 2 


i = х+а dll ы 
9 (а) Given that y = E and that 2: 25 when x = 3, find the value of a. 


1 d 21 : 
(b) If 1, ry dx = 3” where К is a constant, find the value of k. 


1 (2 +3)2 д 


x 4 
10 у = ас 


Hence find the x-coordinate of the stationary point on the curve. 


Differentiation of Implicit Functions 


All the functions we have met so far have been in the form y = f(x) ie. they have been 
explicit functions. y has been given directly i in terms of x. A function may however be 
stated implicitly, as for example x? + » = 3xy, where it would be difficult to make у the 
subject. Using the product rule we can differentiate such functions and then find 9. 
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Example 12 
Find 2 if ey - 3x = 5. 


(It would be easy to make y the subject here and then differentiate but we use this as 
a simple example of differentiating an implicit function.) 


We differentiate each term wrt x. 
xy is treated as a product. 


(4) - о” 4€ = py 
a = х ty Gg Tha tIS 
Hence differentiating the complete equation, x? Ф +2xy~3=0 and so z 


Note that ЧУ is now expressed іп terms of x and y. 
dx р 


Example 13 
Find È if 4y = 3xy. 


Differentiate each term wrt x. 
y? is treated as a composite function and ху as a product. 


dy d dx 
Зэ? + Чг -3Х + Зу ах 


ie. 302 + 3у? 2 =3x2 + 3y (as g = 1) 

Dividing through Бу 3 and rearranging the terms, 
4 

o - Mar -y-* 


dy _ yo? 
and чу = ox: 


Example 14 


Find the equations of the tangents at the points where x = 2 on the curve 
ху %3х-4у-7. 


: dy 
First we find  - 


Differentiating each term of the equation, 2x + 2y Ф +3 – 42 =0 


2х+3 


and hence (4 - 22 = 2x4 3 giving € = а 


We now find the coordinates. 


Substituting x = 2 in the equation, 4 + у? + 6 - 4y =7 ie. 
y-4y +3 =0or(y—3)Q— 1) = Oand y= 1 or 3. 


There are two points where x = 2, whose coordinates are (2,3) and (2,1). 
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^, 


At (2,3), 2 = 13 = – 1 and the equation of the tangent there is 52 


у-3=- 4-2) ie. 2y + 7x = 20. 


At (2,1), 2 - m = 1 and the equation of the tangent there is 
)-і-іа-2іе2у-7х- 12. 


Exercise 17.4 (Answers on page 641.) 


1 Find ES in terms of x and y for the following curves: 


(ay 222 + ху = 5 (b) ху-7 
(с) жу + 2х= 5 (d) ху + 2y=1 
(е) xy-y! = 3х () ху+х+у= 5 
(8) +y = 10 20) x$-x-4y 
O £-5-1 ф УсУу-2 
(k) y! 22x-3 0) x-y-2x-5y-12 
(m) ey + xy! 2x—y (n) 2x? - 3! = 2x + 3y – 1 
(о) ху+ у= х (р) -y = 2ху 
(9) y= 33 – 2ху (т) x = 8у? 
(5) Ух-Уу-і 
2 Find the gradient of ће following curves at the point given: 
(a) xX + y = 13 at (3,2) (b) y? = 8x at (2,4) 
(с) Vx + Vy = 5 at (4,1) (d) 8+ y =9 at (2,1) 


(e) x? + 4y – 2x – 3y = 1 at the point (2,-1). 
(f) xy? = yQx — 1) + 27 at the point (2,-3). 


3 Find the equations of the tangent and the normal to the curve y? = 4x at the point (1,2). 


4 Find the equations of the tangents to the curve x? + y? = 3x — y at the points where 
х. 


5 Find the equation of the normal to the curve x? + 3y = 2xy at the point where x = 2. 
6 If ух + 3) = 20, find the values of * when x =2. 


7 The point (2,1) lies on the curve Ах? + By’ = 11 where A and В are constants. If the 
gradient of the curve at that point is 6, find the value of A and of B. 


8 Find the equation of the tangent to ће curve x? + y? = 9xy at the point (2, 4). 


Revision of Calculus Methods 


At this point, before going on to the calculus of the trigonometric functions, it would be 
valuable to practise the techniques already studied. Here is an exercise for this. 
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Exercise 17.5 (Answers on page 641.) 


1 Use any appropriate method to differentiate the following functions. Simplify where 


possible. 2 
‚ (а) 3х5 – 2х7° - (b) хҮх-5 (c) сс 1 
@ туг (е) Ү22—-4х+3 (f) 2 
өлен 0) x- X © (5-9) 
@ 3-2 (9 Nx qr 0) Чё+2х+1 
т) =e (а) &- 1G - 29 (55:52 
2 -1Р al Мыйын 4 2 
(p Gà -2«- D o> € (302-4) 
2 Integrate wrt х: (a) xi (b) Мх +3 © Tx (d) TE (е) z- 5 


3 Evaluate: (a) |, ES 09 f -a © ewes 


4 Find the equation of the tangent to the curve y = i where x = 5. 
5 If x? — 2y? = 14, find the values of Ẹ when x = 4. 


6 Given that 22 + 3xy — у? = 12, find the equations of the tangents at the points where 
х= 2. 


7 Given that y= 1, find 2 


Hence or otherwise evaluate T ux) dx. 


x(x + 4) a 4) as. 


P. 
8 Differentiate “үр wrt x and hence evaluate f "EY 


9 Ғу-(х- 2 М – x, find 2 and 2 Hence find the- position and nature of the 
stationary point on the curve. 


10 Find the equation of the normal to the curve y — Ea at the point (4, 2). 


11 Given that y = N3x + 2, show that y A * (4j = 0. 
ФУ 


j find the value of — when x = 0. 
f+ (д 9у “рр 


12 НУ- — 


Differentiation of sin x: An Important Limit 
In order to differentiate sin x, we must first find the limit of зах as х -> 0, where х is 


in radians, as the result will be needed. 
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Using a calculator, the following values of sin x and x were obtained: 


x (radians) sin x 
0.2 0.198669 
0.1 0.09983 
0.05 0.049979 
0.01 . 0.0099998 
0.001 0.0009999 
This shows that when x is smali, sin x = x. It would suggest that lim dnx = 1. Here is a 


simple proof of this. 
In Fig. 17.2, OAB is a sector of a circle centre O, radius r and angle x radians. AC is 
perpendicular to OA. Then AC = r tan x. 


rtan x 


Fig. 17.2 


Area of /АОВ < area of sector АОВ < area of ЛАОС, 
ie. ін sinx < 1х < ir tanx 
Hence sin х < x < tan x. 


1 


Dividing by sinx,1< x < gi 


Now as x > 0, cos x — 1 and 2 ol 


The left hand term is fixed at 1 and the right hand term — 1. Hence the middle term must 


— 1. Therefore lim a = 1; 


In a more convenient form, 


HE 


Note: For this result to be valid, x must be in radians. 
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We can now find the derivative of sin x (x in radians). 
Let y = sin x. If x takes an increment бх, ће corresponding increment in y will be dy. 
Then у + dy = sin(x + 8x) so бу = sin(x + бх) — sin x. 
To simplify this, recall that 
sin(A + B) — sin(A — B) | 
= sin А cos B + cos A sin B — sin А cos В + cos A sin B 
= 2 соз А sin B 0) 


Now if we take A+ B=x+8xandA-B=x,A=x+ 2 В = Č. 


о 
x 


Hence, using the result (i), бу = 2 cos(x + 5) sin( ёх) : 


. бу. (ӛх in( & 
by — 2 cos(x + Z)sin(7) _ bx я (2) 
= token ӨНӨ „ы, ap) SD 


Then 5; E 
à .d & ал oT 
If dx — 0, -» 9 cos(x 4. SE) — cos x and the limit of is 1 
Ox < dx 2 &x 
ёх ау _ 2 
(as > also > 0). Hence % = cos x. 
x in radians. 
Note: £ sin x is another way of writing asin, 


The gradient at any point on the sine curve is the value of cos x at that point (Fig. 17.3). 


Fig. 17.3 
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Example 15 
Differentiate (a) sin 3x, (b) sin(ax + b), (c) sin? x, (d) sin?(3x — 2). 


(а) y = sin 3x 
We treat this as a composite function, i.e. y = sin и where и = Эх. 


dy _ du _ 
du = COS u and | = 3. 


Then 2 = E x Чи = cos и X 3 = 3 cos Зх, 


Note that the function sin is differentiated first to give cos, then the angle 3x is 
differentiated to give 3. 


(b) у= sin(ax + b) 
Taking y = sin u where u = ax + b, 


E = у х s = cos u X a = а соѕ(ах + b) 


Note this result for future use: 


E sin(ax + b) = a cos(ax + b) 


First differentiate the function, then the angie. 


(c) у= іп x 
Treat this as a power of the function sin x. 
Take у = и? where и = sin и. 


d . А 2204 : 1 . - 
First differentiate as a power, 5.6. z » then differentiate the function sin, i.e. ш . 


4 . : 
Ф = 2sinx x сох =2 sin x cos x 


differentiate differentiate 
sin? x to get sin x to get 
2 sin x cos x 


(The result could also. be written as sin 2x). 


(d) у = sin? (3x ~ 2) 
First differentiate as a power, then differentiate sin, then the angle. 


$ =  3sm(x-2 х  co(-2) хо 3 
dx 
differentiate sin? differentiate sin differentiate 
to get 3 sin? to get cos Зх — 2 to get 3 
[ per first 
The sequence is sin*(3x — 2) 
function second variable last 


Hence 2 = 9 sin'(3x — 2) cos(3x — 2) 
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Example 16 
Differentiate sin x° wrt x. 
We must first convert the ЖЕТІ to radians. 


х°= = 16 radians 


If y = sin тво» then 


dy _ E^ ee E o 
c = COS 180 X 146 ОТ 180 0083. 


Note that the result is NOT cos x°. All formulae in calculus for trigonometrical 
functions are only true for radian measure. Angles in degrees must be converted to 
radians. 


Example 17 
Differentiate (a) x sin x, (b) VI -sinx wrt x. 
(a) This is a product of x and sin x. 

If y = x sin x, then SY Z x cos x + sin x. 


dx 
(b) If y - (1 sin д, 9 = 31 – sin xy? x (со х) 


-cos x 


T 2Ni-sinx 


Example 18 
Find the values of x for 0 < x < т which satisfy the equation 4 (x — sin 2x) = sin? x. 
4 (x- sin 2x) = 1—2 cos 2x = 1 - 2(1 - 2 sin? x) = 4 sin? x— 1 


ў А 1 1 
Hence 4 sin? х – 1 = sin? х ог sin x = + Ve 


Solving this equation, x = 0.62 or 2.52 radians (x « x = 3.14). 
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Differentiation of cos х 


Using the formula for sin(A — В), 
sin(5 -x) = sin 5 COS X — cos 3 sin x = cos x. 
Similarly, verify that cos( 5 - х) = sin x. 


а(соѕ х) _ d sin(5 – x) 
Soa = Шин 


со8(2 -х) x (1) = -cos( 5 -x) 


= -sin x 


x in radians 


It follows that ES cos(ax + b) = —a sin(ax + b) 


Example 19 


Differentiate (а) cos 5x, (b) cos? (5 +3), (с) 2%. 
(а) y= cos 5x 2 
Using the same procedure as before, z = -sin 5x x 5 
= —5 sin 5x. 


(b у= сов (5 + 3) 


2 = 2cos($ +3) x (-sin(543)) x 3 


= -sin( 5 * 3) cos(5 - 3) 


- sin 2х 
(©) y= cos 3x 
Using the quotient rule, 
dy = (cos 3х)(2 cos 2x) - (sin 2х)(-3 sin 3x) 
dx cos? 3x 


.. _2 cos Зх cos 2x + 3 sin Зх sin 2x 
cos? 3x 
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Example 20 
Find the values of 0 (0 « 0 « 2n) for which y = 


sin 


is stati 4 
3 cor 8 tationary 


Using the quotient rule, 


dy _ (3 – сох Өс05 6) — sin Ofin 8) _ 3 сов0- (соғ 0 + sin’ бу 
d6 (3 – cos 0 (3 – cos 6): 


= 3 с050 – 1 
(3 – cos 0 


1 


Then ® = 0 when 3 cos Ө – 1 = 010. when cos Ө = 3 


and therefore 6 = 1.23 or 2x — 1.23 = 5.05 radians. 


Example 21 
Differentiate sec x. 


Let у = sec x= шт = (cos x). 
dy. -2 (si = Sinx 
di 1(со8 x)? x (-sin х) = sos х 


= sec x tan x 


Example 22 
Show that E (sin 2x cos x) = 2 cos x(1 — 3 sin? x). 
If y = sin 2x cos x, using the product rule, 
4) = (sin 2x)-sin x) + (cos x)(2 cos 2x) 
-2 sin x cos.x sin x + (2 cos x)(1 — 2 sin? x) 
-2 sin? x cos x + 2 cos x — 4 sin? x cos x 


= 2 cos x — 6 sin? x cos x 
= (2 cos x)(1 — 3 sir? x) 


Differentiation of tan x 


If y = tan x = Ж, then using the quotient rule, 

: _ (sin ð- si 2 in 
dy = (cos x)(cos x) — (sin x)(— sin x) . æ х+зш л _ 1 заар 
dx cos* x cos? x cos? x 


x in radians 


Then 4 tan(ax + b) = a вес (ах + b) 
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Example 23 
Differentiate wrt x (a) x tan 2х, (Б) sin х tan х. 


(a) Ify=xtan 2x, 2 = x sec? 2x x 2 + tan 2x 
= 2x sec? 2x + tan 2x. 


(b) If y = sin x tan x, Ф = sin x sec? x + tan x cos x 
= sin x sec? x + sin x 
= (sin x)(sec? x + 1) 


Exercise 17.6 (Answers on page 642.) 


1 Differentiate wrt x: 


(a) sin 3x (b) sin 5 (c) cos 4 
(d) tan 3x (e) cosec x (f) xsinx 
(в) X sin 2x (8) cos(2x? – 1) G) sin($ -x) 
() tan Е (К) хѕіпх+соѕх 0) 2 EET = 
(т) cos? 2x (n) x cos x — sin 2x (o) sin 3x cos 2x 
(р) V4 + sin? 2x (9) cos*(1 – 3х2) (т) Vtan 2x 

2 Differentiate wrt x: 
(a) cos 3x (b) sin 3 (c) cos(2x? - 1) 
(d) sin? 2x (e) tan(3 - 2) (f) sin 5 cos 2x 

l-sinx х р 

(B IF sinx (h) x^ tan 2 (i) cosx? 


0) x(cos 2x — sin x) 
3 Ify = sin 2x, find 2 and £2, and show that $3 + 4y = 0. 
4 If y =x sin 2x, find the value of 2 when x — 2 


5 Given y = A cos 2x + B sin 2x, where A and B are constants, show that 43 %4у-0. 
If also y = 3 when x = ? апа 2 = 4 when x = 0, find the value of A and of B. 


6 If y = cos Ө +-2 sin Ө, find the values of Ө (0 < Ө < 2л) for which Ду = 0. 
7 Find 2 if y = (sin x + cos 2x). 
8 Solve the equation £ (x + sin 2x) = 2 for 0 < x « m. 


2 dx 
wrt x and hence find o Тох: 


sin x 
1+cos x 


9 Differentiate 


10 (a) Show that if y = 2 sin x — cos x, then T = 0 when tan x = 2. 
Hence find the values of x (0 « x < 2л) where y has stationary values. 


(b) Find the value of x (0 < x < 2x) for which у = PRI is stationary. Hence find 
the maximum and minimum values of y. 
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11 Find the equations of the tangents to the curve y = sin x where x = 0 and x = л. 


12 Find the equation of the tangent to the curve y = cos x where x = 5. 


integration of Trigonometric Functions 


if y = sin(ax + b), then 9 =a cos(ax + Б). 


Therefore 


If y = cos(ax + b), then E: ш-а sin(ax + b). 


Therefore 


Therefore 


For all these results, x must be in radians. 


Example 24 
Integrate (a) f sin 3x dx, (b) f cos 5 dx. 


(a) [sin 3x dx = 253% -1 cos 3x ec 
sin 2 
(b) | cos 5 а= P +c=2sin 5 +c 


Ехатріе 25 


Find the area of the shaded region іп Fig.174 between the part OA of the curve 
y = sin x and the line OA, where O is the origin and A is the point ( ‚ 1). 
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The shaded area is the area under the curve minus the area of AOBA where AB is 
perpendicular to x-axis. 


л 
274% т 
Area = |? snxdx- ix £ x1 
ö 2 2 
i n 
€ ees E 
= [cos x |? 1 


- (-сов 5) - (cos 0) - 2-0-(0-3 E 3 units? 


Example 26 

Find | sin? x dx. 

We cannot find | sin? x dx directly as it is not in the form sin(ax + 5). 
We use the formula cos 2x = 1 — 2 sin? x to convert it to a suitable form. 


Then | sin? x dx = | (= 95 2) ас 


-|4-%) в-3- 


The same method is used to find | cos? x dx. 


Example 27 


Sketch the curve y = 1 + cos x for 0 <x < л. This curve is rotated about the x-axis 
through 2л radians. Find the volume created in terms of т. 


yY=1+cosx 


4 


Fig. 17.5 shows the curve, which is у = cos x moved up 1 unit. 


The volume = f, п(1 + cos x)? dx 
л 
anf (1 +2 cos x + cos? x) dx 


=n (1 +2 cosx Lem ax) dx 


л 
3 1 
к], (3 +2cosx+ 2 cos 2x) dx 
2x E: +2 sinx +4 
1 
4 


2 4 
=n (9 42sinn+ 1 sin 2л) — (0) = units? 
2 2 


Exercise 17.7 (Answers on page 642.) 


1 Integrate wrt х: 


(a) sin 2x (b) cos 4x (c) sin 5 
(d) 3 sin 3x (e) sec? 3x (f) cos 2x~ sin x 
(g) sin x + cos x (8) cos? 5 (i) cos 5x 
0) (1-3) (К) sec? 3 () cos 2x—sin x 
(m) (cos x — sin х)? (n) 2 sin x + 1 sin 2x 
2 Evaluate 

ae 
(a) f; cos x dx (b) Ї sin x dx 

га 2 H 2 
(с) [ sin? x dx (4) J; sec? x dx 
(e) ІН (sin 2x — cos x) dx (f) fi (cos x + sin x)? dx 

: 0 

(g) J: sin dx (h) Г sin 3x dx 
: л : . т 
в) |А cos 3 4х Ф iP cos 2x dx 


(k) J? cos? x de 
0 
зж 21,1 ify = 2-5 
de = a + 2 COS 20, find y if y = 1 when 0 = 2. 


4 Find (a) the area of the region enclosed by the curve y = sin x and the x-axis from 
х= 0 to x 2 1t and (b) the volume created if this region is rotated about the x-axis. 


5 Differentiate iyu wrt x. Hence find the area of the region under the curve 


sin л 
у= те between x = 0 and x = 2. 
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6 The region bounded by the x-axis and the part of the curve y = 2 sin x between x = 0 
and x = m is rotated about the x-axis through 360°. Find the volume of the solid 
generated. 


7 Sketch the curves у = cos x and y= sin x for 0 < xs 5. 


Find (a) the value of x where the curves intersect, (b) the area of the region bounded 
by the two curves and the x-axis. (c) If this region is rotated about the x-axis through 
360°, find the volume of the solid created. 


8 Find the area of the region enclosed by the x-axis, the y-axis, the curve y = cos x and 
the line x = 5 If this region is rotated about the x-axis through 360°, find the volume 
created. 1 

9 Using an identity for cos 4x, find J cos? 2x dx. 


10 Sketch the curves у = cos x and у = sin 2x for 0 < x < 5. Find 
(a) the value of x where the curves intersect (apart from x = 5 ) апа 
(0) the area of the region enclosed by the two curves and the x-axis. 


11 (a) Show that 1799925 = sec? x- 1. 


(b) Hence find the value of |“ 422225 ax. 


12 By writing Зх as 2x + x, show that cos Зх = 4 cos? x — 3 cos x. 


x 
Hence evaluate Ї cos? х dx. 


SUMMARY 


| (axe by ax - 5:97 сүүж) 


* Product rule: If y —uv, 2 - v% + " 
: dy vit _ и 
© Quotient rule: Еу-%,-- гийн -=——=. 
y 
€ For x in radians, a and b constants: 


sin(ax + b) = a cos(ax + b), | cos(ax + b) dx = 1 sin(ax + b) + c 


cos(ax + b) --а sin(ax + b), [тах + b) dx = ~ 1 cos(ax + b) + с 


Fle |е. Fle 


tan(ax + b) = а sec*(ax + b), J ѕес2(ах + b) dx = 1 tan(ax + b) - c 


© To integrate sin? x or cos? x, use the identity for cos 2x. 
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REVISION EXERCISE 17 (Answers on page 642.) 


A 
1 If y= Түй» find. 2 


7 1-2 
Hence find the value of Ї, (ху dx. 


2 If y = x sin x, find 2 


3 Sketch the curve y= 1+2 зїп 5 forü & x «2m. If this part of the curve is rotated about 
the x-axis through 27 radians, find the volume produced. 


4 Evaluate f cos х dx when tan @ = = 2 (0<a<§ 5), 
0 2 
5 (a) Differentiate with respect to x р (Ax + 1), (ii) x tan 3x. 
(b) Given that xy? + y = x, obtain Ф іп terms of x and у. 


3 EM dy x2 
(c) Given that y=——,, prove that y = - Жаса 
Hence obtain the equation of the normal to the curve y= ES at the point on the 
curve where x = 4. (С) 


6 Calculate the area of the region enclosed by the curve у = sin x, the tangent at the point 
(0,0) to this curve and the line x = d 

7 Sketch the curve y = 1 тыр хех Зп. 
Show that (1 + sin х)? = 3 -2sinx- 1 cos 2x. 
Hence show that the Voluts of the solid of revolution formed when the region 
(os <х< 5 in) bounded by the curve y = 1 + sin х, the y-axis and the x-axis is rotated 


through one revolution about the x-axis is inon + 8). (C) 
‘1+ sinx $nx . _ ту 
8 Differentiate wrt x (a) a (011403 py ‚ (с) uoc , (d) 2x | 2x - 1). 


9 Find the equations of the two a to the curve x? + у? = 10 which are parallel to 
the line y + 3x = 1. 


10 (a) Express sin? x in terms of cos 2x and hence evaluate П 4 sin? х dx. 
(b) Find the area of the region bounded by the curve y = Xx , the x-axis and the 
lines x = —3 and х = 1. 
(c) The part of the curve y= ~y between x = 2 and x - 4 is rotated through 360° 
about the x-axis. Find the асо of the solid created. 


1 : За?” . 
П Ify= Ла” find the.approximate change іп y if х is increased by 2% when it has 
the value 0.75. 


12 Calculate the gradient of the curve y = 2-3 at the point where it meets the x-axis. 
13 Sketch the curve y =| sin x | for 0 < x < 27. 


2x 
Evaluate Í, | sin x | dx. 
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14 If r=avi—cos Ө, show that x = E cos 8, 
15 (a) Given that y = sin? x cos 2x, find the values of x (0 < x < л) for which 2 = 0. 


(b) Find the values of x (0 < x < 2л) for which y = туулах. is stationary. State the 
maximum and minimum values of y. 1 


16 If y = sin 20, find the approximate change in y when 0 is increased from 5 to 
п 
g + 001. 


17 Show that the function үсү is always decreasing for x > 1. 


18 Find E in terms of x and y if 2x? + y + 2x = 8. Hence find the gradient of the curve 
at the points where x — 1. 


19 If y =a sin 2x, where a is a constant, satisfies the equation у + 8y = 4 sin 2x, find 
the value of a. 


20 Given that г2(1 + cos Ө) = k, where К is a constant, show that 4 = 5 (ап 8, 


B 
2x 
21 Solve the equation f sin j dt = 0 for 0 < х < 27. 


22 Find g for each of the functions xy = a and y = NE + x? where a and k are constants. 


Hence show that the tangents at the point of intersection of the curves are per- 
pendicular. 


23 A particle moves in a straight line and its distance s from a fixed point O of the line 
at time / is given by s = 4 sin 2t. 
(a) Show that its velocity v and its acceleration a at time ¢ are given by 
y = 2N16 — s? and a = As.. 
(b) Find the greatest distance from O reached by the particle. 


24 Ata certain port the height h metres of the tide above the low water level is given by 

h = 2(1 + cos Ө) where Ө = 356 and t is the time in minutes after high tide. 

(a) What length of time is there between high and low tide? 

(b) At what rate is the tide falling, in metres per minute, 75 minutes after high tide? 

(c) A bridge is 10 metres above the low water level. A boat can only sail under this 
bridge when the distance between the water and the bridge is not less than 
7 metres. How long after high tide will it be before the boat can sail under the 
bridge? 


25 (а) Differentiate cot 6 wrt Ө. 
(b) A cone has a base radius r and a semi-vertical angle 0. Show that its volume 
yz inr cot 0. 


(c) ris fixed but 0 is measured as 45? with an error of 4%. Find the percentage error 
in the calculated value of V. 
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Calculus (5): 
e* and In x 


The function 1 cannot be integrated by the usual rule. So if this function is to have ап 
integral it cannot be an algebraic one but some other type of function. The story of its 
discovery is beyond our work but we can start with the origin of an important number in 
the story. 


This comes from asking what happens to the value of (1 + 3i as t — оо i.e. what is the 
: : 1% 
value (if апу) of lim (1 t 1)? 


We shall not be able to prove what this limit is but the following set of values made 
by a calculator will suggest an answer. 


t (1+ 1) 
100 (1.01)!® = 2.7048 
1000 (1.001)! = 2.7169 
10 000 (1.0001)!° % = 2.71815 
100 000 (1.00001)! % = 2.71827 
1 000 000 (1.000001)! 900 000 = 2.71828 
10 000 000 (1.0000001)10 000000... 2.71828 


As x increases, it appears that (1 + 1) tends to a value which is approximately 2.71828. 


This is true and we denote this limit by the letter е. Like л, е is an irrational number. 
Its importance is that it is taken as the base of natural logarithms, 1.е. log, x (written as 
In x.) 


Similar to other logarithms, In 1 = 0, In e = 1 and if 0 « x < 1, In x is negative. If 
x $0, In x is undefined. 

So for example, if y = e? then In y = 2x + 3; if у = 2e* then In у = In-2 + In e* = 
In 2 + 3x. 

We shall now see why such a strange number is chosen as a base for logarithms. 
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a In x 
dx 
Take у = 1п x and let x have an increment бх. Consequently, y has an increment бу. 


Then у + 8y = In(x + бх) and бу 21n(x + &x) — ln x = ө( tèc), 


Hence @ = р (2588) әш, 6. 


To make use of the above limit, write ы = i so ES = 


1 
Then È -ш(1418-11041). 
Now let 8x — 0. Consequently, бу — 0, a > 2. t — œ and (i + 1) >e. 


Using these, we have т. =l Ince = 1. as пе = log, е = I. 


This is а very important and simple result. It is the basis of the work in this chapter and 
shows why e is taken as the base of natural logarithms. 
Now using the rule for a composite function, we can differentiate In f(x). 


d 
— Inf 
ах (x) 
Suppose y = In f(x). 
Таке и = f(x) and so y = In u: 


dy _1 

Z=; and Ë = 4 х) = ҒО) 
фу 4 d ..fQ 
dx = х= хо) = 9 


Ехатріе 1 


Differentiate wrt х (а) In(ax +b), (b) In(x? — 3x 4- 1), (c) In sin 3x, (d) x In x, (e) ах. 


х+1 
(a) Here f(x) = ах + b. 
a 
аха 


ав (Хх) = £ (ax b) =a: 


In(ax + b) = 


In(2— 3х--1)- PL (as Ғоз-2х- 3) 


3 cos 3x. 
ѕіп:Зх 


Fle Slo Sle 


In: sin 3x = =3-cot3x: 
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(d) y =x lnx is a product of x? and In x. 
so 2 =2xInx+x2 2 Inx = 2xInxt+x2x E -2xlnx ex 


(е) у= ша is a quotient of two functions. 
1 
dy _ G*Dy-Inx  x«1-xlnx 
Hence чү = msi xD 


Example 2 
Find Ж ify = In(x 1 3х-2). 


We could‘ differentiate directly but it is easier to: simplify. the. logarithm’ first. 
In(x + D)(3x - 2) = In(x + 1) + In(3x - 2Y = n(x + 1) + 2 InGx— 2). Now differentiate: 


ау _1 «x 3 ) = 2-216040 - 9x- + 4' 
dx x+1 Зх -2 {x + Dx - 2) (x + Dx - 2) 


Example 3 


Fig. 18.1 shows part of a straight line obtained by plotting in y against x with two of 
the points оп ће line marked. Express y in terms of x and find (a) the value of y when 
x = —2, (b) the value of x when (i) y = 1, (ii) y = 2. 


In y 


Fig. 18.1 


The equation of the line will be of the form In.y = mx + c. 
Then 5:- m с (х = 1, Iny = 5 and9 = 3m + c (x = 3, In у= 9) 
Непсе:т.- 2 and c —3, giving In y = 2x + 3 soy = e**3. 
(a) y =e **35 —e (= 0.37 by calculator) 
(b) y L2e?89 so2x +3 = 0 and x 2 -1.5 
(1) 2.=.02*3 50 10.2 = 2x +3 and x= B2—3 (« -1.15); 
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Exercise 18.1 (Answers on page 643.) 
1 Differentiate the following wrt x and simplify where possible: 


(а) In 5x (b) In x (с) In(3x - 1) 

(d) In(sin x) (e) In(x + tan x) (f) In(cos 2x) 

(8) In(cos? x) (h) ш(зш 2) б) InQx: - 4x — 1) 
ф № ү2х-5 ® (5) 0) хіпх 

(m) nz (n) In(x cos x) (0) cos(in x) 

(p Inx In 3x (а) (2 + Din(x - 1) (D (nay 

(8) In(cos 3x) (D 0-1) 1 2x (и) In (x + sin x) 
(v) бх + 3)(2x— 1) (w) In (2=4) 


2 у= пбх + 1)(х— 2), show that 2 = 5221, 


З If y = In(3x + 1)(2x — 1), find and simplify 9. 


4 Given that у-1іһ(222), find 9 in its simplest form. 

5 Fig. 18.2 shows parts of two straight lines obtained by plotting In y against x for two 
different functions. Each has two points marked. Find for each function, (a) уіп terms 
of x, (b) the value of x when y = 1. 


Fig. 18.2 


6 State how the functions (а) y = e*? and (b) y = 3e™ can each be represented by a 
straight line graph and give the equation of each line. 


7 On graph paper, draw the graph of y = е^ for 0 € x < 2. By adding a suitable straight 
line, find an approximate solution to the equation e* + x = 5. 


8 Given that ех = 67099 and that In(3x + 4y) = 2 In 5, form two simultaneous equations 
and hence find the value of x and of y. 
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4 


9 Differentiate In(x — sin x). Hence find the gradient оп the curve у = In(x— sin x) where 


х=. 
sin x sinx _ 

10 Differentiate i.c у. Hence show that 5 Int sx = —6056С x. 
11 Differentiate талс. Hence show that ас å n = —sec x. 
4 е 
ах 
If y = e^, then In у = x. Differentiating both sides wrt x, : Ён =1so B = у= ех, 
Непсе 


This result makes e* a unique function. It is the only function whose derivative is itself. 
The gradient at a point on the curve y = e* equals the value of y at that point. (This was 
suggested in Question 3 of Exercise 15.3). 


d ew 
dx 
We can also differentiate composite functions of the type e™. 
If y = e™ and u = Қо), then y = е“. 
g = е“ and d = Р(х). 
а 4 
Hence Ё =a Х 4 = е“ f'(x) = fo)e. 


Example 4 


Differentiate (a) ез, (b) e*™, (с) xe, wrt x. 
dx — 2) =3 
dx 


(a) = = Зе? as 


(9 x езіп ж. -0 cos 2x) esin 2x 


(c) y = хе” is a product. 


Ф ше? + x(2e%) = 61-23) 
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Example 5 


Find the coordinates of the point of intersection of the curves у = е! and y = e and 
the gradient of each curve at that point. 


At the point of intersection, e?-! = 625 so 2х—1 = 2 - x and x = 1. The coordinates of 
the point are (1,e). 


For y = е2<!, 2 = 2e* = 2e when x= 1. 


For y = e?*, 2 = -е®* = —e when x= 1. 


Exercise 18.2. (Answers on page 643.) 


1 Differentiate wrt x: 


(a) e* (b) езе! (с) е 

(а) ex . (e) ecsx (f) хех 

(в) (2х – Фе? (h) e () ee 
хил CE 0 у 

(m) е (п) е-е (о) .e*(cos x — sin x) 
(p Gr + 2% (д) enx os 

(s) 2, (0 e% cos 2x (u) Z 

(у) xe (w) (e езу 


2 Find the coordinates of the point where the curves y = е and у = e** meet and the 
gradient of each curve at that point. 


3 Find the range of values of x for which (x — 3)e** is increasing. 

4 If y=xe* find 2 and ту, Hence find the value of x for which y has a stationary point 
and state the nature of that point. 

5 Given that у = х2е2:, find the values of x for which y is stationary. 


6 If y = (22 — 3)e7, find the values of x where y is stationary and the nature of these 
points. 


7 If y = & cos x, find 2 and ту, Use these to find the values of x (0 < x < 2л) where 


y has stationary points and state the nature of these points. 


8 Find 2 and 2 for y = e'(cos x + sin x). 


Hence find the values of x (0 <x < 2n) where y is stationary and the nature of the 
stationary points. 


9 Given that y = е: sin x, prove that zr - 22 %2у-0. 


10 Find the gradient оп the curve у = e? cos x where х = 0. 
11 Jf y = а", show that In у = x In a and hence find 2. 


12 1t £( SHE) = ©, find (9. 


Integration of and e?** ^ 


1 
ax4«b 
We can: now find an answer for | 1 dx. 


We know that 3 шх-і 50 | 1 dx - In х+ c. 
However we must be careful. If x «.0, In x is undefined. We can guard.against this by 
writing 


This is justified.as.shown in Fig. 18.3 which shows the two branches of the curve y = 


aI 


Fig. 18:3 


The area A = |. 1 dx = [m ЗЕ which is undefined. 


By symmetry however,.area A = area B = [n х} = [in |х ІК 
d. 


Further, since 2: In(ax b) = 45, 
then 


d 
Аз ас e? = ает", 


then: 


Note: These results only apply to the linear function ax + b: 
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Example 6 
Find (a) | (3x - 2)! dx, (b) 45; А (с) fie ах. 
а) | ак im|3x-2| c 


® Г =% -|-іші2-%(Г 


1 
(-іһі51)-(-4шіг|) 
--іШш5%1Шш8-ііһ2%е016 
Such results however are usually left in terms of In. 
3 3 
2-х - 2-х 
©) Ї цайсан [= 1 


з(-69)-(-0)--6141-1-3. 


Example 7 


Find the area of the region enclosed by the curve y = i, the x-axis and the lines 
х=1,х=3. 


3 
Ага-| 1 а= [m [xi] 21 3m 1 = In 3 units? 


Example 8 
1 

The part of the curve y = 50-28 between x = —3 and x = –1 is rotated about the x-axis 

through 360°. Find the volume of the solid created. 


-1 1 
Volume = Í, ху? dx = zf, xs dx 


-я|-а|2-А 2 = пп |3) -n-In | 5] = 2 units? 


Example 9 


The region enclosed by the curves y = æ and y = e^ and the lines x = 1, x = 2, is 
rotated about the x-axis through 360?. Find, in terms of e, the volume of the solid 
formed. 


Volume = x f^ е?) ~ (e) ах 
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2 2 
=n) (e** — e?) а-а ее jeT 


тее 2 & o &) _ hes 4 2 
-x(f-5)-x($-5 = q (€ – 3е' + 2e’) 


2 
= PE (e6 — Зе? + 2) units? 


Exercise 18.3 (Answers on page 643.) 


1 Find | 
(а) | eax о) | ex dx с) Је ак 
@ } зт E SE Ф [а-у ах 
в) |Ы а & (е Уах O Језа 
@ fetar OSEE o [52e 
2 Evaluate the following, giving the result in terms of e: 
-1 
(a) | ea ы Peta . © | eax 
Фф fer ax © | 2а о | era 
20. 1 
@ | ез ш] өзе 
3 Express the following in terms of In: 
2 1 2 4х 
e [ 35 ы | з о f cr 
|, 2- dx e [7 o |, £a 
W f -ra wf se @ (145 


Ao 2 28 e f Ф. 
XI = үү. Hence evaluate 2 8-1 


5 Show thi 414 2 2l. = =; and hence evaluate Ї --Ж-ч 
ом that ; 4 — x-2 7 24-648 5 26x48" 


4 Show that 


6 P is a function of ¢ such that a =e and P = 3 when / = 0. Find P іп terms of t. 


7 Calculate the area of the region enclosed by the curves у = e* and y = е? and the line 
х= 1. 


8 Find | 553 ax. 


1 
9 The part of the curve y= y3 between х= 1 and x = 3 is rotated about the x-axis 
through 360°. Find the volume-formed. 
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The gradient of a curve is given by Ф тсе and it passes through the point 
(0, 3) . Find the equation of the curve. 


Find the area of the region enclosed by е curve, the x-axis and the lines x = 0 
and x= 1. 


Sketch ће curves y = e and y = In x. 
Differentiate x In x — x wrt x and hence find fan x dx. 


Hence find the area of the region enclosed by these curves, the x-axis, the y-axis 
and the line x = 2. ^ 


Find the equation of the tangent to ће curve y =1п x at the point where x = 1. 
Find the area between this tangent, the.curve and.the line x = 2. (Use the result 
of Question 11(b).) 


SUMMARY 


fe =In|x|+c = 
J 


In x = log, х; e = 2.7183 


y=] x, x= е; if y=e*, ny =ax+b 


d, 241 94 cr 
ac Inx= 5 d ете 


E In f(x) = То) 2 ею = Родею 


4 
2 Injaxt+bl+c 


ехах=е+ с 


Note: f (ax + by dx = Gr t сог all-values:of п except n=]. 


REVISION EXERCISE 18 (Answers on page 643.) 


A 
1 Evaluate 
1 2 х 
(a) f el dx Ы) Í =. (с) |, ег? dx 
(д) Ї e" dr (kK is a constant) (e) Г e^ dx Ф Г 2 
е а 


2 Find the gradient of ће curve у = In(x + sin 2x) where x = Е 


3 Sketch the curve y = e* for x >.0 and find the area of the region enclosed by.the curve, 


the y-axis, the x-axis and the line x = 1. 
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4 Fig. 18.4 shows part of the curves у = е апа у =e” which intersect at P. Find (а) the 
coordinates of Р and (b) the area of the shaded region in terms of e. 


Fig. 18.4 


5 Find the values of x at the turning points on the curve у = (x? + х — 1)e* and determine 
the nature of these 2 


6 4 а (£2 1) = fO) find f(x). 


7 Show that | Sy dre 185. 


8 (a) Differentiate In(x Ax 1) wrt x simplifying your result. 


(b) Hence show that | маг dx = In Pa+1) + c. 


9 Find the value of x at the turning point on the curve у = nx and find whether it is 
a.maximum or.a minimum point. . 


10 Find the.approximate change іп In хі x.is increased from 2.to 2.01. 

11 If 2 = zl and y = 0 when x = 2, find the value of y when x = 1. 

12 Ify = e* — 2e", show that AX = 9y. 

13 Find the value of k if y = e* sin.2x satisfies the equation D + 29 + 5у = 0. 

14 If y= LL, find the value of 2 when x = 0. 

15 Given that у = ез sin bx, where a and b are constants, show that 
2 =.e"[(a? —.b?) sin.bx + 2ab cos bx]. 


1 
16 Differentiate (2x — 1) wrt x. Hence find the value of |, хех dx. 


17 Тһе part of the curve у = In x between x = 1 and x = е is rotated about the y-axis 
‘through 360°. Find the volume.of the solid formed. 
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-1- 
т. 

Непсе show m the area raf the region enclosed by the curve у = жай , the x-axis and 

the lines x = 2, x = 4 is 2 — In 3. 


19 Differentiate In (cos 3) wrt х. Hence evaluate Ї tan 5 dx. 
20 If y=e* cos 2x, find 2 e and express it in the form Re* cos(2x + о), stating the values 
of R and о. Hence express 73 s in a similar form. 


21 Show that y 2 x? ші ) has only one turning point and determine if it is а maximum 
or minimum point. Also find the value of y at the point. 


B 

22 Differentiate (a) In х, (b) х" wrt x. 

23 If xe - x 4 1, find È 

24 Given that y = cos(e*), show that ау - z + уе? = 0, 


25 Sketch the curves y = e" and у = 2 + 3e" and show that the coordinates of their point 
of intersection are (In 3, 3). Hence find the area of the region enclosed by the two 
curves and the y-axis. 

26 Differentiate In [x + Vx? — 1] wrt x. Hence find the value of [ Bu 

27 (a) Sketch on the same diagram the curves y = ё and y = e. 

(b) Add a sketch of the curve y = ie + е“). 


(с) у= le +e, find Z and (ŻY 
dy \2 
(d) Show that 1 + (2) = y. 
(e) The length s of the arc of a curve y = f(x) from x = a tox —b is given by 


СІНЕН dx. Find the length of the arc of y= lie? fromx--1 


tox - 1. 
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Parametric 
Equations 


In previous work, the equations of curves have been expressed in Cartesian form, i.e. as 
a relation between the coordinates x and y. Another method of stating the equation of a 
curve is to use a third variable, called a parameter. x and y are then each expressed in 
terms of this parameter. The equation of the curve is now given by two parametric 
equations. For example, the parametric equations of a curve could be x = 2t, y = ? where 
t is the parameter. This seems to be a more complicated way of describing a curve (two 
equations instead of one) but for many curves it can be more convenient . 

The parameter can be any suitable variable such as a number, an angle, a length etc. 
It must however satisfy two conditions: 
(1) each point on the curve must be related to a unique value of the parameter; 
(2) each value of the parameter must give the coordinates of only one point of the curve. 


The Cartesian equation of the curve is found by eliminating the parameter between the 
parametric equations. 


Example 1 


The parametric equations of a curve are x = 2t, у = В. Sketch the curve and find its 
Cartesian equation. 


As у = Ё, y is never negative. Also the curve is symmetrical about the y-axis. 


t = 0 gives the point (0,0), t = 1 gives the point (2,1), г = —2 gives the point (—4,4) and 
so on. 


If t > 0, x > 0 and x and y both increase as ¢ increases. 


If ¢< 0, x < 0. As t decreases, x decreases but y increases. 
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As t takes values from —ee to +, the point. (x,y) moves: along the curve.as shown in 
Fig.19.1. 


Y Fig. 19.1 
If x= 21, t= 5. 
Then у = 2 = (5 y and 4y = 


The curve is a parabola. 


Example 2 


n : : НЭХ: Ы "en A 
The parametric equations of a curve are x = тту, Y = үтү. Find its Cartesian 
equation. 


| We find ¢ in terms of x and y first. 


If x= then (1 + )x.=+t 


vege 


Ify= 157, then (1 + у=: Ё 
Divide (ii) by (i). Then z = t. Now substitute in (1). 
(1+ z)x= Ў which gives x+y = 2 or + xy y. 


х 


This could also be written as y = 1 —. 


Example 3 


Find the Cartesian equations of the curves. given by (a) x = sec Ө + 2, y = 3 tan. Ө, 
(b) x =3 sin Ө, y =-2 cos 20. 


(a) To eliminate the parameter Ө; we use the identity sec? Ө = 1 4- tan? 0. 
So rearranging and: squaring the two parametric equations, we have 
(х — 2)? = sec? 0 


(y =чап? Ө 
Subtracting, we get 
2 
с-29-( =1 
which reduces to 9x? — y? – 36x + 27 = 0: 
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(b) We use the identity cos 20 = 1-2 sin’ Ө 
Then 2 = 1-2(%) or 9y = 18 - 4. 


To find the gradient from the parametric equations 


Given the parametric equations for a curve y = F(x) we can find 2 by using the rule 


~Y = Ф х dx 
from Chapter 10: "rd х F 
Hence the gradient ә оп the curve у = F(x) given by the parametric equations x = 0, 
у= a(t) is 


Example 4 


np 1 B 2 1 E d Я 
A curve is given by the parametric equations X = тұт’ у=ту КЁ ind 


(а) 2 in terms of t, 
(b) the coordinates of the point(s) where the gradient is -3, 
(с) the equations of the. tangent and the normal at the point where t = 2. 


dy 
dy __dt 
(a) a ad бх 
dt 
dy 2 (:-421-282 _ 0+2) 
dr cp o (+e 
d 1 
and ф = я 


dy +D (1+0) _ 
Hence чү = RETA keg = -4(t + 2) 
(b) Ifthe gradient = —3, then —(Г+ 2) --3. 

So 2 +2t-3 =O ie: (t+ 3(t- 1) = 0 giving | = -3 or = 1. 

There are two points where the gradient = —3. 

When t = —3, х= – hy =- 3 ie. the point (- 1, - 2). 


When t 21, х= 1, y = $, ie. the point (14) 
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(с) When t=2, 2 =-8 and x= 3, y= $. 
The equation of the tangent at (4, 3) ву i -$ =-8 (x - 1) 
һе. y+ 8х = 4. 
The equation of the normal is y- $ = (х- 3 


ie. 24y – Зх = 31. 


Example 5 | 


The parametric equations of a curve are x = 2 + cos Ө, у = 3 +sin Ө. 

(a) Find the Cartesian equation. 

(5) Show that the curve is a circle with centre (2,3) and radius 1 and find the meaning 
of the parameter Ө. 

Find (c) the equation of the chord joining the points with parameters 0 and 5 and 

(d) the equation of the tangent where Ө = 38 А 


(a) From the parametric equations we obtain cos Ө = x — 2 and sin Ө = y 3. We use 
the identity sin? 0 + cos? 0 = 1 to eliminate 0. 


Then (y - 3)? + (x 2} = 1 ie. 2 + у? — 4x — бу 12 = 0. 


The equation (x — 2)? + (y — 3)? = 1 states that the distance of the point (x,y) from 
the fixed point (2,3) is always 1. Hence the point P(x,y) must move on a circle 
with centre C(2,3) and radius 1 (Fig.19.2). 


Fig. 19.2 


If we draw the lines CR and PR parallel to the x— and y-axes respectively and take 
ZPCR - 6, then CR - cos 0 and RP - sin 0. The coordinates of P will then be 
(2 + cos Ө, 3 + sin Ө). Ө is the angle between CP and the x-axis. As Ө varies from 
0 to 27, P describes the circumference of the circle. 
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(c) 


If 0 2 0, х= 3,y=3 ie. the point A(3,3). 
If@ = 5,x=2,y=4 іе. the point B(2,4). 


The equation of AB will be i = i їе. х+у= 6. 


= соі 38 = 1,х=2 + сов ES = 1.29, 


y=3+sin 3 2371. 


So the equation of the tangent is y – 3.71 = x — 1.29 ie. у= x + 2.42. 


Example 6 


The parametric equations of a curve are x = 2t - 1, y=? +1. 
(a) Find the Cartesian equation. 
(b) If the tangent at a point P (parameter p) passes through the point (2,3), find the 


(c) 


(а) 


value(s) of p. 
Find the equation of the tangent to the curve which is parallel to the line 
yt2x-3. 


If x = 2t — 1, then г = ar 


Then y = (2+1) + | ie. 4y =x? 4 2x +5. 


So the gradient of the tangent at P = p. 


The coordinates of P are (2p — 1, p? + 1) and the equation of the tangent is 
y~ (pP? 1) = p(x — 2p + 1) and this passes through (2,3). 

Hence 3 — p? – 1 = р(2 — 2p + 1) which reduces to p? - 3p + 2 = 0 

ie. (p - 2)(р — 1) = 0 giving p = 1 or 2. 

The gradient of у + 2x = 3 is —2 and the gradient of the tangent to the curve is 7. 
Hence t = 22. 

When ¢ = -2, x = -5 and y = 5. 

So the equation of the tangent is y – 5 = (x + 5) ie. y + 2x = —5. 
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Example 7 


A curve is given by x = = 2. y= a Т 


Find the values of t and the.coordinates.of the points where the curve meets the line 
given Бух-2р-1, у= 2-р. 

We find the Cartesian equation of the line first. x = 2(2— y) — 1 giving x + 2y = 8. 
Now substitute x = Lt and у= Жо 1 in.this equation. 


t+3 6t _ 
f-1 + тг 73 


ie. t+ 3.4+.6t = 32 — 3 which reduces to. 3 — 71-6 = 0. 


Hence (3t + 2)(t ~ 3) = 0 giving г= — 2 or 3. 


7 -2%3 
The points are therefore | —; 


Example 8 


1 


The equation of a curve is x —y’ = 4. If x is expressed as t + $ in terms of a parameter 


t, find the parametric equation for y. 


We have (1+ t] -y 24ie o£ «2 1-4 (r- 1) 


Example 9 


In Fig.19.3, A is the point (3,1) and B (t, 0) is-a variable point.on the x-axis. BCD is 
perpendicular to АВ where C lies on the y-axis and BC = CD. 
(a) Find the coordinates of C in terms of t. ` 
(b) Hence state the parametric equations of the locus of D as t varies and find its 
Cartesian equation. 
y 


(а) The coordinates of В are:(t,0) where tis a parameter. 
The gradient of AB = sh so the gradient-of BCD =.¢ –.3. 


Тһе equation: of BCD is y.=:(t —.3)(х —1).and:this-meets the y-axis where x =:0. 
The-coordinates: of Care therefore (0, -1(t — 3)). 


(b) АЛосиѕ іѕ ће set of:all the possible positions a point can take. In this.case, the 
locus of D will be:the.curve on which D lies. If the coordinates of D аге (p,q).and 
Cis the midpoint of BD, then 


0-23(p0iep--t 
and (t 3) = 3(q +0) ie.q = 2t(t 3). 


Hence ‘the parametric equations.of the locus of Dare x = +t and у= —2r(t — 3). 


Substituting t = — in the equation for y, ће Cartesian equation of the:locus of D 
will be y = 2x(-x —3) i.e. у= —2x(x-4- 3). 


Exercise 19.1 ‘(Answers on‘page.644.) 


1 Find, in as simple a form as possible, :the Cartesian equations of the following curves: 


(а) х-3сов0Ө,у-2 sin Ө (Ы) x=1+4+2-cost, y= 1—3-sin¢ 
© x= ys | (d х=г+1,у=-—1 

() x2 t* т,у=2-1 (f х= зіп 26, у = cos Ө 

48) х= 1-1), у= ё (0) х= 1217, ҮГ 

() х-28-1,у-1-4 G) x-22cos28,y21-cos0 . 
(0 xst- yore] 0) xs5yeYr-1 

(m) x= ztpyc2-3 0) x= e", y= 3e? 


2 Find the gradient on the curve x =0 —cos 6, у = 1 — 2 sin 0 atthe point where 0 = п. 
3 Find 9 in-terms of t forthe curve x = ше y= I. 
Hence find the equation of the-tangent and the normal where.t = 2. 


4 The parametric equations of a curve.are x = D у= Qt- 1}. 
Find the equation of the normal where t = 1. 


5 By finding x? + y?, deduce:the-Cartesian equation of the:curve given'by 
цай ih 
ХЭ ару We 0 ' 
Describe:the curve. 


6 Find the values of t and ‘the coordinates :of :the points where the -curve ‘given Бу 
x=P—1, y= 3t meets the line given by x = m — 1, y = 2m + 1. State the values.of. m 
at these points. 


7 Acurve is given by x —£— 1, y = £ + t. Find the values of t where 
(а) :the normal to the curve.is.parallel to the line 3x + у= 5, 
(b) the turning рой is. 
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8 A curve is given as x = 3 — 2/, y = t(1 — f). Find (a) © in terms of ¢, (b) the equation 
of the normal which is parallel to the line x + y = 2. 


9 A is the point (240) and B the point (0,t), where t is a parameter. P is the midpoint of 
AB and the line through Р perpendicular to AB meets the y-axis at Q. (a) Find the ` 
equation of PQ in terms of г and (b) the coordinates of Q. (c) Hence show that the 
lengths of AB and PQ are equal for all values of t. 


10 The parametric equations of a curve are x = Ê + t, y= 2t— 1. 


Find the values of t and the coordinates of the points where the curve meets the line 
y=2x-3. 


11 A curve is given in terms of a parameter Ө as x = 2 cos 0 ~ sin Ө, у = cos Ө + sin Ө. 


Express sin Ө and cos Ө in terms of x and у and hence find the Cartesian equation of 
the curve. 


12 The equation of a curve is (x — 1)y = 222, By taking у = tx, find parametric equations 


. for the curve in terms of t. 


13 P is the point (27,2), where t isa parameter. The line through P with gradient t meets 


the axes at A and B. 

(a) Write down the equation of the line APB. 

(b) Find the coordinates of A and B. 

(c) Hence find parametric equations (in terms of г) for the locus of M, the midpoint 
of AB. 

(d) Obtain the Cartesian equation of this locus. 


14 Show that the equations x = 2 + 5 cos Ө, y = —1 + 5 sin Ө represent a circle and state 


its radius and the coordinates of its centre. 


15 The Cartesian equation of a curve is y? — Зу — 2x + 2 = 0. If the parametric equation 


for y is y = 1 — t, find the corresponding equation for x. 


16 (a) The parametric equations of a curve are x = 1 +t cos 45°, у= 2 + t sin 45°. Find 


the Cartesian equation and state what type of curve this is. Interpret the meaning 
of the parameter £. | 

(b) Find parametric equations for the straight line through the point (—2,3) whose 
gradient is 2, . 


17 A straight line with gradient — passes through the variable point (21,0). Another line 


with gradient ¢ passes through the point (0,24). If the lines intersect at a point Р, find 
parametric equations for the curve on which P will lie as / varies. 


18 A curve is given by x = t 3, y = Ê + 8t. Show that the line y = 4x + 8 is a tangent 


to the curve and find the coordinates of the point of contact. 


19 The line 4y + x = 16 is a tangent to the curve given by x = 4t, y = 4. Find the 


coordinates of its point of contact. 
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2-2 = 31 
20 The parametric equations of a curve are x = 5 12J7 151; 


(a) Find the values of ¢ where the curve meets the line x + y = 4. 
(b) Find Ф in terms of ѓ and hence find the values of г where the tangent is parallel 
to the line у = 2x + 3. - 


21 A curve is given by x = t, у= 2 +2. 
(a) Find the equation of the tangent where x = t. 
(b) If this tangent passes through the point улыг find the values of 1. 


22 If the parametric equations of a curve are x= 2 +,у= 2+ + L find (a) the Cartesian 
equation, (b) the equation of the tangent at the Жон whee x=0. 


23 А line with variable gradient m passes through the point (4,2) for all values of т and 
meets the y-axis at P and the x-axis at Q. 
(a) Find the coordinates of P and Q in terms of m. 
(b) If M is the midpoint of PQ, find parametric equations in terms of m for the curve 
on which M will lie. 
(с) Obtain the Cartesian equation of this curve. 


24 P is a fixed point with coordinates (4,3). A line through P with gradient ¢ meets the 
y-axis at Q and a second line through P with gradient 1 meets the x-axis at К. Find 
(a) the equations of PQ and PR, and 
(b) the coordinates of Q and R in terms of t. 
(c) Misthe midpoint of QR. Obtain parametric equations for the locus of M and also 
the Cartesian equation of this locus. 


SUMMARY И 
€ Тһе Сагіеѕіап equation of a curve is а relation between the coordinates хапа у: 


e Patamietric equations of a cürve are in the form x= f(), y= g(f) where ris a parameter. 
Any value of ¢ gives one e point c on the curve and each point 9r ne curve has a unique 
"Value of t. 


% For parametric equations, 2 = 


Бай lie 


REVISION EXERCISE 19 (Answers on page 645.) 
А 


1 The parametric equations of a curve are x = 32, y = 2P where 1 is a parameter. 
(a) Find the equation of the tangent and of the normal at the point with parameter 
-2. 
(b) Derive the Cartesian equation of the curve. 
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2 Find the Cartesian equations of the following curves: 
(a) х= 2 cos 9, у= 3 іп? 8 
(D х= 20+ 1), у= 1-1 
(с) х=1- 1,у= 21+ 1 
(d): x = е”*!, у =:2е7-! 
(e) х= 2e”, y=e* 


3 The equation of a curve is given in: terms of a parameter 0.as х = sec Ө:+ 2 tan 0, 
у = 3'sec Ө- tan Ө. Express sec Ө and'tan Ө іп terms of х and y and hence find the 
Cartesian equation: of the curve. 


4: (а) A curve is.defined parametrically by: 
1 1 
x=3(t+ D, y=2(t- 4), 
(i) Write down the gradient. of the. curve at the:point. whose parameter is 2. 
Gi) Write down: and’ simplify. expressions for 2x + 3y and 2x — Зу in terms of 
t and hence obtain the Cartesian equation:of the.curve. 
(b): The straight line 3x — 4y — 15 = 0 intersects the:curve whose parametric equations 
are x = 50, y=. 10¢ at two points. 
(1) Calculate tlie value of rat each. of these points of intersection. 
(ii). Prove that the tangents to the curve at the points of intersection are perpen- 
dicular to: each other. К ! i (©) 


- 
ты 


5: A: curve is:defined’ parametrically, by. the equations x = 1-5; Y = тут. 
Show that: 2 = t(t + 2). | 
Find' (i) Ше value-of tat the point: where the tangent:is parallel to the tangent at the 
point: where t = —3;.(ii) the equation-of the normal at the point where t=—3. (С) 
6. A curve is given by. the parametric equations х= 2? — 3t, y= P—8t+ 1. 
(a): Find: 2 in terms of'n. 
(Б). Find the value: of fat. ће turning point and. the: equation. of the. tangent: at that 


point. 
(c). Find’ the. value: of t at the point where the: tangent is parallel: to ће line 
у+2х=3 


7 (a) The parametric equations of a curve агех = 37+ 1, у= 20. 

A point. P on the: curve: lias parameter p: Given: that: the tangent at Р passes 
through: the point. (1, —8):calculate:the possible values of p. 

(b). The Cartesian. equation of а: curve is: y(y — 2) = x. Given that x is defined 
parametrically by x.= £ — 1 and that.y =.4 when.t = 3, express y in terms of t. 

(c) The parametric equations.of a.curve are x = P — t, y = Ё + t 
Express ` in terms- of t in the simplest possible form.. Hence, or otherwise, find 
the: Cartesian equation of the curve: | (С)- 


8 The line y = tx meets a line through the point (1,0):at right angles at the point P. Find 
(а) the coordinates of P in terms of t and'(b) the Cartesian equation of the locus of P. 
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Given that Р апа Q are points оп the curve with parameters 0 and 2 respectively, 
G) find the equation of the chord PQ, Gi) show that 9 =--C* and hence find the 
equation of the normal at P. . 

Find the points of intersection-of the curve with the line у = x. (C) 


9 A curve is given parametrically by the equations x = Sem. уз 


10 The parametric equations.of a curve are x =f + 1, y= (4-2) 
Find the values of t where the tangent is parallel to the line y = x + 2. 


11 (a) Obtain the Cartesian equation of.the.curve whose parametric equations аге 

xz14l,yz2n( 1). 

(b) For.the curve whose equation is x?  4y? — 8y = 0,.a parametric form for y is given 
by y = 1 + sin Ө. Obtain, in its simplest form, a corresponding parametric form 
for x. 

(с) The parametric equations of:a curve.are x = Ё-+/, y = 2+ 1. 
Obtain the equation of the tangent-at each of the two points where this curve 
meets the y-axis. Calculate the:coordinates:of the point:of intersection of these 
tangents. (O 


12 A curve has parametric equations х= 4 — 3t, у = 91 —.£). Find the equations-of the 
tangents which pass through the point (2,6). 


13 (a) The coordinates of a point are. given parametrically by the equations 
3t. 2+4 
1-233 7 4-2: 


Find, i and hence, or otherwise, obtain the Cartesian equation which corre- 

: цо to the above parametric equations. 
(b) Write down the equation of.the straight line having a gradient of —t and passing 
through the point (0,2). This line meets the.line x +.t(y + 1):=.0іп the point:(X,Y). 
Obtain expressions for Х and Y іп terms of and hence.evaluate X + Y. (С) 


14 The parametric equations of.a curve аге given. ot x = ae™icost, у = ае! sin t, where 
a is a constant and ¢ is a parameter. Show that 2 = tan (- т) ; 


15 The position vector г of a point P is given by г = (¢ — 1)i + (2 2)j where t is a 
parameter. 
(a) State the parametric equations for the locus of P and obtain the Cartesian 
equation of this locus. 
(b) Find the position vectors.of the points where.the curve meets the line 2x + y = 3. 


B 


16 Fig. 19.4.shows a vertical circular disc centre C and radius 2:which is rolled along the 
horizontal line AB. P is the point of contact with AB at the start and as the disc is 
rolled, P describes a curve known as a cycloid. When the disc has turned through an 
angle 0, P is at the position P". 
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(а) Taking Р as the origin of coordinates, show that the parametric equations for Р” 
are x = 2(6 — sin 9), у = 2(1 — cos Ө). 
(b) What is the value of Ө when Р reaches the line AB again for the first time after 
the start? 
dx ауу 2206 
(с) Show that ( Чё «( de) = 16 si? 5. 
(d) The length s of an arc of a curve, given in terms of a parameter 0 is 


b 
Ї 4 ( ey * (ФУ 49 where а and b are the values of the parameter at the ends 


of the arc. Using this, find the length of one arch of the cycloid. 


17 By taking у = іх, find parametric equations for the curve x? + у? = 3xy. Hence find the 
equation of the tangent at the point where ¢ = 1. 
18 A curve is given by x = 2 cos? t, у = 2 sin? г where t is a parameter. 
(a) Find a in terms of t and show that the equation of the tangent at the point with 
parameter p is x sin p + y cos p = sin 2p. 
(b) This tangent meets the axes at P and Q. Show that the length of PQ is constant 
whatever value p has. 
(c) Obtain the Cartesian equation of the curve. 
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Revision Papers 
6-10 


PAPER 6 (Answers оп page 645.) 
1 (a) Find x if (1.2 = (2.1) 
(b) Solve the equation log, x + об — 5) = 2. 
ах 
2 Evaluate (а) |], = (5- (5-1, (9) -5 5y —x? ORFS 5-x' 


3 Given that 222 + ax? + bx + 6 has factors (2x — 1) and (x + 2) find the Зай of a and 
of b. With these values, find the remaining factor. 


4 (a) Sketch the curve y = 1 + ех. 
Find (b) the equation of the tangent to this curve at the point (1,1 + е) and (с) the 
coordinates of the point where this tangent cuts the y-axis. (d) Hence find the area 
enclosed by the curve, this tangent and the y-axis. [Leave your answer in terms of е.) 


5 Express cos x + 2 sin x in the form R sin(x + 0), where © is acute. Hence solve the 
equation 2 cos x + 4 sin x = 1 for 0? « x « 360°. 


6 (a) Find 2 ify- (42) , simplifying your answer. 
1 
(b) Hence evaluate IK ay dx. 


7 The values of x and y in the table below are believed to fit the equation y = ax". 


IMALE 
[as на тэ | наас 


By drawing a suitable straight line graph, estimate the values of a and n to 2 
significant figures. ` 
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8 Fig. R6 shows part of the graphs оҒу = sin x and y = cos 2x for 0-< << 5. Find: 
(а) the x-coordinate of A and (b) the shaded area. 


Fig. R6 


9 (a) Find an expression for the sum of the first terms of the AP 8; 11, 14, ... and'find 
the value of: if the sum 15-148. 
(Б) The sum of the first three terms of a GP is 35 and the 3rd term is; greater than the 
first їегт Бу. 15: Find the first term and.the common табо: 


10: A: curve is given by the parametric equations x =? + 1 — 1 yztt 1, | 
Find the coordinates of the. turning: points:on the curve: | 


PAPER 7 (Answers on page 645.) 
1 (а) Differentiate:x. sin x + cos x wrt x. 
Hence etu |; х эш хаах. 


(b) Given that Z ay = eS , find.y if.y = 2 when x = 1. 


2 A straight line with variable gradient m is drawn through the point (1,1) and meets the 
x-axis at. A.and the y-axis.at B. The rectangle AOBT іѕ drawn, where О is the origin. 
(ay Find the coordinates-of T in:terms of т. 

(b) Hence find.the. Cartesian equation. of. the locus of. T as т varies. 


З (a) Find the values of x at the turning points onthe curve y = (?— 2)e** and the nature 
of these points. 
(b). Given that ¢° = e? and that In(8x + 3y) = 2 1n 7 find the value of x and of y.. 


(c) Find and simplify 2 if y = (2x - 3)(х + D: 


4. (a) Prove that 2(3 cos А.- 2 sin A)(3 cos А + 2 sim А) = 13'cos 2A-+ 5.. 
(b) Solve the equations 


0) cos 8 -04, 
(i) 2 sin? Ө = 3(1 + cos 0) for 0? 50-5 360°. 
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5 (a) Solve the equation 2х? — 93? + 12х.— 4 = 0: 
(b) If the remainder. when f(x) is divided by х- 2.15 3,.what:is the remainder. when. 
f(x + 1) is divided by х ~ 1? 


` 6 Values of x and у were found by experiment and are given in the following table: 


x|2 4 6 8 10 | 12 
9 56 аа (зэв | зө нө) 
It is known that these values satisfy the equation у = ах? + bx where а and b аге 


constants: Ву. drawing a suitable straight line: graph, find: approximate values for 
а and b. 


7 (a) Show that the tangent to tlie curve у= е? where x = 1 passes through the origin 
and-find the area enclosed by this tangent, the curve and the-y-axis in terms of e. 


(b) EU (буа Х (ii) E wit x: 


он Г 3% =n 2; find the value of a. 


8 (а) Ifthe nth term of an arithmetic progression is 4”-7, find the sum of the first 40 
terms. 
(b) A geometric. progression has first term:a and common ratio г. 
Given that the sum of л terms is 422, show that 


аҥ”! = ee 


If, in addition, the first and-nth:terms:are 32 and. 162 respectively, find r and n. 
(С) 

9 (a) Find 2 if xy? + 3х = 8- 2y.. 
(b) The parametric equations of a curve are x = 21 — 3, y = Ё. Find (i) the Cartesian. 


equation of the curve, (ii) the values of k i£the tangent at the point with parameter. 
k passes through the point (2;4). 


10 (а) Prove the identity cot 0 — cot 20 2 cosec 20. 
Hence solve Ше equation cot Ө = cot 20 + 3 for 0? € 0 x 3602, 
(b) If cos2A = =, where A is an acute angle, find the value:of tan. А without using 
tables.or a. саса: 


PAPER 8 (Answers on page 645.) 


1 (a) Evaluate (i) [2 ef ax, (а 5. 
(b) Differentiate In.x Nx? + 1: wrt x, simplifying your answer.. 
о If 3 - + түз = 5 05у forall values of x except 3 and -2, find the 
values-of.a and b. 


2 
Hence find the value of Ї SU L dx. 
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2 Express 3 Sin x + 2 cos x in the form R cos(x — о) where œ is an acute angle. Hence 


find the maximum and minimum values of 3 sin x + 4 cos x and the values of 
x (0? € x € 360°) where they occur. 


3 (a) If T = In2x — 1), find the approximate change in Т when x is increased from 
2 to 2.01. 
(b) Sketch the curve y= 1 + 2 sin 2 їог-л хєл, 


Given that cos 5 = ын find the area of the region bounded by the curve, the 


x-axis and the lines x = д, x = m. (Leave the answer in terms of T). 


4 (a) Given that A is an acute angle and that tan A — 3, find (without using tables or 
a calculator) the values of (i) sin A, Gi) cos 2A, (iii) sin А 


(b) Ву expanding both sides of the equation 2 sin(x + 60°) = cos(x — 30°), show that 
tan x = —cot 30°. Hence solve the equation for 0° < x < 360°. 


5 (a) When In y is plotted against x for a certain function, a straight line is obtained 
passing through the points (1,3) and (3,-1). Express y in terms of x. 

(b) A production line assembling computers is to be run down. Production started at 
500 per week but this is reduced by 15% each week. When production first 
reaches 100 or less computers in a week, the line will be shut down at the end of 
that week. For how many weeks will it be operated? 

(c) Solve the equation x? + 12 = x2 + 8x. 


6 (a) AGP with r >O is such that the sum of the first two terms is 7 and the third term 
is 22. Find r and the sum to infinity. 
(b) The fourth term of an AP is 14 and the eleventh (and last) term is 35. Find the 
sum of the last 6 terms. 


7 Measured values of x and y are given in the following table: 


"It is known that x and y are related by the equation y? = а + bx. 
Explain how a straight line graph may be drawn to represent the given equation and 
draw it for the values given. 
Use the graph to estimate the value of a and of b. Estimate the greatest possible value 
of x. (C) 
8 (a) Solve the equation 32:2 — 10(3) + 12 0. 
(b) On the same axes, draw the graphs of y = In(1 + х) and y= 1 for i <х<4, From 
your graph, find approximately 
(1) the solution of the equation x In(1 + x) = 1 and 
(ii) the value of ei, 
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9 (a) If y = In(tan x), show that ЧУ = aia v Hence find | cosec se dx. 


(b) Calculate the area of the region enclosed by the curve y = Xy the x-axis and 


the lines x = 2,х- 4. 


(c) Given that sin y = e*, show that 2- = tan y. 


10 The parametric equations of a curve are x = 2, y = t — 18. Find 


(a) E in terms of t, 


(b) the coordinates of the turning points of the curve, 
(c) the values of ¢ where the tangent to the curve is parallel to the line 3y = 4x + 2, 
(d) the Cartesian equation of the curve. 


PAPER 9 (Answers on page 646.) 


1 (a) 
(b) 
2 (a) 


(b) 
(c) 


3 (a) 


(b) 


Differentiate wrt x à) +4 LE. , (ii) (x — 2(2x — 3) simplifying your answers. 


Evaluate (i) Га 3 "m Ї 2 cos 3x dx. 


The first 3 terms of a GP are x + 1, x — 3 and x — 6. Find 


(i) the value of x, (ii) the sum to infinity of the GP. 
Find the sum to infinity of the GP i + m + is +... 


The sum of the first five terms of an AP is 55 and the sum of the four terms from 
the 6th to the 9th (inclusive) is 116. Find the AP. 


Fig. R7 shows part of the curve у = cos x. Find the shaded area. 


Fig. R7 


Sketch the curve у = е”, Find 

(i) the equation of the tangent to the curve where x = 0, 

(1) the x-coordinate of the point where this tangent meets the x-axis, 

(iii) the area of the region enclosed by this tangent, the curve, the x-axis and the 
line x = 2. 

[Leave your answer in terms of e]. 
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4 (а) A particle moves іп a straight line from a point О in the line so.that, £ seconds 
after leaving O, its velocity, vm 87), is given Бу v = 1001 — €^). Calculate 
(i) the acceleration of the particle when г = 2, 
(ii) the Е of the particle from О when f= 2. 


(b) Show that Ї uy Ё т dx = 6.59 approximately. 


(с) Fig. R8 shows part of the curve у? = x + 1 which intersects the axes at A.and В. 
Calculate the shaded area enclosed between the curve and the line AB. (C) 


Fig. R8 


5 Solve the equations 
(a) log,2x – 3) + log(x + 1) = 1. (b) 25+ 23" 26 
(c) 342 220, 


6 (a) Find the values of ғ and the coordinates of the points where the curve given by 
= 021+ 1), y = t + 1 meets the line given by x = 2 - 47, y = 2T + 1. 
(b) Given that f(x) = x? + ax? + bx + 3 and 4 f(x) each has x — 1 as a factor, find the 
values of a and b and hence factorize f(x). 


7 Sketch the curves y - and у? =x for x » 0 and y > 0. 


(a) Find the coordinates of the point of intersection of the curves. 
(b) Calculate the area of the region enclosed by the curves and the line x = 4. 
(c) If this region is rotated about the x-axis through 360°, find the volume created. 


8 The equation of a curve is x(? — 1) = 3. 
(a) If the parametric equation for y is y = 1, find the corresponding equation for х. 
(b) Find the equation of the tangent to the curve at the point where t = 2. 
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9 Variables х and y are believed to be connected by the equation 2 + H = 1. The 
following set of values was obtained in an experiment to test the equation: 


By drawing a suitable straight line graph for these values, show that the equation is 
true and estimate the values of a and of b. 


10 (a) Solve, for 0° < x € 360°, the equations 
(1) 3 cos 2x =2+cosx, (ii) cot 5 z-].15. 


(b) If tan A = 2 tar B, show that tan(A — B) = Биг 


PAPER 10 (Answers on page 646.) 


1 (a) The first term of a GP is 3 and the common ratio is 4. 
Find the greatest number of terms which can be added for their sum to be less 
than 200. 


(b) An AP has 15 terms and the last one is 44. The sum of the last ten terms is 305. 
Find the AP. : 


2 (a) The polynomial 23? + x? + ax + b has (x — 2) ав a factor and leaves a remainder 


of —4 when it is divided by (x — 1). Find the values of a and of b and hence 
factorize the polynomial. 


(b) Without using tables or a calculator, find the value of 
log, 24 — log, 6 + log, 64 — 2 log, 4 . 
(c) Solve the equation 2? + 1 = 23, 


3 (a) Differentiate wrt x: (i) tan 5 (ii) sin? 2х (iii) V1 + sinx 


(b) Given the curve y = 22 + 4, find (i) the equation of the tangent where x = 2, 
(1) the coordinates of the point where this tangent meets the curve again. 
(iii) Find the area enclosed by this tangent, the curve and the line x = 1. 

4 (а) 0) If t — tan 5, show that sin 2 = S and find a similar expression for 


Ға 
“Сов 2 in terms of ¢. 


(ii) Hence show that sin x = 1 2 z and that cos x = Hi. 

(iii) Using these results show that the equation cos x = 2(1 + sin x) reduces to the 
equation 32 + 4 + 1 = 0 and hence find the values of x which satisfy the 
equation for 0? < x < 360°. 

(b) G) Differentiate tan? x wrt x. 


(ii) Show that tan* x = sec? x tan? x — sec? x + 1. 


= 
(iii) Hence, using these results, find Ї tan* x dx. 
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5 (a). Differentiate ёс wit X. 


Hence evaluate 21 3 
(b) Given that y = (2х — pen + 1), find the values of x for which ® = = 0. 
(c) Given that xy + xy? = 1 — y, find 2 in terms of x and y. 


6 (a) A particle moves on a straight lis so that its velocity v m 57 t seconds after 
passing through a fixed point О on the line is given by у = 1267 5, (i) State its 
velocity at О. Find (ii) its acceleration 3 seconds after passing O and (iii) its 

“ displacement from О at that time. 


(b) Find the values of (i) p st L ах, (ii) у5 е-1 dx. 


7 (a) Sketch the graph of y = In x for x > 0. pea xe* = 7,39 in the form 
In x= ax + b and state the values of a and of b. Insert on your sketch the additional 
graph required to illustrate how a graphical solution of the equation xe* = 7.39 
may be obtained. 
(b) Given that log, x = r and log, y = s, i n ху? and 5 E as powers of 3. 


Hence, given that xy? = 81 and — 5. ш 1, determine ihe value of r and of s. (C) 


8 A curve is given by the parametric icu х= (t-2Y, y 2 1 — 4. Find 
(a) the equation of the normal at the point where / = 4, 
(b) the value of 2 where this normal meets the curve again, 
(c) the Cartesian equation of the curve. 


9 Differentiate (х + 1)In(x + 1) — x wrt x and hence find | In(x + 1)dx. 
Sketch the curve y = e* — 1. Using the result found above, find the area of the region 
between the part of the curve y = e — 1 from x = 0 to x = 1 and the y-axis. 
10 The parametric equations of the curve on which a point P lies are x = 10r, 
у = 30; – 52. | 
(a) If O is the origin, state the gradient of ОР in terms of t. 


(b) Find the gradient of the tangent to the curve at P. 
(с) Find the values of t for which this tangent is perpendicular to OP. 
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Kinematics 


STRAIGHT LINE MOTION 


Kinematics is a branch of Applied Mathematics that deals with the study of the motion 
of a body without taking into consideration how the motion is caused. In this chapter, we 
will study the motion of a particle moving in a straight line. 

We have already discussed in Chapter 10 the concept of velocity as a rate of change 
of distance in a given direction, and acceleration as the rate of change of velocity. We will 
now develop further the relations between distance, velocity and acceleration. 

Consider a particle P moving along a straight line Y'OY (Fig. 20.1). 


ү 


Fig. 20.1 ү' 


The position of the particle is given by its displacement from a given point O. The term 
displacement, if you recall in Chapter 8, is a-vector defining the distance in a given 
direction. In Fig. 20.1, the displacements of the particle above О are taken to be positive 
and those below O are taken to be negative. Similarly, the velocity and acceleration of the 
particle would be directed quantities, being positive if they are in the direction OY and 
negative if they are in the direction OY'. 
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s-t GRAPHS 


Displacement 
sm 


Fig. 20.2 


Fig. 20.2 is a graph showing the relation between the distance or displacement 5 (іп 
metres) and time / (in seconds). It is called ап 5-і graph. We have already learnt that the 
gradient of the graph = represents the velocity in m 57. From the graph, we note the 
following facts. 


1 The starting or initial position A of the body is 3 m from a reference position O. The 
initial velocity is given by the gradient at À and is positive. The body is moving away 
from O in the positive direction. 


2 From A to B, the body moves further away from O but its velocity is decreasing, as 
the gradient is decreasing. 


3 At B, 7 m from О and 5 s from the start, the gradient is zero, i.e. the velocity is zero. 
The body is momentarily at rest. 


4 From B to C, the gradient is negative. Hence the velocity is negative, i.e. the body is 
moving back towards O and arrives there after 8 s from the start. Note that the dis- 
tance travelled up to this time is 4 + 7 = 11 m but the displacement from О at this time 
is zero. As this graph always shows the displacement of the body at any time, it is 
better described as a displacement-time graph. 


5 The body reaches position D (4 m from O in the opposite direction to B) after 10 s, 
and is again momentarily at rest. 


6 From D to E, the body is now moving in the positive direction and reaches O again 
after 12 s from the start. 


If s is given as a function of 2, the velocity can be found by obtaining the value of i 
Otherwise, an approximate value can be obtained by fitting a tangent to the curve and 
measuring its gradient. ` 
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у-і GRAPHS 


Another useful graph is the y-t graph, which relates velocity to time. Fig. 20.3 shows ап 
example of such a graph. 


vms’ 
B 
10 А 
; E 15 
Fig. 20.3 0 5 1012 


The gradient of the graph, 2 , represents the acceleration. There is no indication of the 
displacement of the body. From the graph, we note the following facts. 


1 The body starts at ¢ = 0 from rest (i.e. with zero initial velocity). From O to A, the 
velocity increases until it reaches 10 m $ at time 5 : Ми OA is a straight line, the 
acceleration is constant or uniform and is equal to 10 =2 m s?. At A, the accelera- 
tion ceases. 


2 From A to B, the body moves with uniform velocity (10 m 57). 


3 From B toC, the velocity decreases steadily. The acceleration is negative. A negative 
acceleration is called a deceleration or a retardation. In this cas“, the retardation is 
uniform and is equal to 10 =5 m s?, The body comes to rest again at = 12 s. 


Area under the у-і Graph 


The area under a у-/ graph provides us with additional information. In the centre part 
of the graph in Fig. 20.3, the body is moving with a uniform velocity of 10 m s~! for 
5 s. Hence the distance covered is 50 m. The area under this part of the curve is 
10ms?x55s- 50 m. So the area under a v-t graph is numerically equal to the distance 
covered by the body (strictly speaking, the displacement of the body). 

If v is measured in m 87 and ¢ in s, the area will give the distance in m; if v is in 
km h“ and t in h, the area represents the distance measured in km. 


(In calculus, the area under the graph would be [v dt = =] ® dt = а = 5 with the 
appropriate limits taken). 


Example 1 


A train starts from rest from station P and accelerates uniformly for 2 min reaching 
a speed of 60 km Ic. It maintains this speed for 10 min and then retards uniformly for 
3 min to come to rest at station Q. Find 

(a) the distance PQ in km, 

(b) the average speed of the train, 

(c) the acceleration in т 57. 


The v-t graph is shown in Fig. 20.4. OA is a straight line as the acceleration is uniform. 
AB is a straight section parallel to the t-axis as the velocity is constant at 60 km hr. 
BC is also straight, with negative gradient, as the retardation is uniform. v is marked 
in km hr! and, to be consistent, ¢ is also marked in h. 


vkm h" 


1 
Fig.20.4 30 


(a) The area under the graph represents the distance travelled. 
Area of trapezium OABC = ¿(AB + OC) х 60 


= 1010, 15 2 
= 2066 + 60 х 60 = 12.5 — 
Hence ће distance PQ is 12.5 km. 

total distance travelled. 


(b) The average speed = fe teken 


4. 
(c) To find the acceleration in m 87, we work in m and s. 


60 x 1000 50 
eu cA = wv -1 
Now 60 kmh = -x60 = 3 MS 
50 
3 


Hence the acceleration = Do 0.14 т 87, 
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Ехатрїе 2 


Ап MRT train starts from station X and accelerates uniformly to a speed of 20 m s^. 
It maintains this speed and then retards uniformly until it comes to rest at station Y. 
The distance between the stations is 2 km. The total time taken is 2 min. If the 
retardation is twice the acceleration in magnitude, find 

(a) the time for which the train is travelling at constant speed, 

(b) the acceleration. 


We first draw the v-t graph (Fig. 20.5). OA is à straight line as the acceleration is 
uniform. AB is a straight line parallel to the t-axis as the speed is constant. BC is also 
straight, with a negative gradient, as the retardation is uniform. v is marked in m s”, 
while 118 marked in s to be consistent with v. 


vs" 


20 


Fig. 20.5 


Suppose the train takes г, t, and t, seconds for the 3 parts of the journey as indicated 
in Fig. 20.5. | 
(а) The train travels at constant speed for г, seconds. 

The total time taken is 120 s, i.e. f, + t, + t, = 120 s. 


The area under the graph represents the distance travelled, i.e. area of trapezium 
OABC E the distance between station X and station Y or 2000 m. 
Therefore i 54, + 120) x 20 = 2000 
t, + 120 = 200 
t, = 80 
Hence the train travels at constant speed for 80 s. 
Let the acceleration be a m 87. 


Then the retardation is 2a m s~. 
The gradient of OA gives the acceleration 


Similarly, retardation is given by 
2 ens 
= 10 


We know that the journey takes 120 s 
ie.. 1-%1,%1,- 120 
so 20 +80+ 10 2120 
which simplifies to 2 + 1 =4or 3 -4 
giving a = 3, 


Hence the acceleration is 3 m 67, 


Ехатріе 3 


Acar is travelling at a constant speed of 72 km їг! and passes a stationary police car. 
The police car immediately gives chase, accelerating uniformly to reach a speed of 
90 km it! in 10 s and continues at this speed until he overtakes the other car. Find 
(a) the time taken by the police to catch up with the car, 

(b) the distance travelled by the police car when this happens. 


Тһе у-і graphs of the car and the police car are shown in Fig. 20.6. The constant speed 
of the car is represented by the straight line PQ. OAB is the graph of the speed of the 
police car. 


Fig. 20.6 


We work in m and s, so 72 km Ir! = 20 m s and 90 km h” 225 ms". 


(a) Let the time taken by the police car to overtake the other car bet s. 
When this happens, both cars would have covered the same distance, therefore 
area of OABC - area of OPQC | 
їе. Мгз(-101х25-20х: 


Verify that this gives / = 25 5. 
Hence the police car takes 25 8 to catch up with the car. 


The distance travelled by the police car is the same as the distance covered by the 
other car, and this is 20 x 25 = 500 m. - 
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Exercise 20.1 (Answers on page 647.) 


1 А car starts from rest, accelerates at 0.8 m s? for 10 s and then continues at a steady 
speed for a further 20 s. Draw the v- graph and find the total distance travelled. 


2 А car starts from rest, accelerating at 1 m s? for 10 s. It then continues at a steady 
speed for a further 20 s and decelerates to rest in 5 s. Find (a) the distance travelled 
in m, (b) the average speed іп m s^! and (c) the time taken to cover half the distance. 


3 Two cars start from the same place. One accelerates at 1 m s? for 10 s, the other 
accelerates at 0.8 m s? for 20 s. Both cars continue with the speed then reached. How 
long after the start will the second car overtake the first and in what distance? 


4 А car accelerates from rest to reach a certain speed in 10 min. It then continues at this 
speed for another 10 min and decelerates to rest in a further 5 min. The total distance 
covered is 17.5 km. Find the steady speed reached. 


5 Two trains A and B, starting together from rest, arrive together at rest 10 min later. 
Train A accelerates uniformly at 0.125 m s? for 2 min, continues at the steady speed 
reached for another 4 min and then retards uniformly to rest. Train B accelerates 
uniformly for 5 min and then retards uniformly to rest. 

Draw both journeys on the same у-/ graph and find 
(a) the distance (in m) travelled, 

(b) the acceleration of train B, 

(c) the distance between the two trains after 3 min. 


6 A саг travelling at a constant velocity of 20 m s^! passes a stationary sports car. Ten 
seconds afterwards the sports car accelerates uniformly at 3 m s? to reach a speed of 
30 m s! with which it continues. Draw ће v-t graphs of both cars together and find 
when and where the sports car overtakes the first car. 


7 Inrising from rest to rest in 8 s, a lift accelerates uniformly to its maximum speed and 
then retards uniformly. The retardation is one-third the acceleration and the distance 
travelled is 20 m. Find the acceleration, the retardation and the maximum speed 
reached. 


8 An electric train takes 3 min to travel between two stations 2970 m apart. The train 
accelerates uniformly to a speed of 18 m s and then travels for a time at this speed 
before retarding uniformly to rest at the second station. 

Yf the acceleration and retardation are in the ratio 2:3, calculate the times for which the 
train was accelerating and travelling at steady speed. 


9 An electric train accelerates uniformly from rest to a speed of 20 m 57 which it 
maintains until the brakes are applied. It is then brought to rest by a uniform retarda- 
tion equal in magnitude to twice its former acceleration. The total distance covered 
is 7.8 km and the total time taken is 7 minutes. Sketch a velocity-time diagram. 
Calculate А 
(a) the time for which the train is travelling at constant speed, 

(b) the initial acceleration іп m 57. (С) 
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10 


11 


12 


13 


A cyclist starting from rest accelerates uniformly to his maximum speed of 10 m 87 
which he then maintains for the next 3 km. He then applies his brakes and decelerates 
to rest at a rate numerically equal to four times his previous acceleration. Sketch a 
velocity-time diagram. 

Given that the total distance travelled by the cyclist is 3.1 km, calculate 

(a) the time during which acceleration takes place, 

(b) the time during which deceleration takes place, 

(c) the total time for which the cyclist is in motion. (С) 


А car accelerates uniformly from rest to reach a speed of V m 87 in 5 seconds. It 

travels at this speed for 20 seconds and then decelerates uniformly to come to rest in 

a further ¢ seconds. 

(a) Sketch the у-/ graph for the motion. 

(b) If the distance travelled while decelerating is 3 of the distance travelled while 
accelerating, find the value of t. 

(c) Given that the total distance travelled was 637 m, find the value of V. 


A train moves with a constant speed of 20 m 57! for 10 seconds. It then accelerates 
uniformly during the next 5 seconds to reach a speed of V m 87! when it decelerates 
uniformly to rest in the next 4 seconds. 

(a) Sketch a v-t graph for the journey. 

(b) If the total distance travelled was 385 m, find the value of V. 


Due to track repairs, an electric train has to decelerate uniformly from a speed of 

20 m s"! to a speed of 10 m =". It then travels at this speed for a certain time after 

which it accelerates uniformly at half the magnitude of the rate of deceleration to 

reach a speed of 30 m 87. 

(a) Sketch a v-t graph. 

(b) Given that the total distance travelled was 3100 m and that the total time taken 
was 220 seconds, calculate the times during which the train was decelerating and 
accelerating. 


14 A train travels from station A to station B. It accelerates uniformly from rest at A to 


reach a maximum speed of 90 km Ihr! in 30 seconds, then travels at this speed for 190 
seconds, after which it slows down uniformly to come to a stop at B. The rate of 


deceleration is 15 times ће magnitude of the rate of acceleration. Calculate 


(a) the rate of acceleration in m 82, 
(b) the distance (in km) between the stations. 


CONSTANT ACCELERATION 


Let us consider the special case of motion in a straight line when the acceleration (or 
retardation) is constant. We can then derive a set of equations which will be useful in 
solving problems connected with constant acceleration. Suppose a body, moving with 
constant acceleration a, has initial velocity и. At time /, let its displacement be s and its 
velocity be v (all in consistent units). The v- graph is shown in Fig. 20.7. 
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velocity 


Fig. 20.7 time 


1 Acceleration = gradient of AB 


V-H 


ie. a ш-- 
от at = у-и 
Rearranging, 
(i) 
2 The area under the graph represents the displacement. 
Hence 
i) 
3 Substituting for v in equation (ii), 
з= (и+и+айхї 
Simplifying, 
(iii) 
4 From equation (i), ғ = (454) 
Substituting for t in equation (ii), 
з= 5(и+ 216259) 
ie. 2as- у2— ц? 
or 
(iv) 


These four equations are applicable only to a body travelling in a straight line with 
constant acceleration (or retardation in which case the value of a would be negative). 
They can be used to solve problems instead of using а v-t graph or in conjunction with 
it. Solutions will often involve solving simultaneous equations. 
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Example 4 


A particle travelling in a straight line with constant acceleration 4 m s? passes a point 
О when its velocity is 12 m s”. It passes another point P after a further 3 s. Е ind the 
velocity of the particle at P and the distance OP. 


Let us consider the motion of the particle from the moment it passes O. Suppose the 
velocity of the particle at P is v m 87 and the distance OP is s m. 


Using the equation у= и + at, 
we have у= 12 + 4(3) 
= 24 


Hence фе velocity of the particle at P is 24 m 87. 
Using the equation 5 — HC +у) хі 
ме ћауе з= 1(12+ 24) х3= 54 


Hence the distance OP is 54 та. 


Example 5 


A particle, moving іп a straight line with constant acceleration, travels 10 m in the 


first second and 15 m in the second second. Find 
(a) its initial velocity, 

(b) its acceleration, 

(с) the distance travelled in the third second. 


velocity m 57 


Fig. 20.8 


The у-4 graph is shown in Fig. 20.8. 


Let the initial velocity be и m s' and the acceleration be a m 87. 
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Consider motion in the first second. 

Using the equation 5 = ut + Зав, 

we have 10-и + За 

or 2u +а= 20 0) 
Similarly, consider motion in the first two seconds. 

We have 25-их241 хах? — 

or 2u + 2а = 25 


Solving equations (i) and (ii), we obtain 
и = 7.5 anda=5 


Hence (а) the initial velocity is 7.5 m 87 

and (Ы) the acceleration is 5 m 572. 

(c) The distance travelled in the first three seconds is s m given by 
5275x324 1х5х3%=45 


Hence the distance travelled in the third second 

= distance travelled in 1st 3 seconds — distance travelled in ist 2 seconds 
= (45 — 25) т 

= 20m 


Example 6 


A bus leaves a bus stop and accelerates uniformly for 10 s over a distance of 100 m. 
It then moves uniformly with the speed it has attained for 30 s and finally retards 
uniformly to rest at the next stop. If the two bus stops are 1 km apart, find 

(a) the maximum velocity, 

(b) the acceleration, 

(с) the total time taken between the two stops. 


Тһе v-t graph is shown in Fig. 20.9. Consider motion in the first 10 s. 


velocity m 57 
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(a) Using the equation s= iQ + у) x t, the maximum speed v m s^ is 
given by 100 = io жуух 10 giving v = 20. 
Hence the maximum speed is 20 m 57. 


(b) Using the equation v = u + at, the acceleration a m s? is given by 
20 = 0 +ах 10 giving а- 2. 
_ Hence the acceleration is 2 m s?. 


Let the total time taken be / s. 
Area of OABC represents the distance travelled which is 1000 m. 


ie. 1(30 +À х 20 = 1000 giving г = 70. 
Hence the total time taken is 70 s. 


Example 7 


Two particles P and Q are moving on the same horizontal line towards each other. P 
passes a point A on the line with speed 8 т ғ! and constant acceleration 3 ms. 
Simultaneously, Q passes a point B on the line with speed 4 т 5! and constant 
acceleration 3 m s?. Given that the distance AB is 64 m, calculate 

(a) the time taken for the particles to collide, 

(b) the distance from A of the point of collision. 

(a) Let the time taken be / seconds. 


Using the formula s = ut + зай, Р will travel a distance of 8r + 1 х ӛр т апа 
О a distance of 4t + 3 х Зат 

These distances total 64 m. 

Then 8t & $P +4r+ $P = 6A ie. 2 + 12r — 64 = 0. 


Hence (t + 16)( ~ 4) = 0 giving ѓ = –16 (not admissible) or t = 4. 
So they collide after 4 seconds. 


The ee from A of the point of collision is then 
8х4+ 3 x 16=38m. 


Exercise 20.2 (Answers on page 648.) 
(All accelerations are to be taken as uniform and in a straight line.) 


1 A particle starts with velocity 3 m s"! and accelerates at 0.5 m 52. What is its veloc- 
ity after (a) 3 s, (b) 10 s, (c) £ s? How far has it travelled in these times? 


2 A body, decelerating at 0.8 m 5°, passes a certain point with a speed of 30 m 87. Find 
its velocity after 10 s, the distance covered in that time and how much further the body 
will go until it stops. 
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3 A particle travelling with an acceleration of 0.75 m s? passes a point О with speed 
5 m 57 How long will it take to cover a distance of 250 m from О? What will its speed 
be at that time? 2 


4 Ifa particle passes a certain point with speed 5 m 87 and is accelerating at 3 m 57, how 
far will it travel іп the next 2 s? How long will it take (from the start) to travel 44 m? 


5 Acar, retarding uniformly, passes over three cables, P, Q and R set at right angles to 
the path of the car and 11 m apart. It takes 1 s between P and О and 1.2 s between О 
and R. Find 
(a) its retardation, (b) its velocity when it crosses P, 

(c) its distance beyond R when it comes to rest. (C) 


6 A car, slowing down with uniform retardation, passes a stationary man. 20 s after 
passing the man the car is 40 m from him and 30 s after passing him it is 50 m away. 
Find the speed of the car as it passed the man. Find the distance from the man where 
the car comes to rest. Draw a sketch of the v-t graph. 


7 Abody passes a certain point À of the straight line on which it is moving with uniform 
acceleration. One second afterwards it is 11 m beyond A and in the next second it 
travels a further 13 m. Find the velocity it had when passing A, and how far it travels 
in the third second after passing A. 


8 A particle starting from rest moves with constant acceleration x m s? for 10 s; travels 
with constant velocity for a further 10 $; and then retards at 2x m 57? to come to rest 
300 m from its starting point. Find the value of x. . (C) 


9 A body is travelling along a straight line with constant acceleration a m s?. The body 
passes a fixed point О on the line with velocity и m 87. Between 4 s and 5 s after 
passing O, the body travels 10 m. Between 6 s and 7 s after passing O, the body travels 
12 m. Calculate the values of u and а. (O 


10 A body travelling in a straight line with a uniform acceleration of a m s? passes a 
point О with a velocity of u m s^. During the first 5 seconds after passing О, it trav- 
els 45 m and during the next second it travels a further 15 m. Calculate the value of 
а and of u. 

Calculate the velocity of the body when it is 140 m from O and the time taken to reach 
this point. (C) 


11 Two particles A and B are moving in the same direction on parallel horizontal lines. 
They pass a certain point О at the same time, A moving with a speed of 3 m s~! and 
constant acceleration 0.5 m s? and B moving with a speed of 4 m s~! and constant 
acceleration 0.2 m 82, : 

If the speeds of A and B are equal after / seconds, calculate 
(a) the value of f, 
(b) the distance between the particles at that time. 
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12 Two particles Р and Q are moving on the same horizontal straight line towards each 
other. Р passes a point A on the line with speed 4 m 57 and uniform acceleration 
1 m s?. At the same instant, О passes a point B on the line with speed 6 m 577 and 
uniform deceleration 0.5 m s?. If the distance АВ is 44 m, calculate 
(a) the time taken for the particles to collide, 
(b) the distance from A of the point of collision. 


13 When t = 0 (where t.denotes time in seconds), a particle A moves from a point О 
along a straight line with initial velocity и m s” and constant acceleration a m 57. 
When t = 4, a particle B moves from O along the same straight line with initial 
velocity iu m s^ and constant acceleration 2a m 872. 

Given that, when t = 16, A is ahead of B, obtain, in terms оЁи and a, an expression 
for the distance between the particles at that time. 

Given also that this distance is 12 m, and that the velocity of A when / = 16 is 
10 m 87, calculate (i) the value of u and of a. Hence calculate, when ¢ = 18, (ii) ће . 
distance between the particles, (iii) the difference between their velocities. (C) 


14 Particles A and B are moving along horizontal straight lines which lie in the west-east 
direction. At a certain time, A passes a point P moving to the east with speed 5 m 57 
and constant acceleration 1 m 572. 

Simultaneously, B passes a point О east of P with speed 4 m 87! towards the west 
but with constant acceleration 2 m s? towards the east. 
Given that the distance PQ is 28 m, calculate 
(a) the distance of A from P when B reverses direction, 
(b) the time taken after the start for A to overtake B, 
(c) the further time taken for B to overtake A. 


15 A particle A moves along a horizontal straight line with a steady speed of 10 m 57. 
At a certain instant, another particle B is at rest 100 m ahead of A and starts moving 
away from А with a constant acceleration of a m 57. 

(a) Show that the shortest distance between A and B occurs when they have the same 
speed. ' 

(b). Hence find ап expression for the shortest distance between A and B in terms of 
а and find a if the shortest distance is 25 m. 


VERTICAL MOTION UNDER GRAVITY 


An important case of motion in a straight line with uniform acceleration is that of a body 
moving in space under the influence of a gravitational force. This will be discussed 
further in Chapter 24. For the present, the following facts may be stated. 


1 The earth (or moon or any planet) attracts bodies near it. This force of attraction is 
called the gravitational force. It produces an acceleration towards the centre of the 
earth in any body free to move. 


2 This acceleration due to gravity depends on the distance from the centre of the earth. 
Near the surface, it is about 9.8 m s? (= 10 m 572). It is slightly less near the equator 
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than near the poles, as the earth is not a perfect sphere. (Note: On the surface of the 
moon, the acceleration due to the gravity of the moon is about 1.62 m 57.) 


3 The symbol g is used to denote the acceleration due to gravity. At the same place, g 
is the same for ай bodies. Ignoring air resistance, a piece of paper and a stone would 
each fall with the same acceleration g, and theoretically, if they are released simulta- 
neously from the same height, they would hit the ground at the same time. 


In our work, we will ignore the effect of air resistance. We will also take g as 10 m s? 
unless otherwise stated. 

The positive direction of motion must first be stated very clearly so that all vector 
quantities can take their proper signs. In Example 9, since the upward direction is 
positive, g is negative and so is the displacement s below 0. 


Example 8 


A stone is dropped from the top of a building of height 20 m. Find the time it takes to 
reach the ground and the velocity with which it hits the ground. 


Fig. 20.10 


The initial velocity is 4 = 0. 

Let the time taken be г s and the velocity with which it hits the ground be v m s^. 
The positive direction is taken to be vertically downwards (Fig. 20.10) and the 
acceleration is 10 m s?. 


Using the equation s = ut + тай, 


ме һауе 20=0+ $x 10x? 


giving 2=4 
ie. t =2 (only the positive value is taken, as the negative value is meaningless) 


Hence the time taken is 2 s. 


Using the equation v = u + at, 
we have yv=0+10x2=20 


Hence the velocity with which it strikes the ground is 20 m 57. 
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Example 9 


A particle is projected vertically upwards with a velocity of 30 m s” from a point О. 
Find . 

(a) the maximum height reached, 

(b) the time taken for it to return to O, 

(с) the time taken for it to be 35 m below 0. 


upward downward 
motion motion 


Ї 
Ї 
| 
| 
! 
| 
| 
| 


| Fig. 20.11 


Take the positive direction as vertically upwards (Fig. 20.11). 
The initial velocity и is 30 m 87. 


(a) At the maximum height, Р m, the velocity v is 0. 
The acceleration a is -10 m s?. 


Using the equation v? = ин? + 2as, 
we have 0230 +2 х (C710) x A 
giving ћ = 45 
Hence the maximum height reached is 45 т. 
(b) When the particle returns to О, the displacement s is 0. 
Using the equation s = ut + Зар, 


we have 0=30xr+ 2 x(10)xP 

ie. 5? -30r-0 

giving t = 0 (at start) 

and t = 6 (when particle returns to О) 


Hence the time taken for it to return to O is 6 s. 
(c) When the particle is 35 m below O, the displacement 5 is -35 m. 
Again using the equation s= út + laf, 


we have -35 = 30 хг+ 5 х(—10)х? 
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Simplifying, Ё-6-7-0 
or (t+ 10-7) 20 
giving t = —1 (not admissible) and г = 7. 


Hence the particle will be 35 m below O after 7 s. 


Example 10 


A particle P is projected vertically upwards from О with velocity 40 т s”. One second 
later, another particle Q is projected from O with the same vertical velocity. After 
what time and at what height will the two particles collide? 


Let the time of collision be t s after the projection of P. 
This will be the same as (7 — 1)s after the projection of Q as Q is projected 1 s later. 


Let P and О collide at height Л m above О. 
Take the positive direction as vertically upwards. 


Consider the motion of P. 
At the time of collision, the displacement is hm. 
Using the equation s = ut + hat, 
we have h=40xt+ $ х CIO) x? 
which gives һ = 40t— 5? AD G) 
Similarly, for the motion of Q, 
we have h = 40(t - 1) + 2 х C10) x (r — D? 

z40(t— 1) - 5(t—- 1 
ог h = 50t — 5? — 45 ; ] (ii) 
Solving equations (i) and (1), we obtain ¢ = 4.5 and Л = 78.75. 
Hence the particles collide 4.5 s after the projection of P at a height of 78.75 m. 


Exercise 20.3 (Answers on page 648.) 


1 A ball is thrown upwards with a velocity of 12 ms“. How high does it reach and how 
long does it take to get there? 


2 А particle, thrown vertically upwards, reaches a height of 5 m. What was its initial 
velocity? 


3 From the top of a cliff 50 m above sea level, a stone is thrown vertically upwards with 
a velocity of 15 m 57. After how many seconds will it hit the sea and with what 
velocity? 
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4 A ball is dropped from a height of 40 m. Simultaneously and vertically below it, a 
second бай is thrown vertically upwards with a velocity of 20 m s^. At what distance 
from the ground do they collide? 


5 A stone is thrown vertically upwards with a speed of 25 m 57. At what times is it 
5 m above the ground? 


6 A ball is dropped from a height of 5 m onto a concrete floor and rebounds with a 
speed 0.8 times the downward speed on arrival. Find the height reached from the 
rebound. 


7 A stone is thrown vertically upwards with a speed of 10 m 87. One second later a 
second stone is thrown vertically upwards with a speed of 20 m 8". At what height 
above the ground do they collide? 


8 Two rockets are fired vertically from launching pads side by side. The first rocket 
moves vertically upwards with an acceleration of 6g and the second with an accelera- 
tion of 8g. If the second rocket is fired 1 s after the first, find how long after its 
launching the second rocket overtakes the first. (C) 


9 From the top of a vertical tower 246 m high, a stone is projected vertically downwards 
with a speed of 8 m 87. After x seconds, another stone is projected vertically upwards 
from the level of the base of the tower with a speed of 25 m 57. Given that the two 
stones are first at the same height 6 seconds after the projection of the first stone, 
calculate ' 

(а) the value of x; | 
(b) the velocity of the second stone at this instant. (С) 


10 A particle is projected vertically upwards and is at a height of 20 m after 4 seconds. 
Calculate 
(а). its initial velocity, 
(b) the maximum height reached. : 
(c) Find in which direction the particle is moving after 4 seconds. 


11 A rocket is fired vertically upwards from the ground. After 1 second it has reached a 
height of 15 m. Calculate 
(a) its initial velocity, 
(b) the time taken to reach its greatest height, 
(c) the greatest height reached, 
(d) the length of time during which the rocket is higher than 15 m. 


12 When a balloon is at a height of 20 m above the ground, it is rising vertically with a 
speed of 5 m 87 and constant retardation. It comes to rest 60 seconds later. Calculate 
its maximum height above the ground. 

When the balloon is at rest, a stone is dropped from it and falls freely to the ground. 
Find the speed with which it reaches the ground. 


13 Two missiles A and B are each fired vertically upwards from ground level. The initial 
speed of A is 3 times that of B. After 2 seconds, both missiles are moving upwards 
and A is 80 m higher than B. Calculate 
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(а) Ше initial speeds of A and В, 
(b) how much higher A will rise than B, 
(c) the height of A when B reaches its maximum height, 


14 A stone is dropped from the top of a tower 125 m high. When it has fallen 20 m, a 
second stone is thrown vertically downwards with speed V m s^! from the top of the 
tower. If the two stones reach the ground at the same time, calculate the value of V. 


15 A helicopter, initially at rest on the ground, rises vertically with constant acceleration. 
When it is at a height of 60 m, its upward speed is 5 m s^. When it is at a height of 
240 m, and still rising, an object A is released from the helicopter. 

Calculate (i) the initial velocity of A, (ii) the time that A takes to reach the ground. 
After A is released, the helicopter continues to rise with a different constant accelera- 
tion. When it is at a height of 350 m and rising with a speed of 15 m 57, a second 
object B is released. (iii) Show that B takes 10 seconds to reach the ground. (iv) Find 
the time that elapses between the impacts of A and B on the ground. (C) 


“SUMMARY 


E “Бог ап st graph, gradient of graph represents velocity. 


ә Peri a v-t graph, gradient of graph represents acceleration; - 
2 : : ciárea under graph represents displacement: 


@ Equations of motion with constant acceleration: 


v-ucat 
85200869. 
FEE ай 

y = w+ 245 


> where з= displacement, u= initial velocity, | velocity at timet, ` Цэ 


= acceleration. 


-ө For motion under giavity: accclerütior is is g "towards the centre of the earth 
(8 =10:т ee and е4 damos of motion. аге applicable, B. 


REVISION EXERCISE 20 (Answers on page 648.) 


1 From a point 120 m above ground level, a stone is projected vertically upwards with 
a speed of и т 57, If the stone rises to a height of 5 m above the point of projection, 
calculate 
(a) the value of u, 

(b) the time the stone takes from projection until it reaches ground level, 
(c) the speed of the stone at ground level. (C) 
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Two particles A and В are moving in the same direction on parallel horizontal tracks. 
At a certain point the particle A, travelling with a speed of 7 m 87 and accelerating 
uniformly at 1.5 m s? overtakes B travelling at 3 m 57! and accelerating uniformly at 
2.5 m 872. Calculate the period of time which elapses before В overtakes A. 

If, after this time, B then ceases to accelerate and continues at constant speed, 
calculate the time taken for A to overtake B again. 


A particle is projected vertically upwards from the ground with a speed of 36 m 87. 
Calculate 

(a) the time for which it is above a height of 63 m, 

(b) the speed which it has at this height on its way down, 

(c) the total time of flight. . (С) 


From the foot of a vertical cliff 28.8 m high, a stone was projected vertically upwards 
' во as just to reach the top. Find its velocity of projection. 
One second after the first stone was projected, another stone was allowed to fall from 
rest from the top of the cliff. The stones passed one another after a further t seconds 
at a height Л m above the ground. Calculate the value of г and of h. (C) 


Two particles, X and Y, are moving in the same direction on parallel horizontal 
tracks. At a certain point О, the particle X, travelling with a speed of 16 m 87 
and retarding uniformly at 6 m s?, overtakes Y, which is travelling at 8 m 57 and 
accelerating uniformly at 2 m 57. 

Calculate 

(a) the distance of Y from O when the velocities of X and Y are equal, 

(b) the velocity of Х when Y overtakes X. (C) 


A particle X is projected vertically upwards from the ground with a velocity of 
80 m 57. Calculate the maximum height reached by X. 

A particle Y is held at a height of 300 m above the ground. At the moment when X 
has dropped 80 m from its maximum height, Y is projected downwards with a 
velocity of v m 57. The particles reach the ground at the same time. Calculate the 
value of v. (C) 


A man running a 100 m race accelerates uniformly from rest for the first T seconds 
and reaches a velocity of 10 m 87. He maintains this velocity for the rest of the race. 
His time for the race is 12 s. Sketch a velocity-time graph. 

Calculate 

(a) the value of T, 

(b) the acceleration, 

(c) the distance the man runs before he reaches his maximum speed. (C) 


А car moves along a straight level road, accelerating from rest at a constant rate for 
9.6 s over a distance of 5, m until it reaches a speed of V m s~. Express 5, in terms 
of V. 

It then accelerates at a constant rate of 2.5 m s? over a distance of S, m until it reaches 
a speed of 25 m s''. Express 5, in terms of V. 

Given that the car has now travelled a total distance of 152 m, calculate the possible 
values of V. Using the smaller of these values, calculate the time taken to attain a 
speed of 25 m s! from rest. (C) 
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9 A motorcyclist travelling along a straight road passes a fixed point O with a speed of 
20 m s~ and continues at this speed for t, seconds. Over ће next г, seconds he accel- 
erates at a constant rate to a speed of 30 m 57. He then brings the motorcycle to rest 
in a further t, seconds by retarding at a constant rate. His acceleration and retardation 
are of equal magnitude. 

(а) Sketch a velocity-time graph to illustrate the motion of the motorcyclist after 
passing O. 

(b) Obtain an equation connecting t, and t,. 

(c) Given that the total distance and the total time represented by the graph are 
748 m and 40 s respectively, calculate. 1,1, and £, ^ (C) 


10 During a certain stage of its journey, a train decelerates uniformly from a speed of 
25 m 87 to a speed of 15 m 67 which it maintains for a time before accelerating 
uniformly to its former speed of 25 m 87. Sketch a velocity-time graph to illustrate 
this stage. 

Given that, for this stage of the journey, the total distance travelled is 12 000 m, the 
total time taken is 720 seconds and the magnitude of the acceleration is twice that of 
the deceleration, calculate 
(a) the time during which the train is accelerating, 

(b) the speed of the train 180 seconds after the start of this stage, 
(c) the speed of the train 660 seconds after the start of this stage. (C) 


11 A ball is projected vertically upwards with speed и m s^! from ground level. Between 
3 and 4 seconds after leaving the ground, it rises 10 m. 
Calculate 
(a) the value of u, . 
(b) the maximum height reached by the ball. 


12 A stone is projected vertically upwards from the top of a building 80 m high with a 
speed of 30 m 57. Calculate | 
(а) the height it reaches above the top of the building, 
(b) the time it takes.to reach the ground. 
A second stone is dropped from the top of the buildin g t seconds after the first one was 
projected. Both stones reach the ground at the same time. 
(c) Find the value of t. 


13 A car starts from rest and accelerates at 1 m 872 to reach a speed of 90 km їг", It main- 
tains this speed for 5 minutes and then slows down uniformly to a speed of 36 km hr! 
while covering a distance of 350 m. It then continues at this speed for 10 minutes and 
is brought to rest with uniform deceleration in a further 15 seconds. Sketch a v-t graph 
of the motion and hence or otherwise calculate 
(a) the total time in minutes taken over the journey, 

(b) the total distance travelled in km correct to 3 significant figures. 


14 A stone is dropped from a height of 40 m and at the same time another stone is thrown 
vertically upwards with speed и m 57! from a point on the ground directly below the- 
first stone. The stones collide at the moment when the second stone has reached its 
maximum height. Calculate 
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(a) the value of u, 
(b) the height above the ground where the stones collide. 


15 A straight horizontal track joins two stations A and B which are a distance D km 
apart. 
A train starts from rest at A, accelerates at a constant rate over a distance = 4 km before 
reaching a velocity V km lr! which it maintains for a further distance 2 km before 
retarding at a constant rate and coming to rest at B. 
A second train completes the journey pom A to B in T hours by starting from rest 
at A, accelerating : at a constant rate for 7 hours reaching the velocity V km їг! which 
it maintains for 2 5 hours before БҰЛҒЫН at a constant rate and coming to rest at В. 
For each train, calculate the average velocity for the journey and state which: train 
completes the journey in the shorter time. (C) 


16 A car travels a distance of 46.8 km іп 32 minutes. First it accelerates uniformly from 
rest to reach a speed of v m s^, then continues at this speed for 20 minutes and finally 
retards uniformly to rest. Calculate the value of v in m 57. 

Given also that the magnitude of the retardation is half that of the acceleration, find 
the-acceleration in m 572. 


17 Two particles P and Q are 45 m apart on a smooth horizontal plane. P starts moving 
towards О with speed 3 m s~! and constant acceleration 0.5 m s?. At the same instant, 
Q starts moving towards P in the same straight line with speed 6 m 57 and constant 
retardation a т 572, If they meet when О has just come to momentary rest, calculate 
the time taken for the particles to meet. 


18 A хэм 18 dropped from a height of A m and falls freely to the ground. It rebounds 
with 3 2 of the speed at impact. If it hits the ground again after 2 seconds, calculate the 
value of Л. 


19 Particles A and B are moving in the same direction along parallel horizontal lines. At 
time / =.0, A, travelling with speed 6 m s^! and constant acceleration 1.6 m 57, over- 
takes B travelling with speed 4 m s^! and constant acceleration 2 m 52. Calculate 
(a) the value of £ when B overtakes A, - - 
(b) the speeds of A and B at that instant. 

(c) If at that time, the acceleration of В is reduced to 1 m 89, after what further time 
will A overtake B? 


20 A helicopter, initially at rest on the ground, rises vertically with constant acceleration. 
When it is at a height of 60 m its upward speed is 5 m s. When it is at a height of 
240 m, and still rising, an object А is released from the helicopter. Calculate 

` (a) the initial velocity of A, 
(b) the time that A takes to reach the ground. 
After A is released the helicopter continues to rise with a different constant accelera- 
tion. When it is at a height of 350 m and rising with a speed of 15 m s^, a second 
object B is released: 1 
(c) Show that B takes 10 seconds to reach the ground. 
(d) Find the time that elapses between the impacts of A and of B on the ground. (C) 
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Velocity and 
Relative Velocity 


In Chapter 20, we discussed motion of a body in a straight line. Displacement, velocity 
and acceleration (all vectors) were represented by directed numbers. This was possible as 
the directed number gave the magnitude and direction, the latter being defined by the 
straight line in which motion took place. We will now consider motion of a body іп а 
plane. 


COMPOSITION OF VELOCITIES 


A moving body can have two (or more) velocities at the same time. A simple example of 
a body having two velocities is the case of a man rowing a boat on a river. Suppose the 
man is on one side of a river bank at A (Fig. 21.1) and attempts to row in a direction 
perpendicular to the bank to head for B on the opposite bank. If there is a current, the boat 
will not move along AB at a right angle to the bank but will move along the path AC at 
an 9 to AB. Thus the resultant path of the boat is determined by two velocities; one as a 
result of the man’s rowing in the direction AB and the other as a result of the current of 


B С 


— 
4 ‘salient th 
ра 
2 of boat 3 


EL. 7 
97^ . 
river 
) usos 
Fig. 21.1 boat. A 


the river downstream. As velocities are vectors, they obey the laws of vector algebra (see 
Chapter 8). The vector sum of the velocities is the resultant velocity. If a body has 2 
velocities a and b as shown in Fig. 21.2, then the resultant velocity c = a + b. 


Fig. 21.2 


c is represented by the diagonal of the parallelogram OACB. The velocities a and b are 
the components of the resultant velocity с. Hence a body that has velocities a and b will 
move as though it has the single velocity c. 
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Let us consider another case of a man rowing a boat on a river. Suppose he rows the 
boat at a velocity a and the river is flowing at velocity b. Then the resultant velocity of 
the boat is ¢ = a + b (Fig. 21.3). Hence the actual path of the boat will be along OC. 


7 а 
Fig. 21.3 (course) 
This path is called the track of the boat and the actual speed along the track is called 
the ground speed. The direction of a is the course (which is the direction the boat would 
have moved if there were no current). In diagrams, it is helpful to mark vectors with 
different numbers of arrows. Thus in Fig. 21.3, we use the following notations: 


course vector marked with 1 arrow -----> 
current vector marked with 2 arrows ----> 
track vector marked with 3 arrows --->>> 


Then we have: 
course vector + current vector = track vector 


----->> 
(1 arrow) (2 arrows) (3 arrows) 
The track vector is the resultant of the other two vectors. 


Another practical example is the case of an aircraft flying in a wind. The aircraft has 
a velocity a through the air (Fig. 21.4). Its direction is the course (like in the case of the 
boat) and its speed along the course is the airspeed. The aircraft is also affected by the 
wind with velocity b. As a result, the actual velocity с is the resultant of the velocity of 
the aircraft and that of the wind. Like the case of the boat, the actual path is called the 
track and the speed along the track is the ground speed. The same arrow notations are 
used, with the current velocity replaced by the wind velocity. It should be noted however 
that a current is described as moving towards a certain direction whereas a wind is 
described as coming from a certain direction so a.current in the direction NE is moving 
in the direction 045? whereas a NE wind is actually moving in the direction 225°. 


Fig. 21.4 


a 
(course) 


Resolution of Velocities 


Just as we can combine component velocities to obtain a resultant velocity, we can also 
resolve (‘split’) a velocity into its components. Particularly useful is the resolution of a 
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velocity into 2 perpendicular components, usually in the directions of the х- and y-axes. 
In practical problems, it is convenient to resolve along the east and north directions 
respectively (in place of the x- and y-axes). In Fig. 21.5, the velocity r is resolved into 
its components р and q along the x— and y-directions respectively. 


У 


Fig. 21.5 
о 

We сап also use unit coordinate vectors 1 and ј, where i is ће unit vector along ће 

x-axis and j the unit vector along the y-axis. Thus we can represent r as pi + qj where p 

and 4 are the magnitudes of р and q respectively (Fig. 21.6). So r = pi + qj. 

y 


УА 
Fig. 21.6 E x 


Note that the magnitude of r is r = Vp? + q?. Also, if г makes an angle 0 with the 
x-axis, then we have 
p-rcos0, q-rsinO 


and хап Ө = Я. 


Example 1 


A river is flowing at 0.9 m s^. A man sets out, at right angles to the banks, to row 
across. He can row at 1.2 ms" in still water. 

(a) What is the actual velocity across the river? 

(b) If the river is 600 m wide, how long does he take to cross the river? 


current 
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(a) Relative to the water, the boat will move at 1.2 m 87 perpendicular to the banks 
(Fig. 21.7); but the water, moving at 0.9 m 57, simultaneously carries the boat 
along parallel to the banks. The boat therefore moves crabwise across pointing at 
right angles to the bank. The resultant of the course vector (OA) and the current 

' vector (OB) is the track vector (OC). Hence the path of the boat is along OC. 
The actual velocity of the boat is represented by the resultant (track) vector and 
it has magnitude V0.9? + 1.2? = 1.5 m s" at an angle Ө to the bank where 
tan 8-12 = $ (Ө = 53°). 


(b) The boat moves along the track OC and will reach the opposite bank at P. 
distance of OP 


The time taken = — — — — —— — 
speed along the track 


(using similar triangles, ФЕ = 12 


150 
15 


500 s or 8 min 20 s. 


(Note: The time taken can also be found more simply by considering the course 
distance of OQ 600 


component of velocity, thus time taken = -------- = 75 = 500s. 
р 4 speed along course 12 ) 


Example 2 


An aeroplane has an airspeed of 200 km h^! and flies on a course of N30°E. A wind 
is blowing steadily at 50 km hr! from the NW. Find, by drawing or calculation, the 
track and ground speed. 


Fig. 21.8 
1 By trigonometry 


— 
In Fig. 21.8, OC is the course vector (1 arrow), 
оу the у wind vector (2 arrows). 
OC + OW = OT, the track vector (3 arrows) 
which has speed v and ZCOT = @. 
From AOCT, using the cosine rule, 
у? = 200? + 50? — 2 x 200 x 50 x cos 75° 
giving у = 193. 
Hence the ground speed is 193 km h”. 

: in б їп 759 ... 

By the sine rule, a = эз giving Ө = 14.5°, 
Hence the track is N44.5?E. 
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2 Using unit vectors 


> > i 
Here we resolve the course vector OC and wind vector OW into components along 
perpendicular directions OC and OD respectively. 


> E 
If i and j are unit vectors along OC and OD Fig. 21.9 
respectively, 


— 
then OC = 200i 


|» 
and OW = -(50 sin 15°)i + (50 cos 15°)ј 
= 12.941 + 48.30j 


э > > 

Now OT = OC + OW 
= 200i — 12.94i + 48.30] 
= 187.1i + 48.30j 


Therefore v = | OT | = 193 

Hence the ground speed is 193 km hr’. 
Also tan 0 = E 

0 = 14.5? 


Hence the track is N44.5?E. 


3 By drawing 


This method can only be used if the question specifically allows it. 

То be satisfactory, drawings must be made carefully. 

Draw a north line ON as in Fig. 21.8. 

Now select a suitable scale — as large as possible to ensure reasonably accurate 
results, say 1 cm for 10 km ir. 

From O, draw OC 20 cm long with ZNOC = 30°. 

Draw OW 5 cm long with ZNOW = 135°. 

Complete the parallelogram OWTC. 

Measure OT and ZNOT to obtain the results and compare with the calculated values 
above. 


Example 3 


A helicopter leaves an airfield A to fly to another airfield B 500 km away on a bearing 

of 140°. There is a steady wind of 30 km іг! from the NE. The helicopter has an 

airspeed of 150 km kr’, 

(a) Find the course the pilot must take and the time taken for him to reach B. 

(b) What course should be taken for the return journey, if the wind continues as 
before? 
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(a) 1 By trigonometry 
The facts are shown in Fig. 21.10; v is the ground speed. 


Fig. 21.10 


From AAWT, using the sine rule, 


sin @ . sin 85° giving @ = 11.5° 


Hence the course to take is 128.5°. 
ZAWT = 180° — (85° + 11.5?) = 83.5? 


Using the sine rule again, 
у 150 


58359 ^ зїп 85° giving у = 149.6. 


Hence the time taken = 30, = 3.34 h = 3 h 21 min. 


2 Using unit vectors 


> >, 
Take i along the track АТ and ј along AU (Fig. 21.11). 


Fig. 21.11 
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~ 
AT = vi (no j component) 
АС = (150 cos Ө) — (150 sin Ө) 
AW = (30 cos 85°)i + (30 sin 85%) 
E > 3 
AT = АС + AW 
Therefore vi = (150 cos Ө + 30 cos 85°)i + (30 sin 85? — 150 sin Ө)ј 
Equating the j components, ` 
0 = 30 sin 85° — 150 sin Ө . giving Ө = 11.5? as before. 
Equating the i components, 
v = 150 cos 0 + 30 cos 85? giving v = 149.6 
and the time taken can be obtained as before. 
(b) By trigonometry Ь Fig. 21.12 
s The starting point is now v airfield B (Fig. 21.12). 
. BW is-the wind vector, BC the course vector 


: = 
(airspeed 150) and BT is the track vector. 


From ABCT, using the sine rule, 


: de. 
шэн = эш эз giving @ = 11.5°. 


Hence the course for the return journey 
should be 331.5°. 


Verify that this can also be solved using 
unit vectors as in (a). 


Exercise 21.1 (Answers on page 649.) 


1 Find the resultants (giving both magnitude and direction) of the following velocities 
by trigonometry or using unit vectors: 
(a) 5 km h” due north and 3 km hr! due east 
(b) 8 m s^ north-east and 5 m s^! north-west 
(с) 10 m s^! north 60? east and 4 т s^! east 
(d) 40 km h“! on-a bearing 050° and 40 km hr! on a bearing 110° 


2 A steamship is sailing due north at 20 km hr'. There is a wind of 15 km lr! from the 
west. Find the direction in which the smoke from the funnel is drifting. 


3 A ship is travelling at 10 m 87. A ball is rolled across the deck (at right angles to the 
motion of the ship) at 4 m s^. Find the actual velocity of the ball relative to the 
ground. 
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4 An aeroplane pilot sets a course due north. The airspeed is 150 km h7!. There is a wind 
of 40 km h”! from the west. Find the track and the ground speed of the plane. 


5 А тап sets out to swim across a river 0.4 km wide at right angles to its parallel banks. 
He can swim at a steady speed of 2 km hr! in still water but there is a current flowing 
at 1 km hr!. Find І 
(a) his track and the ground speed across the river, 

(b) how far downstream he is carried when he lands. 


6 An aeroplane has an airspeed of 200 km їг! and is headed оп a course of 330°. There 
is wind of 50 km hr! from a bearing of 210°. Find the track and the ground speed of 
the plane. 


7 A river flows at 3 km tr and its parallel banks are 400 m apart. A man wishes to cross 
in a motorboat which can make 5 km hr in still water to reach the point directly 
opposite. Find the direction in which he must steer and the time taken to cross the 
river. 


8 An aeroplane pilot wishes to fly from an airfield P to another airfield Q, 300 km due 
east. The airspeed is 200 km h7!. There is a steady wind of 40 km hr! from the north- 
east. Find 
(a) the course he must take, 

(b) the actual ground speed, 

(c) the time taken to reach Q, 

(d) the course required for the return journey, the wind being the same, 
(e) the time taken over the return journey. 


9 An aeroplane, flying at a steady airspeed of 200 km hr’, flies in a straight line from 
A to B, where B is due east of A and then returns along the same route. There is a 
constant wind of 60 km h^! blowing from the north-east throughout the double flight. 
Find the ground speed of the aeroplane on both trips. 


10 A motorboat, capable of travelling at 40 km hr' is to be sailed from a point A to a 
point B where B lies 25 km on a bearing 070? from A. There is a steady current of 
10 km h” running due S. Find the course to be taken and the time required for the 
journey. 


11 Anaeroplane starts from A intending to fly to B, 300 km due N of A and the pilot sets 
а course due N. Due to a wind from the west, the aeroplane reaches a point 30 km due 
E of B after flying for 15 hours. 
Calculate 
(a) the speed of the wind, 
(b) the airspeed of the aeroplane. 
Find also 
(c) the course that should have been taken to reach B directly, and 
(d) the time, to the nearest minute, that the flight would then have taken. 


12 A stretch of river 300 m wide has straight parallel banks and the speed of the current 


is 4 m 87 А man starts to cross the river in a boat from a point А on one bank. The . 


boat can sail at 5 m s^! in calm water. If he takes a course making an angle of 60° up- 
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stream with the bank, find 
(a) the distance where he lands from the point directly opposite A, 
(b) the time taken to cross the river. 


13 An aeroplane can fly at 300 km h“! in still air and there is a wind blowing from the 
direction 060° at a constant rate of 40 km h7!. 
(a) What course should the pilot take to reach an airfield 200 km due N of his starting | 
point? | 
(b) If he takes this course, how long will the flight last? 
(c) What course should be taken for the return flight (the wind being as before) and 
how long will this flight last? 


14 The speed of a helicopter in still air is v km НЭ, The pilot leaves A and flies on a 
course 067°. There is a wind of 50 km hr! blowing from the direction 020°. After 45 
minutes, the helicopter is above a point B which is due E of A. Find 
(a) the value of v to the nearest km hr, 

(b) the distance AB. 


RELATIVE VELOCITY 


Consider two aeroplanes A and B flying at the same height. A is flying at 200 km h~! due 
N and B at 400 km hr on a course 030°. These are their velocities relative to the ground 
and are their true velocities. To the pilot of A, however, B will seem to have a different 
velocity because he himself is moving. We call this apparent velocity, the velocity of B 
relative to A and we write this as By. Similarly B will see A moving with the velocity 
of A relative to В or Ауд. 

In general, suppose a represents the velocity of A and b the velocity of B (Fig. 21.13). 
Then OA = a and OB = b. 


Fig. 21.13: 


Let us reduce À to rest (theoretically) by introducing a velocity -а. A is now not moving. 
In order to preserve their relative position, we must also give B.the same velocity —a. B 
now has 2 velocities, b and —а and the resultant of these is OR. OR represents the velocity 
of B as seen from A (as A is not moving). But OR = AB = b — a. Hence the velocity of 


` B relative to A is b-a or BvÀ - b a. Similarly, AvB =a — b. 
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We can ло» find BvA for the two aeroplane. From Fig. 21.14, 
| BÀ ВУА |? = 200? + 400? — 2 x 200 х 400 x cos 30° 
giving | BvA| = 248. 


N 


Fig. 21.14 
Also ane = sin зо" giving Ө = 23.8°. 


Therefore ZNAB = 30° + 23.8° = 53.8°. 
Hence the velocity of В relative to A is 248 km h^! in the direction N53.8°E. 


Note: Problems on relative velocity may also be solved by drawing if the rubric of the 
question does not forbid it (see Example 6). 


B 
[We can also work with unit vectors as follows: 
=> N 
Take i along ОЁ and j along ON (Fig. 21.15) > у 
а = 200] x | 
and b = (400 sin 30°)i + (400 cos 30°)j 
= 2001 + (200 N3)j 400 
So Вуй - b-a 200 * 
= 200i + (200 V3 - 200)j | 
= 200i + 146.4j Fig. 21.15 E 
o i 


Hence | Вуд BvA |? = 200? + 146.4? (Fig. 21.16) 
giving | БУА |? = 248 

and tan ø = er giving ø = 53.8°. 

Hence Вуй is 248 km h”! in the 


217) 146.4] 
direction N53.8°E as before.] 


Fig. 21.16 


200i Е 
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Example 4 


Rain is falling vertically at 5 km h^. A man is sitting by the window of a. train 
travelling at 40 km h”. In what direction do the raindrops appear to cross the windows 
of the train? 


(rain relative to train) 
r-t 5 
(rain) 


40 
(train) 


Fig. 21.17 
The vectors are shown in Fig. 21.17. 

The velocity. of the rain relative to the train —r — t. 

So tan б- 2 giving Ө = 7.15. 

Thus the rain drops appear to cross. the windows at 7.1? to the horizontal. 


Example 5 


A Ship: is sailing due north at a constant speed of 12 knots. A destroyer sailing: at 36 
knots:is 30 nautical miles due east of the ship. At this moment, the destroyer is ordered 
to intercept the ship. Find 

(a) the course which the destroyer should take,. 

(b) the velocity of the destroyer relative to the ship, 

(c) the time taken for the destroyer to reach the ship. 

[it is assumed that both the ship and the destroyer do. not change their velocities.]. 


N 


12 | 
s Е-------- 


m | Do 

ts 30-пт E | -5 
| ы “һд. 

| 


Fig.21.18 shows the: positions of the ship S: and the: destroyer D. We reduce:S: to rest 
by. introducing a. velocity of 12 knots due south to botli S and. D.. Then the course of. 
D is DC and, to: intercept. S; its track (DT) must. lie along DS. 


Fig. 21.18: 
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By the cosine rule, 


— 
| OW |? = 402 102 — 2 x 40 x 10 x cos 30° giving | OW | = 31.7. 


sin® _ sin30° .. 
Also, Tg" = "зру giving Ө = 9.1°. 


Hence the true velocity of the wind is 31.7 km h” towards the direction (60° — 9.19) 
= 50.9? or from the direction 230.99, 


2 Bycalculation (using vectors) 
[By vectors, take i along OE and j along ON. 
OC = (40 sin 60°) + (40 cos 609)) = (20 V3)i + 20j 
i : 
WC = -10i 
E ә. — 
OW = OC + ЖС = (204/3 – 10) + 20] 
> > 
| OW [? = (20 V3 — 10)? + 20? giving | OW | = 31.7. 


20 ¥3 ~ 10 


Also, tan ø = 20 


giving ø = 50.9°. 


Thus we obtain the same results as before. 


3 First draw a sketch and label it with all the information given (it should be a rough 
version of Fig. 21.19). The actual drawing must be done carefully. Choose a 
suitable scale to ensure reasonably accurate results, say 1 cm for 4 km h”. 
Draw a north line ON as in Fig. 21.19. 

From O, draw OC 10 cm long with ZNOC = 60°. 
From C, draw CW 2.5 cm long parallel to OE. 
Join OW. 

Measure OW (and convert to km h) and ZNOW. 
Compare with the calculated values above. 


Exercise 21.2 (Answers on page 649.) 


1 Aeroplane A is flying due N at 150 km hr*. Aeroplane B is flying due E at 200 km hr, 
Find the velocity of B relative to A. 


2 Two cars A and B are travelling on roads which cross at right angles. Car A is 
travelling due east at 60 km hr, car В is travelling at 40 km h` due north, both going 
towards the crossing. Find the velocity of B relative to A. [The magnitude and 
direction must be given]. 


3 A passenger is on the deck of a ship sailing due east at 25 km h. The wind is blowing 
from the north-east at 10 km h. What is the velocity of the wind relative to the 
passenger? 


4 A road (running north-south) crosses a railway line at right angles. A passenger in à 
car travelling north at 60 km һ-! and 600 m south of the bridge, sees a train, travelling 
west at 90 km НЭ, which is 800 m east of the bridge. Find the velocity of the train 
relative to the car. 
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5 To a man in а car travelling at 20 km hr’ north-east, the wind appears to blow from 
the west with speed 16 km h“. Find the true velocity of the wind. 


6 Aeroplane А is flying at 400 km hr! north-east and sees aeroplane В which is 
apparently flying north at 500 km їг". What is the true velocity of В? 


7 An unidentified aircraft is reported as flying due north at 500 km hr’. A fighter plane, 
which is 100 km on a bearing of 225° from the unknown plane is ordered to contact 
it. If the fighter can fly at 800 km h~’, what course should it take? After how long will 
it be in contact? 


8 А тап ona ship steaming due south at 12 km hr! sees a balloon apparently travelling 
due west at 15 km їг", Find the true velocity of the balloon. 


9 Two ships A and В are 30 km apart with B due south of A. A is sailing at 10 km г! 
in the direction 120° while B is sailing at 15 km hr in the direction 045°. 
(a) Find the velocity of A relative to B. 
(b) Calculate the time taken for B to be due west of A. 


10 A helicopter is flying on a course 060° with speed 100 km hr'. An aeroplane, which 
is 50 km due east of the helicopter, can fly at 200 km h. What course should the 
aeroplane take to intercept the helicopter? 


11 Toa ship sailing due N at 20 km lr! another ship appears to be moving with a velocity 
of 12 km h” in the direction 120°. Find the true velocity of this ship. 


12 A ship A is heading north at 20 km їг! and at 1200 h is 50 km south-east of a ship B. 
If B steers at 25 km hr" so as to just intercept A, find 
(a) . the direction in which B must travel, 
(b) the time when the interception takes place. 


13 A man is walking along a horizontal road at 1.2 m s~". The rain is coming towards him 
and appears to be falling with a speed of 4 m 57! in the direction which makes an angle 
of 60? with the horizontal. Find the actual speed of the rain and the angle this speed 
makes with the horizontal. 

Find the speed and the angle with the horizontal which the rain would appear to 
make if he walked at the same speed in the opposite direction. 


SUMMARY өт 


Сө Composition of velocities . 

5 “Наһойу has 2 velocities a and b, the resultant ` 
^ velocity c is given by c ='a +b. If a 

22 and b are represented by the sides.of a 

parallelogram, then cis represented by the 

i diagonal as shown in the diagram. ' 
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€ Resolution of velocities 
It is useful to resolve a velocity г into 2 
perpendicular components, usually along the 
x- and y-axes. Unit coordinate vectors i 
‘and j are often used as shown in the diagram. 


Also|r|2 ro pg, 


p =r cos 0,q =r sin Ө and tan Ө =} 


Fig. 21.21 


ө Notation Fig. 21.22 


-------> course vector 
------>>  wind/current vector course 
----->>-> track vector 


track 


‘The track vector 18 the resultant of the other 2 vectors. 
> + >> = Me 
(course) (wind/current) (track) 


ө Relative velocity 
BvA means the velocity of B relative to A. 


—> 

Вуд =b-a 

where b = velocity of B 
anda = velocity of A. Fig. 21.23 


REVISION EXERCISE 21 (Answers on page 649.) 


1 Ariver is 160 m wide and runs at 1.2 m 57 between straight parallel banks. A man сап 
row at 2 m 87! in still water. 
(a) If he rows in a direction perpendicular to the banks, how far downstream will he 
land? 
(b) At what acute angle (to the nearest degree) to the bank should he now row to 
return to his starting point? 5 


2 A smali aeroplane can fly at 200 km hr! in stili air. There is a wind of 50 km Ir! from 
the east. If the pilot wishes to fly due south, what course should he take and what is 
his ground speed? 

The pilot keeps this course but the wind changes and the pilot finds that his ground 
speed is 200 km 1r! in the direction 190°. Calculate the new velocity of the wind. 
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3 An aeroplane can fly at 300 km hr! relative to the air. If there is a wind of 60 km h`! 
from the east, what is the least time in which the aeroplane can reach a point 600 km 
south-west of its starting point? 


4 An aeroplane has a speed of V km h” in still air and there і а wind of t km ht 


blowing from the NE. Find the course that must be taken if the pilot wishes to reach 
a point due east. 


5 А destroyer detects the presence of à vessel at a range of 30 nautical miles on а bear- 
ing of 060°. The vessel is steaming on a course of 150? at a speed of 15 knots. If the 
destroyer steams at 22 knots determine either by drawing or by calculation the course 
the destroyer must steer so that its velocity relative to the vessel is in a direction 060°. 

' Hence determine the time taken for the destroyer to intercept the vessel if neither 
changes course. (C) 


6 A helicopter whose speed in still air is 40 km hr’, flies to an oil platform 60 km away 
оп a bearing 060°. Тһе wind velocity is 15 km h” from due north. Sketch a suitable 
triangle of velocities and find 
() the bearing on which the helicopter must fly, 

(й) the time taken to reach the platform. (C) 


7 Two canoeists, A and B, can paddle in still water at 6 m s" and 5 m s^! respectively. 
They both set off at the same time from the same point on one bank of a river which 
has straight parallel banks, 240 m apart, and which flows at 3 m 57. A paddles in the 
direction that will take him.across the river by the shortest distance whilst B paddles 
in the direction that will take him across the river in the shortest time. Determine 
(i) the direction іп which A must paddle, 

(ii) the direction in which В must paddle, 
(iii) the time taken by each canoeist, 
(iv) the distance, between.the points at which they land. (C) 


8 A plane flies in a. straight line from London to Rome, a distance of 1400 km оп a 
bearing of 135°: Given that the plane's speed in still air is 380 km 17, that the wind 
direction. is 225? and that the journey takes.4 hours, determine 
(i) the wind speed, 

(ii) the direction the pilot should; set for the flight. 
Find also the direction the pilot should set. for the return flight, assuming that, the 
speed and direction of the wind remain. unchanged. (С) 


9 A tanker is sailing on a fixed course- due west at 30 Кт ИС. At a time of 0900 а 
destroyer wishing to refuel is. 160:km away on a: bearing of 225° from. the tanker. If 
the destroyer travels at 60 km h”, determine 
0) the direction in which the destroyer should travel in order to reach the tanker, 
(ii) the time at which the destroyer reaches the tanker. (C) 


10 A cyclist is travelling due north at 20 km Ir! and finds that the wind relative to him 
appears to be blowing from a direction 040° with a speed of 30 km hr’. Find the true 
speed and direction of the wind. 
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Assuming that the speed and direction of the wind remain unchanged, find the 
speed of the wind relative to the cyclist when the cyclist is travelling due south at 
20 km hr. (C) 


11 An aircraft A is flying due east at 600 km hr! and its bearing from aircraft B is 030°. 
If aircraft B has a speed of 1000 km їг! find the direction in which B must fly in order 
to intercept A. If the aircraft are initially 50 km apart find the time taken, in minutes, 
for the interception to occur. (С) 


12 An aircraft whose speed in still air is 300 km hr flies from A due north to B and back, 
where AB = 500 km. The wind velocity is 120 km h^! from 240°. Find 
G) the bearing on which the aircraft must fly for the outward journey, 
(i) the time of flight of the outward journey, 
(iii) the bearing on which the aircraft must fly for the return journey. (C) 


13 An aircraft is flying from a point A to a point B 400 km north-east of A, and a 
wind is blowing from the west at 50 km hr!. The speed of the aircraft in still air is 
300 km h”. Find 
(i) the direction in which the aircraft must be headed, 

(ii) the distance of the aircraft from B one hour after leaving A. (C) 


14 (a) An aircraft flies in a straight line from a point A to a point B 200 km east of A. 
There is a wind blowing at 40 km h~ from the direction 240? and the aircraft 
travels at 300 km h“ in still air. Find 
(i) the direction in which the pilot must steer the aircraft, 

(ii) the time, to the nearest minute, for the journey from A to B. 

(b) To an observer in a ship sailing due north at 10 km hr', a second ship appears to 
be sailing due east at 24 km їг", Find the magnitude and direction of the actual 
velocity of the second ship. (C) 


15 When a man walks at 4 km h^! due west, the wind appears to blow from the south. 
When he walks at 8 km Ir! due west, the wind now appears to blow from the south- 
west. Find, by drawing or calculation, the true velocity of the wind. 


16 Two ships А and B leave a harbour at the same time, A sailing due N at 20 km h”, 
B sailing at 25 km h~! in the direction 060°. Calculate 
(a) the velocity of B relative to A (stating the magnitude and direction), 
(b) the bearing of B from A in the subsequent motion, 
(c) the distance between the ships after 2 hours of sailing. 


17 Ап aeroplane has a speed of V km h” in still air and flies in a straight line from A to 
B. There is a wind of speed Зу Кт h blowing from a direction making an angle Ө 
with AB where sin Ө = 4 Find 


(a) the angle which the course to be taken makes with AB, 
(b) the ground speed in terms of V. 
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18 A plane is scheduled to fly from London to Rome in 2 1 hours. Rome is 1400 km from 
London and on a bearing of 135° from London. Givén that there is a wind blowing 
from the north at 120 km hr! find, by calculation or drawing, 

(i) the speed of the plane in still air, 

Gi) the course which the pilot should set. 

Assuming that the velocity of the wind and the speed of the plane in still air remain 
unchanged, find 

(iii) the course which the pilot should set for the return journey. 

(iv) the time taken, to the nearest minute. (C) 


19 (а) An aircraft is flying due south at 350 km h. The wind is blowing at 70 km ht 


(b 


) 


20 (a) 


(b 


м 


from the direction Ө°, where Ө is acute. Given that the pilot is steering the aircraft 
in the direction 170°, find 

(i) the value of 0, 

(ii) the speed of the aircraft in still air. 

А man who swims at 1-2 m s" in still water wishes to cross a river which is 
flowing between straight parallel banks at 2 m 57. He aims downstream in a 
direction making an angle of 60° with the bank. 

Find 

(i) the speed at which he travels, 

(ii) the angle which his resultant velocity makes with the bank. (©) 


Two particles, A and В, аге 60 m арап with В due west of А. Particle А is 
travelling at 9 m 87 in a direction 300? and В is travelling at 12 m s” in a direction 
030°. Find . 

(i) the magnitude and direction of the velocity of В relative to A, 

(ii) the time taken for B to be due north of A. 

A wind is blowing from the direction 320° at 30 km h~. Find, by drawing or by 
calculation, the magnitude and direction of the velocity of the wind relative to a 
man who is cycling due east at 18 km h”. 
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Projectiles- 


In the previous Chapter, we dealt with motion of a body in a plane where the body has 2 
or more velocities. No acceleration was involved. 

We now take the discussion of motion in a plane further by considering the.effect of 
gravity on the moving body. As in earlier work, we. shall ignore resistance in our 
discussion. 


PROJECTILES 


If we.throw.a бай at.an angle to the horizontal (not vertically — vertical. motion under 
gravity was discussed in: Chapter 20), the.path of the ball will-look like the curve in Fig. 
22.1. The:ball is a projectile and the path is a parabola. 


H 
Fig. 22.1 А 


The ball is projected from О, with speed и, а! ап angle Ө (called the angle of 
projection) to the horizontal. Н is the highest point reached and HM is the axis of the 
parabola. The ball reaches the ground again at R where OM = MR. OR is the range and 
the time taken from O to R is the time of flight. 
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VELOCITY COMPONENTS 


The principle used.in dealing чі. ће motion is that te horizontal and vertical compo- 
nents of velocity are independent. The initial horizontal and vertical components of u аге 
и cos Ө апа и sin Ө respectively (Fig..22.2). 


usin@ 


ucos@ 


Fig. 22.2 i 
The horizontal component u cos 0 is not affected by gravity and thus remains constant. 
The vertical component is affected by gravity and changes continually as the projectile 
has an acceleration g vertically downwards. At any point P of the path,:reached:after time 
t, the vertical component will be и sin 0 — gt (from v = u + at). 
So the.components of velocity at time t are: 


horizontal component: У, = и cos Ө 0) 
vertical component : V, = и sin Ж gt (ii) 


The velocity v at P will actually lie along the tangent at P. 
In usual vector notation where i and j are unit vectors along the х— and y-axes 
respectively, 
у = (и cos O)i + (u sin Ө — 21 


At R, by symmetry, the vertical component of velocity will be: sin Ө downwards. 


Coordinates 
The coordinates of P at time / referred to O (Fig. 22.3) will be 


х:= (и cos Ө) (ш) 
and y = (usin Өу- 348 (iv) 
from s = ut 4. Хай). 
( й 2 ) P(x, 
[e] x R 


Fig. 22.3 if Зз 
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Hence if r is the position vector of P, 


г = [и cos ӨШ + Ги sin Ө); — 1521) 


Greatest Height 


At the greatest height (л) at H (see Fig.22.1), the vertical component of velocity 


тпах: 


У,-0 
ie. и sin 0 — gt = 0 (from (ii)) 
giving t= use (time taken to reach the maximum height). 


Substituting this into equation (iv) gives 

PP и sin Ө 1 (usnO0wv _ W sin? 6 
у= usn (4822)  je(usnoy „ изне 
и? sin? Ө 


ie. greatest height, A... = 26 


(у) 


Time of Flight 


The time of flight, Т, is obtained at R when the vertical displacement is zero (see 
Fig. 22.1), ie. у= 0 


or (и sin 8X — 18р -0 (from (iv)) 
giving t= 0 (at 0) огг= 25539 (ик) 
ie. time of flight, Т = 24929 (vi) 


Note that this is twice the time taken from O to H (see previous section on greatest 
height). 


Horizontal Range 


The horizontal range К, is obtained by substituting the time of flight, T, into equation (iii), 
thus: 


x = (и cos ө)(2= эһ 8) 
2и? 


E sin 0 cos 0 
- A sin 20 (since 2 sin Ө cos Ө = sin 20) 


2 
ie. the horizontal range К, = т 5їп 20 (vii) 


From this equation, we can find the angle of projection for which the range is a 
maximum. 


Since the maximum value of sin 26 = 1, 26 = 90° 
Le. Ө = 45°, 


Hence the range is maximum when the angle of projection 0 = 45°. 
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The maximum range is then Ко = E (viii) 

In solving problems, you may make use of the equations (i) to (viii), but these must be 
memorized. Alternatively, this can be avoided by using the principle of independence and 
working from the beginning with the values given. In the first example that follows, we 
will use both alternatives. As in previous work, we will take g as 10 m s^? unless stated 
otherwise. 


Example 1 


A particle is projected from O with speed 30 m s at an angle of 30° to the horizontal. 
Find 

(a) the time of flight, 

(b) the range on the horizontal ground, 

(c) the maximum height reached. 


30 sin 309 
Fig. 22.4 


30 cos 309 


(a) Using equation (vi), the time of flight is 
2 x 30 x sin 309 


Т= =p  =3s 
(b) Using equation (vii), the range is 
2 1 jo 
№, = SO хото х 309 = 77.9 m (to 3 sig. fig.) 
(c) Using equation (У), the maximum height is 
_ 30 х іп? 30° _ 
hax — 3340-7 11.25 m 


Alternative solution 
The initial components of velocity are 

30 cos 30? = 15У3 m 57 horizontally 
and 30 sin 30° = 15 m s^ vertically. 


(a) Consider the vertical motion. 


The time of flight is obtained when the particle is at К. At R, the vertical displace- 
ment from O is zero. 
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Using s = ut + hat’, 

we һауе 0:= 15/- І х10х 2 
giving ¢ = 0 (at O} or t = 3 (at К). 
Therefore, time of flight is 3 s. 


Now consider, the horizontal motion. 
The horizontal range is obtained when ¢ = 3 s (time of flight). 


Therefore, R, = 15 ҮЗ x 3 = 77.9 m (to 3 sig. fig.). 


For maximum height, we consider the vertical motion again. ^t maximum height, 
the vertical velocity is zero. 


Using 2as = у? — 12, 
we have 2(-10)s = 0? — 15? giving s =.11.25 m. 


Therefore the maximum height is 11.25 m. 


Example 2 


А ball is thrown with a speed of 20 т =! and hits the horizontal ground 20 m away. 
Find the angle of projection 0. 


41-5 


2 20500 
Fig. 22.5 bL. 


20cos 0 o 
The horizontal range = 20 m 


Using result (vii), x sin 20 = 20 giving біп: 20. = 2. 
Therefore 20 = 30° or 150° і.е. Ө = 15° ог 75°. 


So there аге 2 possible angles of projection (15° and 75°) for а given range. (Note that 
these add up to 90°. This is generally true except when the range is.a maximum, in 
which. case there is only-one angle of projection, viz..45? (Fig. 22.6):) 


Ө+@=90° 
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Example 3 


A golf ball is struck at an angle Ө where tan Ө = $, with an initial speed of 25 тө. 
Find | 

(a) when the Бай is at a height of 15 m above the ground, 

(b) the distance between the positions of the ball when it is 15 m above the ground. 


25 sin 0 
Fig. 22.7 
25с05 6 


If tan Ө = 2, then sin Ө = 3 and cos Ө = 2. 


(a) Consider the vertical motion. 

When the ball:is 15 m.above the ground (at P-and Q) at time t; we have 
(using s=ut+ зай) Ё 

15 = (25 sin Ө) + 1(-10) 
ie. 15-25( 74-50 
or 50-20/%15-0 

2-4+3 = 0 

0-100-3)-0 
giving t= 1, 3 
Hence: the ball is 15 m above ће ground 1 s and 3 s after being struck. 
The horizontal displacement after 1 s, 
s, = (25 cos 0)1 = 25( 3) = 15 
The horizontal displacement after 3 s, 
з, = (25 сов 069 = 25( 2 )3 = 45 


Hence the distance between P and Q is s, — s, = 30 m. 
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Example 4 


From the edge of a cliff 60 m high, a stone is thrown into the air with speed 10 m s^! 
at an angle of 30° to the horizontal (Fig. 22.8). Find 

(a) the time of flight, 

(b) how far from the foot of the cliff it strikes the sea, 

(c) the velocity with which it strikes the sea. 


Fig. 22.8 


The initial components of velocity are 10 cos 30° (= 5 43) horizontally and 10 sin 30° 
5) vertically (upwards). 
At time t, the coordinates (referred to О) аге 


x = (5N3)t and y = 5r 52. 


(a) When the stone reaches the sea, y = —60. 
So 5/-50--60 ie. 2-г– 12= 0 
ог (¢-4)(¢+3)=0 giving t= 4 ог 3. 
Hence the time of flight is 4 s (-3 is not valid). 
When / = 4, x = (543) x 4 = 20V3 = 34.6 
Hence the stone strikes the sea 34.6 m from the foot of the cliff. 


When it strikes the sea at R, the horizontal component of the velocity remains 
unchanged аг 5V3 m 51. The vertical component у m 57! is given Бу 


у= 5— 1004) = -35 
Hence the vertical component is 35 m 57! downwards (Fig.22.9). 


543 
e 


R 
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Therefore the magnitude of the velocity = V(5 Үзу + 35? = 36 and the angle Ө it 
makes with the horizontal is given by 


355 ee Шы 
tan Ө = 545 giving 0 = 76°. 


Hence the stone strikes the sea with a velocity of 36 m 57! at 76° to the horizontal. 
y 


Exercise 22.1 (Answers on page 650.) 
[Take g = 10 m s? in numerical questions.] 


1 For each of the following projectiles with an initial speed V at an angle Ө to the 
horizontal as given below, find (a) the time of flight, (b) the range and (c) the maxi- 
mum height reached. 


© У-10У2ш5:,0-45% 
Gi) У= 12 ms", 0 = 30° 
(ii) V = 30 твт, tan = 2 


(iv) V=26 ms", tanO= ў 


2A particle is projected from a point О on horizontal ground with a speed of 30 m s"! 
at an angle of 6 to the horizontal where tan Ө = 3, 


Find (a) the time of flight, (b) the magnitude and direction of the velocity of the 
particle after 4 seconds. 


3 If a ball is thrown upwards with speed 12 m 57 at an angle of 30° to the horizontal, 
at what times after the start is it 1 m above the ground? What is the maximum height 
reached? 


4 A stone is thrown with speed 12 m 57! at an angle of 60° to the horizontal but hits a 
vertical wall 9 m away. How high above the ground does it hit the wall? 


5 A ball is thrown at an angle of 60° to the horizontal with a speed of 15 m 57. At what 
times after the start is it moving in a direction making an angle of 45° with the 
horizontal? 


6 A rifle is held horizontally and aimed at the centre of a target 100 m away. If the 
bullet emerges with speed 400 m 87, how far below the centre of the target does it hit 
the target? 


7 A ball is thrown from a height of 5 m above level ground with a speed of 10 m s^! at 
an angle of 30? to the horizontal. After what time does it strike the ground and how 
far horizontally is this? At what angle does it strike the ground? 


8 A stone is thrown at an angle Ө (tan 0- 3) to the horizontal so that it just passes over 


the top of a wall 3 m away horizontally. If it takes i 810 reach the top of the wall, find 
(a) the speed of projection, 
(b) the height of the wall. 
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9 A particle is projected with a speed of 20.m s-!:at.60? to the horizontal. One. second 
later, a second particle is also projected from O with the. same speed at angle 0 to the 
horizontal. After 2 s the particles collide. Find 
(а) the horizontal and vertical distances of ће point-of.collision, 

(b) the value of 6. 


10 Two golf balls are struck simultaneously from points very close together with the 
same speed, 20 m 87. The angles of projection are 0.and ø where tan Ө =3 апа 
tan в = $. 

(a) Which Бай reaches the ground first? 
(b) Which ball travels further.horizontally? 


П.А stone is kicked: horizontally. off the edge of.a roof 20 m high so.as to give ita speed 
of 8 m s”. How far away horizontally does it land on.the level ground? 


12 AandB are two points on level ground 30 m apart. One ball is thrown from A towards 
B with speed 30 m s^! at an angle of 45? to the horizontal while ‘simultaneously a 
second ball is thrown from B towards А with speed 20 m 8774! an angle of 60°. How 
far horizontally from A is the point of collision and after what time does this happen? 


13 The sloping roof of a house is 13 m long and its two ends.are 20 m and 15 m above 
the ground. A stone slides down the roof and leaves it with a speed of 6.5 m. How 
far horizontally from the end of the roof does it strike the ground? 


14 A particle is fired at a speed-of 40 m 87 at an angle of Ө where tan 0 = $ Find the 


horizontal distance travelled when the particle is at a height of 35 m and coming 
down. Show that the direction of motion at this point is perpendicular to the direction 
at the start. 1 


15’ A particle is projected .from.O.on level ground with speed 25 m 87. It just passes over 
a vertical wall 4m high placed 10 тп horizontally from O. If 6 is the angle of projec- 
tion and 7 is the time taken to reach the wall, show that 


(а) t cos Ө = 2, 
(b) 2 sec? 0 = 25 tan 0 — 10, and solve.this equation for tan 0. 
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SUMMARY 00 


шіп. 


00058 


= initial: МЕНЕНЕ 
= angle'of projection: PoE a AEBS с анаа нычы а , | 
= “horizontal range ^ ^^^ ^ a А dup ecu і | 
ЗН =" highest:point reached ^ hoe at Beth ыты Silla ee 7 | 


“han = maximum ‘height 


+ Ynitial’ components of velocity: 0 =w cos Ө. 

U, = usin @ 

“= U.COS 9. 

= usi — gt. 


‘Components of velocity at time EV 
y 
? 


Coordinates at time-f: x=1(u-cos-O)t 
сал = (usin буг 388 


_ Time of flight: „ T= 21919 
“Horizontal range (OR): um біп 20 
Maximini range: Rax7 iH ^ (when Ө = аз) 
Р Ху | w sin? Ө 8 
‘Maximum: height: a 2g 


(Note: The time йн to reach maximum height = 1 thet time-of nim us x3 8) 
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REVISION EXERCISE 22 (Answers on page 650.) 


1 A particle is projected from a point O on horizontal ground and moves freely under 
gravity. When the particle is at a horizontal distance of 12 m from O, it achieves its 
greatest vertical height which is 8 m. 

Calculate 

(a) the angle to the horizontal at which the particle was projected, 

(b) the speed of projection, 

(c) the time from leaving O which elapses before the particle again reaches ground 
level, 

(4) the horizontal range. (L) 


2 А gun fires shells with speed 280 m 5-! from a point of a horizontal plane. The shells 
move freely under gravity. Prove that the greatest range on the plane is 7840 m and 
state the angle of elevation at which a shell must be fired for this maximum range. 

A target on the plane is at a distance of 3920 m from the gun. Find the smaller 
angle of elevation at which a shell should be fired in order to hit the target. Find also 
the greatest vertical height attained by this shell during its flight. (L) 


3 A particle is projected horizontally at 35 m s^! from the top of a cliff which is 80 m 
above sea level. 
(a) Show that the particle strikes the water after 4 seconds. 
(b) Find the horizontal distance travelled by the particle before it strikes the water. 
(c) Find the vertical component of the velocity of the particle when it strikes the 


water. 
(d) Hence find the angle made by the path of the particle with the horizontal when 
the particle strikes the water. т) 


4 An aircraft A is flying with constant velocity 100 m ѕ-! in a straight line and at a 
constant height of 980 m over the sea. At the instant when A is vertically above an 
anchored observation ship'S, a bomb is released. The bomb falls freely under gravity 
and hits the sea at a point T. 

(8) Explain why A is vertically above T at the instant when the bomb hits the sea. 

Calculate 

(b) the time taken by the bomb to reach the sea from the instant of release from the 
aircraft, 

(c) the distance of T from S, 

(d) the vertical component of the velocity of the bomb at the instant when the bomb 
hits the sea. (L) 


5 A projectile has an initial speed of 84 m s~! and rises to a maximum height of 40 m 
above the level horizontal ground from which it was projected. Calculate 
(a) the angle of projection, 
(b) the time of flight, 
(c) the horizontal range. (D 
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6 A particle is projected from a point O on horizontal ground with velocity 40 m 577 at 
an angle of 30° to the horizontal. Given that, 0.7 seconds after projection, the particle 
is at a point P, calculate 


0) 
(i) 


the height of P above ground, 
the magnitude and direction of the velocity of the particle at P. 


The particle reaches the ground again at a point Q. Calculate 

(iii) the time of flight, i 

(iv) the greatest height reached, 

(v) the distance OQ. (C) 


7 A particle is projected from a point O on a horizontal plane with velocity 40 m 87 at 
30° to the horizontal. It reaches the plane again at the point A. Calculate 


G) 
Gi) 


the time of flight, 
the greatest height reached, 


(iii) the distance OA, 
(iv) the magnitude and direction of the velocity of the particle 2.5 seconds after 


leaving O. 


A second particle is projected бот О with velocity V m 57 at 30° to the horizontal. 
Given that this particle meets the horizontal plane at the point B, where OB = 
180V3 m, calculate the value of V. (С) 


8 (a) 


Fig.22.10 


(b) 


9 (a) 


(b) 


Fig. 22.10 shows part of the path of a projectile fired from A with a velocity of 
8 m s^ at 30? to the horizontal. The projectile passes through a point B, 0.6 m 
above the horizontal plane through A. Find 

(i) the maximum height above AN attained by the projectile, 

(11) the distance AN. 


A particle is projected from a point O and arrives, 4 seconds later, at a point P 
on the horizontal plane through O, where OP = 60 m. Find the magnitude and 
direction of the velocity of projection. (C) 


An aircraft is flying horizontally in a straight line at a height of 80 m. Its speed 
is 50 m s^. The pilot drops an object in order to hit a target ahead which is 
directly below his flight path. Calculate his horizontal distance from the target at 
the moment when he releases the object. 

A projectile is fired with an initial speed of 160 m s” at an angle of 72° to the 
horizontal. Calculate 

0) the height of the projectile 4 seconds after firing, 
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10 


11 


12 


13. 


14 


15 


Gi) the magnitude and direction of the velocity of the projectile 4 seconds after 


firing, 
(iii) the range of the projectile on the horizontal plane through the point of 
projection. . (С) 


From the top of a building 45 m high a stone is projected upwards with speed V m s" 
at an angle of 30? to the horizontal. Two seconds later another stone is let to fall from 
rest. If the stones reach the ground at the same time, find the value of V. 


Fig. 22.11 shows an end view of a house. A particle is projected from the topmost 
point T horizontally with speed V m s”. If it is not, to hit the roof again, what is the 
minimum value of V? 


Ит! 


Fig. 22.11 


A target is set оп a hillside and is 50 m horizontally from a point О оп ground level. 
A man tries to hit the target by firing from O at an angle of 60° to the horizontal, the 
speed of the projectile being 40 m 87. If he hits the target, what is its vertical height 
above О? 

To knock the target over, the projectile must have a speed greater than 25 m s. 
Can he do this? | 


A golf ball is struck from a point A on level ground with speed 35 m s7! at an angle 
of Ө to the horizontal where sin Ө = 3 Two seconds later, another Бай is struck from 
a point very close to А and both balls hit the ground at the same time and at the same 
place. Find the initial speed and direction of the second ball. 

A stone attached to a string is swung in a vertical circle of radius 1 m whose centre 
is 1.5 m above the ground. When the stone has completed 3 of a revolution starting 
from the highest point of the circle, the string breaks and the: stone flies off along the 


tangent at that point with speed 2Y3 m s^. How far horizontally from the centre of the 
circle does it hit the ground? 


A ball is projected гот а point O.at an angle @.to the horizontal. Simultaneously, а 
stone is dropped from a point P which is.36 m ir da and 48.m vertically f from 


О: If the ball and. stone collide, show that: tan.0.— 
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16 A particle is projected from a point A on level horizontal ground with a speed of 
40 m s” at an angle Ө to the horizontal where tan Ө = 5. Find 
(i) the maximum height reached, 
(ii) the time taken first to reach a height of 44 m above the ground, 
(iii) the speed of the particle after 1 second. 
Determine, with full working, whether or not the particle will clear a vertical wall, 
10 m high, the base of which is 144 m away from A. (C) 


17 A particle is projected from a point A on level horizontal ground with a velocity which 
has a horizontal component of X m 87 and a vertical component of Y m 87. After 4 s 
the particle passes through a point that is 40 m higher than A and at a horizontal 
distance of 180 m from A. Calculate 
(1) the value of X and of Y, 

(ii) the speed of projection, 

(iii) the angle of projection, 

(iv) the greatest height reached. 

Given that the particle hits the ground at B, calculate 

(v) the time taken to reach B, 

(vi) the horizontal distance AB. (С) 


18 A particle is released from rest at the highest point A of ‘a smooth plane which is 
inclined at Ө to the horizontal, where sin Ө = 3. The particle slides down a line of 
steepest slope and leaves the plane at its lowest point B, where AB is 3 m. Show that 
the particle reaches B with a speed of бтп s^! and hence find the vertical and horizontal 
components of the velocity of the particle at B. 


Fig 22.12 


Оп leaving В the particle travels as a projectile under the action of gravity, striking the 
horizontal plane through С at the point P. Given that B is 11 m vertically above С, 
calculate 

(1) Ше vertical component of the velocity of the particle at P, 

(ii) the magnitude of the velocity of the particle at P, 

(iii) the inclination to the horizontal of the path of the particle at P, 

(iv) the time taken for the particle to travel from B to P, 

(v) the distance PC. (C) 
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19 A particle is projected from a point О on a horizontal plane with a speed of 
50 m s? at an angle Ө to the horizontal, where sin Ө = 3. Calculate the maximum 
height reached by the particle and the time taken to reach this height. 

During its flight the particle passes through two points P and Q both of which are at 
a height of 60 m above the horizontal plane. Calculate 

0) the time taken to travel from P to Q, 

Gi) the distance PQ, 

(iii) the magnitude and direction of the velocity of the particle at Q. (C) 


20 


Fig. 22.13 


A particle is projected from A with a velocity of V m s" at angle 02 to the horizontal. 
After 0-6 s it is at B, where BN = 9 m and AN = 12 m. Calculate А 

(i) the value of V and of о, 

(ii) the time taken to reach the maximum height. 

Given that the particle passes through C, where C is at the same height as B, calculate 
(iii) the time taken to travel from A to C, 

(iv) the distance AM. 
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Force, Friction 


FORCES 


We all have some idea of a force and are familiar with many varieties of force. We push 
some object with a force or pull on a rope which transmits our pull. These forces act 
directly on a body or in contact with it. We have already mentioned gravitational force 
which attracts bodies towards the earth. Magnets exert a magnetic force of attraction. 
These forces act at a distance without any apparent contact. It is also fairly obvious that 
a force is a vector quantity. The direction in which I push a box is just as important as the 
strength of my push. Hence we can represent a force by a straight line (Fig.23.1). The 
length of the line represents the magnitude of the force F and the direction of AB is the 
direction of the force. A third important feature is the point or line of application. It will 
make some difference if I push the box in Fig.23.2 at P or Q in the directions shown. A 
force is an example of a tied or bound vector where the position of the vector is important. 


B 
Р 


Е Mél 
a 
Fig. 23.1 A Fig. 23.2 


Unit of Force 


The unit of force is 1 Newton (1 М) which we shall discuss in the next chapter. 
TYPES OF FORCE 


Certain types of force have particular names and we introduce them here. 
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Weight 


If I hold a brick, I feel it exerting a downward force оп my hand. If I let go, the brick will 
fall to the ground: The force I:felt.on my hand is now free to pull the brick towards the 
ground. This force, the gravitational attraction. of the earth оп the brick is called the 
weight. of the brick. It always acts vertically downwards (towards the centre of the earth). 
The weight of а brick. of mass 2 kg is about 20 М“ (Fig.23.3). This will give some idea of 
the size of the Newton: In fact, a mass of m kg will have a weight of mg ЇЧ (= 10m М); 
We shall assume this for the rest of this chapter and discuss it further in the next chapter. 
Note that weight is the one inescapable force on earth. All bodies have weight. 


2 kg 
. weight: 


Fig.23.3: | 20N 


The weight of а body acts through a point called the centre of gravity (CG). For sym- 
metrical: bodies, the CG is at the centre. of symmetry. For example, the CG: of a cube is 
at: its centre; the CG. of a long uniform: rod. (same cross: section throughout) is at the 
geometrical:centre of the rod.. The.CG-of-a thin rectangular plate (called a lamina) is at 
the intersection. of the diagonals and similarly-for a parallelogram: 


Reaction 


If I place the brick, of weight 20 N, on:a horizontal table, it does not move: We say that 
е brick is in equilibrium: Now it would бе. unrealistic. to:assume: that the gravitational 
attraction has ceased, so there must:be an opposing force exactly equal to.20'N, acting 
vertically upwards and also through ће СС (Fig.23.4(a)). 


Reaction 20 М 


М CG|'Weight: CG 
lese ГР 
| 


a Reaction 20 N 


Fig. 23.4 (a) (0) Weight.20 N: 


This is the normal reaction on. the: brick from.the table; normal: іп: ће geometrical 
sense of being at right angles to the common:surface. Sometimes this force is called the 
normal contact force. In diagrams we show only: the forces:acting on a body, so Fig.23.4(b). 
shows the forces on:the brick. Note also that the dimensions of the body are not relevant 
in this context. The brick is.treated as a particle. 
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Tension 


If I suspend: the brick by a string (or spring) and the string does not break, the brick is 
again in equilibrium (Fig.23.5). 


Tension 20 N 


Fig. 23.5 Weight 20'N “20 М 


In this case the force which equalizes the weight passes along the string and is called 
the tension in the string. If using a spring, the weight will also stretch the spring until the 
equilibrium position is reached. (We regard the string as being inextensible, 1.6. any 
stretch is too small to be noted.) 


Friction 


I place the brick on a horizontal.table. and. try to push it along (Fig.23.6). 


Reaction:20 М” 


Push 


Friction 
тоож. 


Fig. 23.6 Weight 20 N 


I have: to exert a force to do so. There is resistance to-my push, called the frictional: 
resistance or simply friction. We study this іп more detail later. In this situation there аге: 
four forces acting on the brick. Note that the weight and normal reaction are still equal: 


and. opposite. and: the brick is in. vertical equilibrium: If I push harder, eventually I 
overcome the frictional force and the horizontal equilibrium will:be broken. 
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Thrust 


If the brick is placed on a large strong spring, the spring will resist the weight with a force 
called a thrust (Fig.23.7). This is a similar force to a tension, but acts in the opposite di- 
rection. 


Thrust 20 N 


Fig.23.7 


All of the above are examples of forces, but they need not ай operate together in any 
given problem. 


COMPOSITION OF 2 FORCES 


Like velocities, forces as.vectors can be combined to produce a single resultant force 
(Fig.23.8). 
A с 


Ға. 23.8 
g. о Q B 


If 2 forces P and Q are represented by the adjacent sides OA and OB of the parallelo- 
gram, then the resultant force R is represented by the diagonal OC. The two forces P and 
Q could be replaced by the single force R which would have the same effect. 


Example 1 


F and F, are 2 forces acting on a particle О.Е, has magnitude 5 N in direction N30°E 
and F, has magnitude 8 N in direction E. Find the resultant of the 2 forces. 
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We use trigonometry to solve this problem. Using the cosine rule, the magnitude of the 
resultant | R | is given by 

| R |? = 8? + 52-2 x 8 x 5 cos 120° giving | К | = 11.36 М. 
Using the sine rule, we have . 

sin Ө sin 120° 


"s = 71136: БҮШ80-22д2. 
Therefore the resultant is 11.36 N in the direction N67.6°E. 


(Note: The resultant can also be obtained by a scale drawing.) 


RESOLUTION OF A FORCE 


Again, like velocity, a single force can be resolved into 2 component forces. Particularly 
useful is the resolution of a force into two perpendicular components (Fig.23.10). 


Fig. 23.10 


It is then simpler to deal with these components than with the force itself. The direc- 
tions of the perpendicular components can be chosen as we please to suit the problem. 


The components of F are Ox = (Е cos ӨЛ where F = | F | 
> 
and OY = (F sin 0)) 
where i and j are the unit force vectors along the x— and y-axes respectively. 
3 
ov 
Note that | F |? =| OX [2 + | OY P and tan o= 1971 
Тох | 
Example 2 ЕГЕСІ 


Resolve the force shown іп Fig.23.11 
(a) horizontally and vertically, 


(b) along and погта! to the plane. 


horizontal 
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(а) We use unit vectors, taking i.along the horizontal direction and j the vertical 
direction as shown in Fig. 23.12. 


Fig. 23.12 


The horizontal component is (20 cos 50?)i = 12.91. 
The vertical component is (20 sin 50?)j = 15.3j. 


Hence the horizontal and vertical components are 12.9 N.and 15.3 N respectively. 


We take i along the plane and j normal to the plane as shown in Fig.23.13. 


Fig. 23.13 


The component along the plane is (20 cos 30°)i = 17.31. 
The component normal to the plane is (20 sin 30°)j = 10j. 


Hence the components along and normal to the plane are 17.3 N and 10 N respec- 
tively. 1 


COPLANAR FORCES ACTING ON A PARTICLE 


Coplanar forces are forces acting in the same plane. We can find the resultant of any 
number of coplanar forces acting on a particle by resolving the forces in 2 perpendicular 
directions of our choice and then recombining the components to obtain the resultant. 
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Example 3 


Forces of magnitudes 1 М,2 М,3 М,4 N and 5 N act along the lines OA, OB, OC, OD 
and OE respectively, where OABCDE is a regular hexagon. Find the resultant of the 
forces. 


ы 


Fig. 23.14 


The forces acting are shown in Fig.23.14. 
Take i and j along and perpendicular to OC respectively. 


Sum of components along OC 
= (1 cos 60° + 2 cos 30° + 3 + 4 cos 30° + 5 cos 60°)і = 11.21 


Sum of components perpendicular to OC 
= (-1 sin 60° — 2 sin 30° + 0 + 4 sin 30° + 5 sin 60?)j = 4.5j 


Hence the resultant force r = 11.2i + 4.5j (Fig.23.15). 


4.5] г 


Fig. 23.15 о 11.21 аса 
|r |? = 112? + 4.5 giving | г | = 12.1. 

The angle Ө which the resultant makes with OC is given by 
tan Ө = 43. giving Ө = 21.9°. 

Hence the resultant is 12.1 N acting at 21.9? to OC. 

We can also obtain the resultant graphically. 


Let the forces along OA, OB, OC, OD, OE be a, b, c, d, e, respectively. A suitable 
scale is chosen, say 1 cm : 1 N. We start by drawing a line to represent a in magnitude 
and direction. (We can start with any force, the order is immaterial). Then we add the 
other forces, one at a time, each force starting from the end point of the one before. 
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Fig.23.16 shows the construction where a, b, с, 4, е are the forces given above. The 
resultant r is then represented by the line OR in magnitude and direction. By measure- 
ment, we find that | г | = 12.1 and Ө = 22°. 


Fig. 23.16 


Hence the resultant is 12.1 N acting at 22° to OC (approximately the same as before). 


Exercise 23.1 (Answers on page 650.) 


1 Resolve the forces shown in each diagram (Fig.23.17) in the directions of the dotted 
lines. 


Fig. 23.17 
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2 Find the resultant of the following forces, in magnitude and direction (Fig.23.18). 


м 


(а) (0) (0) 
10 М 30 N 20 М 4N 
12N 30° 
6N 


(9) 
10 м х 140° 
22 20М 


3 Find the sum of the components of the forces acting as shown in Fig. 29: 19 in the 
direction of the dotted lines and hence find their resultants. 


10М 


Fig. 23.18 


Fig. 23.19 
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4 Two forces Р М and О N include an angle of 120° and their resultant is N19 N. If 
the included angle between the forces were 60°, their resultant would be 7 N. Find 
P and Q. (C) 


5 Find the magnitude and direction of the resultant of the following coplanar forces 
acting at a point O: 10 N in direction 000°; 5 N in direction 090°; 20 N in direction 
135°; 10 N in direction 225°. 


6 The resultant of two forces X N and 3 N is 7 N. If the 3 N force is reversed, the 
resultant is 119 М. Find the value of X and the angle between the two forces: 


7 Two forces of 13 N and 5 N act at a point. Find the angle between the forces when 
their resultant makes the largest possible angle with the 13 N force. Find also the 
magnitude of the resultant when the angle between the forces has this value. (С) 


8 The resultant of a force 2F N in a direction 090? and a force F N in a direction 330? 
is a force of 12 М. Calculate the value of F. 

It is required to add a third force X N in a direction 270? so that the resuitant of the 

system is in a direction 000°. Calculate the value of X. (C) 


9 Two concurrent forces of equal magnitude have a resultant of 12 N. When one force 
is reversed the resultant becomes 6 N. Calculate the magnitude of each force and the 


angle between them. (C) 

10 Fig.23.20 shows four forces in a plane. Given that cos 0 — 2 and that the resultant of 

the forces is 62 М in a direction 225°, calculate the vais of P and Q. (C) 
0009 


23.20 | 
| 


Fig.23.20 


11 Four horizontal forces of magnitudes 1 N, 2 N, 3 N, and 4 N act at a point in the 
directions whose bearings are 000°, 060°, 120° and 270° respectively. Calculate the 
magnitude of their resultant. 

A fifth horizontal force of magnitude 3 N now acts at the same point so that the 
resultant of all five forces has a bearing of 090°. Find the bearing of this fifth force. 
(С) 
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EQUILIBRIUM OF A PARTICLE 


A particle under the action of 2 or more forces is in equilibrium if the resultant of the 
forces (i.e. the vector sum of all applied forces) is zero. If a particle under the action of 
2 forces is in equilibrium; then the 2 forces must be equal in magnitude but opposite 
in direction. 


TRIANGLE OF FORCES 


Consider a particle acted upon by three forces P, Q and R as shown in Fig.23.21(a). 


(0) 


Fig. 23.21 


The resultant of P and О is represented by the diagonal ac of the parallelogram. The 
particle will be in equilibrium if R is equal in magnitude but opposite in direction to the 
resultant of P and 9- шоо 

This means that OA + OB + OD = 0. This may be illustrated by the triangle shown in 
Fig.23.21(b), where the three forces P, Q and R are represented in magnitude and 
direction by the sides of the triangle taken in order (following on one after the other). This 
important result is known as the triangle of forces. We restate this result more formally 
thus: 


If three forces act at a point and are in equilibrium, then they can be represented in 
magnitude and direction by the three sides of a triangle taken in order. 


The converse is also true: 


If three forces acting at a point can be represented by the sides of a.triangle taken in 
order, then they are in equilibrium. . 


Example 4 


A particle of weight 4 N is supported by a string attached to a fixed point and is pulled 
from the vertical by a horizontal force of 3 N. Find the tension in the string and the 
angle which the string makes with the vertical. 
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Fig. 23.22 T (8) 


Let the tension in the string be T N. The forces acting on the particle are shown in 
Fig.23.22(a). We now draw the triangle of forces (Fig.23.22(b)). 


We then have Т? = 3? + 42, giving Т = 5. 
Also tan 0 = 3, giving Ө = 36.99, 


Hence the tension іп the string is 5 N and (ће string makes ап angle of 36.99 with the 
vertical. 


LAMI'S THEOREM 


If three forces are in equilibrium, Lami's theorem relates them to the angles between 
their directions. (It is in fact a version of the sine rule.) 

P, Q, R are three forces in equilibrium (Fig.23.23(a)) and they form a triangle of 
forces (Fig.23.23(b)). 


(b) 


Fig. 2323 В 


If the angle between P and Q in Fig.23.23(a) is y, then ZACB = 180° — y in 
Fig.23.23(b) and similarly for the other angles. . 
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By the sine rule, 


BC n AC Ж АВ 
50180-20) ^ 5ш(180°—бу ^ sim(809 y 
ie —Pe = 2. = LE. (where P -|P|Q-|Q and R 2 |R]) 


“sina — sin 8пү 
as P, Q, R are proportional to BC, AC and AB respectively. 


Example 5 


A particle of weight 10 N is suspended by 2 strings. If these strings make angles of 30? 
and 40? to the horizontal, find the tensions in the string. 


Fig. 23.24 
Let the tensions in the strings be 
T, N and T, N respectively (Fig.23.24). 
Using Lami's theorem, 

T, Т, 210 


sin(90° + 40°) ^ sin(90? + 30°) sin 110° 
giving Т, = 8.2 and Т, = 9.2. 


Hence the tensions in the strings are 8.2 N and 9.2 N. 


POLYGON OF FORCES 


We can extend the idea of the triangle of forces to more than three forces acting at a point 
in equilibrium if the forces are coplanar. This extension is called the polygon of forces. 
If a number of forces acting at a point are in equilibrium then they can be represented in 
magnitude and direction by the sides of a closed polygon taken in order. Fig.23.25(a) 
shows forces P, О, R, S, Т which can be represented by the sides of the polygon ABCDE 
in Fig.23.25(b). 


р 


о R 
Р 
R С 
5 

а 

Е B 
т 
А 
Fig. 23.25 5 (а) (9) 


The sides of the polygon may cross each other if this is necessary by the layout of the 
forces, but must follow each other in order, that is, one force must begin where the 
previous force ends. We may start with any force. Constructing a polygon of forces can 
be used as a graphical method to solve problems involving more than three forces acting 
at a point. 
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Example 6 


Five forces act as shown in Fig.23.26 and are in equilibrium. Find the magnitude аш 
direction of force P. ` 


Fig. 23.26 40N 


We will solve this problem using 2 methods. 


1 Graphical method 
Construct the polygon of forces to a suitable scale (say 1 cm : 10 N). ABCDE is 


drawn and then E is joined to A. EA would then represent the force P in 
magnitude and direction. From the drawing, we find that P = 62 N at an angle 73° 
to the 40 N force. 


40 М 


Fig. 23.27 


2 Resolution of forces 


Since the forces are in equilibrium, the resultant is zero, and hence its component 
in any direction is zero. Take i in the direction of the 40 N force and j in the 
negative direction of the 60 N force (Fig.23.26). 


Resolving along the i direction, we have О 
(P cos Ө + 40 — 50 sin 60° — 30 sin 30°)i = 0 (where P = | P |) 
giving P cos 0 = 18.30. . . (i) 
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Resolving along the j direction, we have 
(P sin Ө — 60 — 50 cos 60° + 30 соѕ 30°)j = 0 
giving Р sin Ө = 59.02. (ii) 


The components of P are shown in Fig. 23.28. 


Fig. 23.28 


The magnitude of P = V 18.30? + 59.02? = 61.8. 


The angle 0 which P makes with the 40 N force is given by 


tan Ө = 22:02 giving Ө = 72.8°. 


Hence Р is 61.8 N making an angle 72.8° with the 40 N force. 


Exercise 23.2 (Answers on page 650.) 


1 Find the unknown forces and angles in Fig.23.29. The forces in each set are in 


equilibrium. 
P 
5 
о 
» 1409 
150? ү одо - 80 N 
50N R 
(a) (b) 


60 N 


Fig. 23.29 100 № 
(с) (d) 
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2 A particle M of weight 20 N is supported by two strings, MA and MB making angles 
of 30° and 45° on opposite sides with the vertical through M. Find, by drawing or 
calculation, the tensions in the strings. 


3 А body of weight 40 N hangs from a string attached to a point on a vertical wall. The 
string will break when its tension exceeds 50 М. If the body is pulled away from the 
wall by a horizontal force P N, what angle does the string make with the vertical when 
it breaks and what is the value of P? | 


4 Three forces acting at the origin О can be represented by the vectors OA, Ob, oc 
where A, B, C have coordinates (5,2), (-3,8), (-2,-10) respectively. Show that the 


forces are in equilibrium. (L) 
5 The three coplanar forces P N, 2P N and 20 N are in equilibrium as shown in 
Fig.23.30. Calculate the value of P and of 0. (C) 
PN 
1209 
2PN 
89 


Fig. 23.30 20 N, 


6 Find the unknown forces in magnitude and direction in the following systems of 
forces which are in equilibrium. 


40 N 


30 N 
20N 


50 № 


10N P Q 


(a) (b) 
50N 


Fig. 23.31 
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7 Find the resultant in magnitude and direction of forces 10, 20, 30, 40 N acting in 
directions 060°, 120°, 180°, 270° respectively. 


8 Referred to rectangular axes with O as the origin, A is the point (4,3), B is the point 
(12.5), C is the point (0,6) and the same scale is used for the х- and the y- 
coordinates. Forces of magnitudes 75 N, 65 N and 35 N act at O towards A, B and C 
respectively. Find, by calculation or drawing, the magnitude of the resultant force and 
the angie it makes with the x-axis. (L) 


9 Five strings are attached to a point in equilibrium and radiate horizontally from this 
point. The tensions and directions of four of the strings are: 50 N, 060°; 40 N, 090°; 
100 М, 270°; 20 М, 330°. Find the tension in the fifth string and its direction. 


10 Fig.23.32 shows a particle in equilibrium under the action of five horizontal forces. 
Calculate the values of 0 and P. 


2PN 
2PN 
4PN 9 
Ө 
ЗРМ 
Fig. 23.32 8N 


11 The four coplanar forces in Fig.23.33(a) have the single force shown in Fig.23.33(b) 
as their resultant. If tan ø = 3, find the value of P and of 9. 


2PN 


PN 


Fig.23.33 PN (a) (b). 


12 Forces of 8 N and P N act along the lines OA and OB where ZAOB is an obtuse 
angle. 
(a) If P = 4, the resultant is perpendicular to OB. Find ZAOB. 
(b) Find the value of P if the resultant is to bisect ZAOB. 
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13 When the angle between two forces Р and О is 60°, the magnitude of their resultant 
is V19 N. When the angle is 120°, the magnitude is 47 N: Calculate the value of 
P and of Q. 


14 The following four coplanar forces acting at a point O are in equilibrium: 10 N in 
direction 000°, 20 N in direction 090°, О N in direction (180 + 6)° (0 < 90) and P N 
in direction 300°. 

(a) By drawing a polygon of forces, find the possible values of Р and of Ө when 
Q = 20. 

(b) Deduce the values of Р and 0 if О is to be the minimum force to maintain.the 
equilibrium and find the value of 0 in this case. 


FRICTION 


‘Smooth’ surfaces are often specified in problems. A smooth surface is a convenient 
approximation in Applied Mathematics. In real life, however, it is not possible to obtain 
such a surface. When one body moves over another, there is always some resistance to 
motion, the frictional resistance between the two surfaces. The size of this resistance will 
depend on the nature of the two surfaces in contact. 

Consider a particle of weight W at rest on a rough horizontal plane (Fig.23.34). 


R 


Fig. 23.34 Ww 


The normal reaction R of the plane on the particle has the same magnitude as W. 
We now apply a horizontal force P, slowly increasing its magnitude from zero, to the 
particle. The frictional force comes into operation when an attempt is made to move the 
particle. This frictional force always acts to oppose the tendency to move. Initially the 
particle does not move because the frictional force is equal (but opposite) to the applied 
force. As the force P is increased, the frictional force also increases to equal the applied 
force. Eventually, however, the frictional force reaches its maximum and a slight increase 
in P will make the particle slide. 
This maximum value of the frictional force F is called the бийг friction. From 
experiments, we obtain the ratio 
limiting frictional force _ 
normal reaction л 
where the Greek letter u (read mu) is a constant quantity and is called the coefficient of 
friction. The value of u depends only on the nature of the surfaces in contact and is 
independent of the areas in contact or the forces present. We can also write limiting 
frictional force F = uR (where R = normal reaction). 
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Hence until sliding takes place, the friction F is less than uR. In general then we have 
F < uR with the equality holding only at the point of sliding. 

After the limiting friction has been reached and the particle starts to slide, the frictional 
force will continue to act at this maximum value, uR to oppose the motion of the particle. 
(This is not strictly true but we shall ignore any variation.) 

In many machines, where metal parts move against each other, friction is produced. 
Friction is usually reduced by lubrication so that machines can function more effectively. 
For example, the piston in a car cylinder is lubricated by the oil pumped up from the 
sump. On the other hand we need friction to move about. We rely on the friction between 
our shoes and the ground to push us forward. On smooth ice or a polished floor, we tend 
to slip as the frictional force is small. Similarly the frictional force between the tyres of 
a car and the road is essential to the motion of the car. 

In solving problems involving friction, we first mark and find the normal reaction 
between the particle and the surface. We put F = pR if sliding is taking place or about to 
take place. Otherwise F < uR. 

As mentioned earlier in this chapter, we take the weight of a particle of mass m kg to 
be 10m М. : 


Ехатріе 7 


A particle of mass 1 kg rests оп а horizontal floor. The coefficient of friction between 
the particle and the floor is 5. What force is required just to make the particle move 
when 

(a) pulling horizontally, 

(b) pulling at an angle of 30° to the horizontal? 


(a) The weight of the particle = 10 х 1 N as the mass is 1 kg. 
The normal reaction R = 10 N (Fig.23.35) as the particle is in equilibrium 
vertically. 


Fig. 23.35 


On the point of sliding, 
F=uR= 3 x10=5 


Hence the horizontal force P (= Р) required just to make the particle move is 5 N. 
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(b) In this case, the normal reaction is not 10 М, as the vertical component of Р will 
have to be taken into account (Fig.23.36). 


Fig. 23.36 


Resolving vertically, we have 
R + P sin 30? = 10 
Since the particle is in limiting equilibrium, 


P cos 30? = uR 


ie. Px 33 = IR, giving R = ҮЗР. 


Substituting into (1), 
ЧЗР + $P = 10 giving P = 4.5. 


Hence the required force is 4.5 N. 


Example 8 


A particle of mass 1 kg is placed on a rough plane inclined at an angle 30° to the 
horizontal. The coefficient of friction is 2. Find the least force parallel to the plane 
that is required 

(a) to hold the particle at rest, 

(b) to make the particle slide up the plane. 


Fig. 23.37 


(a) Fig.23.37 shows the forces acting. As the particle is being held at rest, it is on the 
point of slipping down. Hence the frictional force F (= uR) acts upwards. We now 
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resolve the forces acting on the particle normal and parallel to the plane respec- 
tively to obtain: 


R= 10 cos 30° 
ie. R=5V3 (i) 

and P + UR = 10 sin 30° 
ie. P+ 2R=5 ш 


Substituting R from (1) into (ii), we have 
P + 2(5 V3) = 5 giving P = 1.54 М. 
Hence the least force (parallel to the plane) required to hold the particle is 1.54 N. 


b) In this case, when the particle is about to move upwards, the frictional force 
Е (= ШӘ) acts down the plane (Fig.23.38). 


Fig.23.38 


Resolving forces as before, we have 
R = 10 cos 30° 

ie. Е-5У3 

-and P = 10 sin 30° + yR 

їе, P=5+3R 


Substituting R from (iii) into (iv), we have 
Р=5 + 2(5 V3) giving P = 8.46 N. 


Hence the least force (parallel to the plane) required to make the particle move up : 
the plane is 8.46 N. 


Note that the force in part (а) is considerably less than that in part (b). 
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Exercise 23.3 (Answers on page 651.) 
(Take g = 10 m 87.) 


1 А mass of 4 kg rests on a rough table (и = 0.4). Find the least force required to make 
it move. 


2 If a force of 10 М is just sufficient to move a mass of 2: kg resting on a rough 
horizontal table, find the coefficient of friction. 


3 A block of mass 300 kg is just pulled along rough horizontal ground by two equal 
forces P N inclined at 30? to the line of motion. If the coefficient of friction is 0.6, find 
the value of P. 


4 A block of mass 1 kg is placed on an inclined plane of angle 60? and is just held there 
at rest by a horizontal force P. If the coefficient of friction is 0.4, find P. 


5 A body of mass 5 kg can just rest on a plane when the plane is inclined at 60? to the 
horizontal. Find the force parallel to the plane required to push the body up the plane 
if the inclination is reduced from 60? to 30°. 


6 A horizontal force of 10 N just prevents a mass of 2 kg from sliding down a rough 
plane inclined at 45? to the horizontal. Find the coefficient of friction. 


7 A mass of M kg is slowly pulled up a rough inclined plane of angle 30? by a string 
parallel to the plane. The coefficient of friction is 0.6. If the string will break when its 
tension exceeds 100 N, what is the largest possible value of M? 


8 A particle of mass M kg is placed on a rough inclined plane whose angle with the 
horizontal can be changed. When this angle is Ө, the particle just begins to slip. Show 
that the coefficient of friction = tan Ө. 


9 A block of mass 5 kg is placed on a rough plane inclined at an angle œ to the 
horizontal where sin & = 2. The coefficient of friction between the block and the 


plane is 2 A force ОМ Res on the block in an upward direction parallel to a line of 
greatest slope of the plane. 


Calculate 

(1) the minimum value of Q which will prevent the block from sliding down the 
plane, 

(1) the value of Q when the block is about to move up the plane. (C) 


10 A particle of mass 0.5 kg is at rest on a rough plane inclined at an angle Ө to the 
horizontal where sin 0 = 3, The particle is just prevented from sliding from the plane 
by a force of 2 N applied in an upward direction parallel to a line of greatest slope of 
the plane. 

(i) Draw a figure showing all the forces acting on the particle. 

Gi) Calculate the coefficient of friction between the particle and the plane. 

(iii) Calculate by how much the force of 2 N must be increased so that the particle is 
about to move up the plane. (С) 
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11 A particle of mass 0.5 kg rests on a plane inclined at ап angle 6 to the horizontal 
where tan 0 = 3. It is just prevented from sliding down the plane by a horizontal force 
of 2.5 N. Find the value of the coefficient of friction between the particle and the 

lane. 
When the horizontal force of 2.5 N is replaced by a force of P N acting up a line 
of greatest slope of the plane, the particle is about to move up the plane. Calculate the 
value of Р. 1 ` (С) 


12 A mass of 10 kg is in equilibrium on a rough inclined plane under the action of a force 
acting up the plane along a line of greatest slope. The angle of inclination of the plane 
to the horizontal is œ where sin & = 5. 
When the force is P N, the mass is on the point of sliding down the plane. When 
the force is 2P N, the mass is on the point of sliding up the plane. 
If the coefficient of friction between the mass and the plane is и, calculate the 
value of P and of p. ! (C) 


13 A block of mass 5.2 kg is placed on a rough plane inclined at an angle œ to the 
horizontal where sin o = 0.6. The coefficient of friction between the block and the 
plane is 0.4. The block is just prevented from sliding down the plane by a horizontal 
force Р М. 

Draw a diagram showing all the forces acting on the block and calculate the 
value of P. ‚ (С) 


14 Fig.23.39 shows а small block of mass 5 kg held against a rough vertical wall by a 
force P N inclined at an angle of 60° to the wall. If the coefficient of friction is 0.4, 
calculate the value of P when the block is 
(a) just prevented from slipping down, 

(b) just about to move up the wall. 


ip 
P d 1 
PN 
Fig. 23.39 | % 


15 Find the resultant іп magnitude and direction of the following coplanar forces acting 
at a point: 10 N in direction 000°, 20 N in direction 060° and 5 N in direction 090°. 
If these forces are attached to a particle of mass 8 kg on rough horizontal ground 

and the body is just about to move, calculate the coefficient of friction. 
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SUMMARY ` гах и ч 
2 Composition of 2 forces, Fondo : "e жана 


If OA represents P and OB represents Q, then the diagonal об of the 
i parallelogram represents the resultant R. 


* Resolution of a force, Е 
Е can be resolved into 2 perpendicular 
components: 
x-component = (F cos ӨЙ ' 
y-component = (F sin 9)j 13:17 
where F = [Е ||. 


(Ғ cos 9)i 


е Сонг forces acting at a point : А 
The resultant сап be found by first — ali ‘the fotces i in any 2 
perpendicular directions and then recombining the components: into-one косе 

ге Equilibrium of a particle А мн i: 
А particle under the action of 2 or more forces is in equilibrium if the resultant 
of the forces is zero. 

€ Triangle of forces - 

If three forces act at a point and are in equilibrium, then they can be represented 
in magnitude and direction by the three sides of a triangle taken in order. 
The converse is also true: 


If three forces acting at a point can be represented by the sides of a triangle 
taken in order, then they are in equilibrium. 
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Lame’ s theorem - А : ғы 
In the figure, if P; 9. Rare in n equilibrium then 


dp: цоог! RC 


sin ^ sf 7 sy 


vine P-IPL e LO nte [Ra ur 


. Polygon of. forces 


ы lf a number of coplanar forces acting at-a point аге:іп equilibdum; then they 
can be represented i in magnitude and direction by the sides of a closed polygon. E 


ө Friction : А 
Friction always acts. to oppose relative motion. 1 
The coefficient of friction, y. determines the limiting friction. 


. The. frictional force F and the normal. reaction-R are related by. F < uR. - 
At: limiting friction, Е = UR and the object. starts to slide over the: surface. 


REVISION EXERCISE 23 (Answers on page 651.) 


1 A particle M of mass 4 kg is suspended by two strings MA and MB of lengths 40 cm 
and 30 cm respectively. A and B are on the same horizontal level and AB = 50 cm. 
Find the tensions in the strings. 


2 Four horizontal concurrent forces, 20 N acting in a direction 245?, 12 N in a direction 
020°, P N in a direction 320° and Q N in a direction 110° are in equilibrium. 
Determine the value of P and of Q. (C) 


3 The following horizontal forces pass through a point О: 5 N in a direction 000°, 1 N 
in a direction 090?, 4 N in a direction 225? and 6 N in a direction 315?. Find the 
magnitude and direction of their resultant. 

Туго further horizontal forces are introduced to act at O: P N in a direction 135? 
and Q N in a direction 225°. If the complete set of forces is now in equilibrium, 
calculate the value of P and of Q. ; (C) 


4 A mass of 5 kg is suspended by a light string from a fixed point. A force of P N 
making an angle of 30° with the horizontal keeps the mass in equilibrium with the 
string making an angle of 40° with the vertical. By drawing or calculation, find the 
value of P and the tension in the string. 


5 The resultant of a force 2Р N in a direction 060? and a force 10 N in a direction 180? 
is a force of V3P N. Calculate. the value of P and the direction of the resultant. 

A third force of 25 N, concurrent with the other two and in the same plane, is added 

so that the resultant of the system is in the direction 180°. Find the direction in which 

the third force is applied and find the magnitude of the resultant. (C) 
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6 Forces of 5 N and 3 N act along the sides AB, AC respectively of an equilateral 
triangle ABC of side 12 m. Find the magnitude and direction of their resultant. (C) 


7 (a) Two forces, P and Q, of 2 N and 6 N respectively have a resultant of 5 N. 
Calculate the angle between Р and О. 
(b) The following horizontal forces pass through a point O: 
6 N in a direction 045°, 
8 N in a direction 180°, 
PN in a direction 330°. 
The resultant of these forces is in a direction 000°. Calculate 
(1) the value of P. 
(1) the magnitude of the resultant. (C) 


8 Two equal concurrent forces, each of F N, have a resultant of 6 N. When the 
magnitude of one of the forces is doubled, the resultant becomes 11 N. Calculate the 
value of F and the angle between the forces. А (С) 


9 А, B, C, D, Е, F are the vertices of a regular hexagon. Forces of 10 М, 10 N, 5 N and 
20 N act at A in the directions AB, AC, EA and AF respectively. Find, by drawing or 
calculation, the magnitude of their resultant and the angle it makes with AB. 


10 A body of mass 4 kg lies on a rough horizontal plane. It is acted on by an upward force 
of 26 N inclined at an angle otto the horizontal, where sin & = ra If the body is about 
to move, calculate the coefficient of friction between the body and the plane. 

The force is now removed and the plane is tilted to an angle D to the horizontal, where 
sin В = 3 A force Р N acts іп an upward direction on the body parallel to a line of 
greatest slope of the plane. Given that the body is about to move up the plane, 
calculate the value of P. (С) 


11 Three ropes are attached to a heavy block which is about to be pulled due N along 
rough level ground. The ropes are pulled horizontally in the directions 350°, 000° and 
030° with forces P N, 100 N and 160 N respectively. Find the value of P and the 
resultant force acting on the block. 

If the mass of the block is 80 kg, calculate the coefficient of friction. 


12 A block of mass 1.5 kg is placed on a rough plane inclined at an angle о to the 
horizontal where sin © = 0.6. The coefficient of friction between the block and the 
plane is 1. The block is acted on by a force Р N perpendicular to ће plane and is on 
the point of slipping downwards. 


Draw. a diagram showing all the forces acting on the block and calculate the value 
of P. (С) 


13 А body of mass т kg is held in equilibrium оп a rough plane, inclined at an angle Ө 
to the horizontal, by a force of Р ЇЧ, acting up a line of greatest slope. 
When P = 15.6, the body is about to slide up the plane, and when P = 8.4, the body 
is about to slide down the plane. 
Given that tan 0 = 3 ‚ find the value of m and of p, the coefficient of friction between 
the body and the plane. (C) 
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14 


15 


16 


17 


18 


19 


20 


A body of mass 4 kg rests on rough horizontal ground. The coefficient of friction 
between the body and the ground is $. A light rod attached to the body is pushed 
towards the body in a downward direction at an angle of Ө to the horizontai until the 
body is on the point of sliding. 

Given that tan 0 = L, calculate 

G) the force exerted by the rod, 

(ii) the frictional force between the body and the ground. (C) 


A block of mass 20 kg stands on a rough inclined plane of angle 20°. A man pulls on 
a rope attached to the block and just prevents it from slipping down. If the rope makes 
an angle of 10? with the plane and the coefficient of friction is 1, with what force does 
he pull? 


The least force required 10 move a mass of 10 kg on a rough horizontal plank is 25 N. 
If the plank is now tilted to make an angle of 45° with the horizontal, the coefficient 
of friction being unchanged, what is the least force required to move the mass up the 
plank? 

A long handle is attached to a body of mass 15 kg resting on rough horizontal ground. 
The handie has two positions making angles 08.0 and ø to the horizontal where 
tan 0 = 2 and tan ø = 1 

If the coefficient of friction between the body and the ground is 3, calculate the 
difference in the forces in each position needed to just move the body. 


A body of mass 8 kg is placed on a rough inclined plane of angle 30°. The coefficient 

of friction is 0.5. Find the least force parallel to the plane required to keep the body 

in equilibrium. i 

The following coplanar forces act at a point O: 10 N in direction 045°, 15 N in 

direction 000°, P N in direction 270°. 

(a) Find their resultant in magnitude and direction when P = 20. 

(b) Find also by drawing or calculation, the minimum force which must be added to 
produce equilibrium and state the value of P in this case. 


Coplanar forces of 8 N in direction 000°, 5 N in direction 090°, P N in direction 240° 
and Q N in direction 150? act at a point and are in equilibrium. By drawing or calcu- 
lation, find the values of P and Q. 

If however P = 10 and the forces are still in equilibrium, find the new value of Q and 
its direction. І 
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Newton’s 
Laws of Motion 


In this chapter, we shall discuss the relation between the force acting on a body and its 
motion. It was Newton who first understood this relationship and who enunciated the 
three laws of motion. Dynamics, which is the study of the effect of forces acting on a 
body, is based on these laws. 


NEWTON’S LAWS 
Newton’s laws may be stated as follows: 


First law: Every body remains at rest or moves with uniform velocity unless it is made 
to change this state by external forces. 


Second law: If a force acts on a body and produces a certain acceleration, then the force 
is proportional to the product of the mass of the body (assumed constant) 
and the acceleration. Also the acceleration takes place in the direction of the 
force. 


Third law: То every action there is an equal and opposite reaction. 


The first law disposed of a pre-Newtonian misconception that a force was required to 
keep a body moving. It explains why a spacecraft once free of the earth's gravitational 
field will continue to travel in a straight line with steady speed until it is affected by the 
pull of another planet. It is not possible to attain this state on earth, as friction or air 
resistance is always acting and gradually slows down any moving body. 

The second law involves the concept of mass. The mass of a body is usually defined 
as the quantity of matter in the body. Though this is not very helpful, the idea is 
reasonably easy to grasp; that is, a small body requires less force to give it a certain 
acceleration than а more massive one. Thus, if I push a certain truck with a certain force, - 
an acceleration will be produced. If I push two similar trucks joined together with the 
same force, the acceleration will be halved as I am pushing an object twice the mass. The 
standard unit of mass is 1 kg (kilogram) = 1000 g (gram). The second law can be written 
symbolically as follows: 


| Pama 
or P = kma 


where P = force, m = mass, a = acceleration, k = some constant. 
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For a standard mass of 1 kg having standard unit acceleration 1 m 572, the force acting 
will be 
P=kx1x1= k units 


If we now take the unit of force to be that which will produce an acceleration of 
1 m s? ina mass of 1 kg, then Р = 1 and k = 1. This unit of force is 1 Newton (1 М). The 
equation of motion then simplifies to 


For large forces, the kilonewton, kN can be used (i KN = 1000 N). 

The third law means that the force a body exerts on another is always accompanied by 
an equal and opposite force exerted by the second body on the first. We have used this 
law implicitly when we discussed reaction in the last chapter and we shall dwell on this 
further when we discuss connected particles. 


MASS AND WEIGHT 


АЙ bodies are attracted to the earth by a gravitational force. Near the surface of the earth, 
this force produces an acceleration g m 52. g is about 9.8, but varies slightly over the 
surface of the earth. A mass of m kg if free to move would fall with an acceleration 
g m 57. (Note that the acceleration is independent of the mass of the body.) The force 
acting on the body is thus mg N and this is the weight of the body. 

The mass of a body is constant but its weight is not. In fact, the weight varies with 
locality depending on the value of g which we noted earlier varies slightly over the 
surface of the earth. So the weight of a mass of 1 kg is about 9.8 М. In space where 
g = 0 or nearly so, its weight would be zero (weightless). On the moon where g = 1.6, its 
weight would be about 1.6 N though its mass is still 1 kg. 

In everyday life, the distinction between mass and weight is blurred. When we say the 
‘weight’ of a person is 50 kg, we really mean that his ‘mass’ is 50 kg. His actual weight 
would be 50g N (or approximately 500 N). Similarly, a packet of washing powder 
labelled ‘net weight: 1 kg’ should actually read ‘net mass: 1 kg’. In our work the 
distinction will be carefully noted between mass and weight and the correct units used for 
each. The relation is that the weight W of a mass m (in kg) is mg Gin N) 16. W = mg. 

As in Chapter 20, we will continue to take the approximate value of g = 10m s? in our 
work. In the worked examples that follow, we will use — to represent a force and —>> 
to represent acceleration in our diagrams. 
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Example 1 


A force of 1 N acts on a particle of mass 2 kg which is initially at rest. Find the 
resulting acceleration. Find also the velocity. of the particle after 5 s. 


Using Р=та 

we have 1=2a 

giving a= 4 

Hence the acceleration is 1 m 52. 


The velocity v m 87! after 5 s is given by 
v-u-at 
-0%1(5)-2.5 


Therefore the velocity after 5 s is 2.5 m 57. 


Example 2 


A horizontal force of 0.5 N acts on a body of mass 0.2 kg (Fig. 24.1). There is a 
frictional force of 0.2 N opposing the first force. What acceleration will be produced? 


friction applied force 
0.2N —| = | — kg 05 


—————— 
net force 0.3 N 


----:-------9Ә- 
Fig. 24.1 а 


The resultant or net force acting is 0.5 — 0.2 = 0.3 №. 


The acceleration a m s? will take place in the direction of the resultant and is given by 


P=ma 
ie. 03-02а 
giving a = 1.5 


Hence the acceleration produced is 1.5 m $2. 
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Example 3 


Two forces 5 N and 8 N in the directions 030°and due E respectively act on a body of 
mass 2 kg. Find the acceleration of the body. 


We first find the resultant of the two forces by drawing or calculation (Fig. 24.2). 


N 
4 


| 
| 
| 
| 
| 
| 


Fig. 24.2 2 kg 


The resultant force is Р = 11.36 N in the direction 067.6° (0 = 22.49). 
Then using Р = та, 

11.36 = 2а ` 
giving a=5.68 


we have 


Hence the acceleration is 5.68 m s? in the direction 067.6°.. 


Example 4 


A parcel of 4 kg is suspended from a spring balance in a lift. What does the balance 
read if the lift is 

(a) moving with uniform speed, 

(b) accelerating upwards at 0.5 m 87, 


Fig. 24.3 
(c) accelerating downwards at 0.5 m 52? Q 9 


A spring balance consists of a strong 
spring with a pointer and scale attached. 
Using a result in Physics that the exten- 
sion of a spring is proportional to the 
tension in the spring, the scale can be 
calibrated to show the force extending the 


spring. 


“Бы 
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We consider the forces acting on the 
parcel i.e. its weight of 4g N acting verti- 
cally downwards and the tension in the 
spring vertically upwards. 


Fig. 24.4 


(a) Since the parcel is moving with uniform speed, 
there is no net force acting on it. 
Therefore T = 4р 
=40N 
which is what the balance should read. 4gN 


(b) There is an upward acceleration. 
This means there is a resultant force 
upwards and this resultant force 


-T-4g 
Therefore T — 4g — 4(0.5) 


Т-40-2 
Т-42 


Т Fig. 24.5 


4 kg 0.5 тв? 


Hence the new reading on the balance is 42 N. 4gN 


Fig. 24.6 


(c) Similarly, when there is a downward T 
acceleration, we have a resultant force downwards and 


4g -T = 4(0.5) 


ie. 40-Т-2 
T = 38 


So the reading on the balance will then be 38 N. 
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Example 5 


A particle initially at rest slides down from the top of a rough plane I m long inclined 
at an angle of 60° to the horizontal. The coefficient of friction between the plane and 
the particle is iF ind the velocity of the particle at the bottom of the plane. 


Let m = mass of particle in kg, 
R = normal reaction in N, 
F = frictional force in N 

and a = acceleration in m 57. 


Fig. 24.7 shows the forces acting on the particle. We resolve the weight along and 
normal to the plane (Fig. 24.8). 


Fig. 24.7 | Fig. 24.8 


„тд cos 60° 


We then consider motion along and normal to the plane respectively. Since the particle 
slides along the plane, there is acceleration (а m s?) along the plane only and no 
acceleration normal to the plane. Hence there is no resultant force normal to the plane. 
So we have 


К = mg cos 60° 
ie. = 1 mg 


The frictional force F is given by 


The net force down the slope is then 


mg sin 60° - F = mg x 23. - img 


529 


Using P = та, 


we have (8 - 1) mg = та 


giving a = (8 - Ds 
= 6.16 m s? 
The velocity v m 57! of the particle at the bottom of the plane is given by 
v? — ш = 2as 
v? — 0 = 2(6.16)(1) 
y? = 12.32 
Therefore v= 3.51 


Hence the velocity of the particle at the bottom of the plane is 3.51 ms”. 


Note: The method of resolving the weight in this solution should be carefully noted. 
As a general rule, all forces should be resolved into components parallel and normal 
to any acceleration. The equation of motion is then applied in the direction of the 
acceleration, the other components being in equilibrium. 


Exercise 24.1 (Answers on page 651.) 

[Take g = 10 m s? where required.] 
1 If a force of 20 N acts on a mass of 2 kg, what is the acceleration produced? 
2 If a force of 5 N acts on mass of 750 g, what acceleration results? 


3 If a force of 4 kN acts on a mass оГ 2.2 tonne (1 tonne = 10? kg), what is the 
acceleration in m 8727 


4 If g= 1.6m s? on the moon, what is the weight of a packet of tea labelled: net mass 
250 g? 


5 A mass of 1.5 kg has an acceleration of 0.8 m s?. What force is acting on it? 


6 If a force of 2 N acts on a mass of 1.5 kg at rest initially, what is its velocity after 
6 5? 


7 A mass of 5 Кр is dragged across а rough surface (frictional force equal to 3 № 
opposing the motion) by a horizontal force of 20 N. What is the acceleration 
produced? 


8 Two forces, 20 and 10 М, act on a body of mass 0.5 kg at right angles to each other. 
What is the acceleration of the mass, in magnitude and direction? 


9 A force of 20 М is applied at an angle of 60° to the horizontal to a mass of 4 kg on 
a smooth horizontal table. What is the acceleration of the mass? 


10 A particle of mass 2.5 kg is moving at a steady speed of 12 т s~! when it meets with 
a fixed resistance of 10 N. How long does it take to come to rest? 
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12 


13 


14 


15. 


16 


17 


18 


19 


20 


Find the constant force which would give a body of mass 5 kg at rest a velocity of 
64ms'in4s. 


A mass of 2 kg is at rest on a rough horizontal table. A force of 20 N is applied to the 
mass, the force making an angle of 30° with the table. Frictional resistance is equal 
to 5 N. What is the acceleration of the mass? 


A toy engine of mass 350 р exerts a driving force of 0.1 М. With what acceleration 
could it climb a smooth slope of 100 (іе. a slope making angle Ө with the horizontal 
where sin 6 = T5) ? 


A man of mass 80 kg stands in a lift. What is the reaction from the floor of the lift if 
the lift 

(a) moves upwards with steady speed, 

(b) moves upwards with acceleration 0.5 m s?, 

(c) moves downwards with acceleration 0.4 m s?? 


A car of mass 750 kg is accelerating up.a slope of 0 to the horizontal where 


sin Ө = $ at 1.5 m 57. Ignoring any road resistance, find the tractive force of the 
engine. : 


A block of mass 10 kg is placed on an inclined plane of angle 30° to the horizontal. 

The coefficient of friction is 0.5. Find | 

(а) the acceleration of the block down the plane, 

(b) the least force parallel to the plane required to keep the block at rest, 

(c) the least force parallel to the plane required to make the block begin to move up 
the plane, 

(d) the force parallel to the plane required to move the block up the plane with an 
acceleration of 0.5 m s”. 


A barge of mass 50 000 kg is being towed by two tugs. The two ropes make an angle 
of 15? on each side of the line of motion and the tension in each one is 1000 N. If the 
barge is moving with an acceleration of 0.02 m s”, find the resistance to its motion. 


A body of mass 2 kg is pushed up an inclined plane of angle 30? to the horizontal by 
a horizontal force of 20 N. If the coefficient of friction is 1, find the acceleration of. 
the body. 

А body of mass 4 kg is pulled from rest to a speed of 4.5 m 87 in a time of 3 seconds 
on a rough horizontal surface by a force of 20 N which makes an angle of 10° with 
the horizontal. Find the coefficient of friction. 


A particle slides down an inclined plane of angle Ө to the horizontal, where sin Ө = 3, 
with acceleration 2 m 572. Calculate the coefficient of friction. 
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CONNECTED PARTICLES 


Fig. 24.9 


If a саг pulls a caravan (Fig. 24.9), the pull of the car is transmitted through the tie rod to 
the caravan but the caravan equally pulls the car backwards. The two pulls are the same 
size (T) but opposite in direction, according to Newton’s Third Law. If we are considering 
the car, we must include the backward pull; if we consider the caravan we include the 
forward pull. If however, we consider the two as one body, the two pulls cancel out as 
internal forces and need not be considered. 

Again, if two masses are suspended by a string over a frictionless (smooth) pulley, the 
string transmits a tension which pulls the mass A (Fig. 24.10) upwards when considering 
A, but pulis the mass B upwards when considering B. If the two masses are taken as one 
body, again the two tensions cancel out as internal forces and need not be considered. 


Fig. 24.10 
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Example 6 


A string (assumed to have по weight and not to stretch) passes over a smooth light 
pulley. To the ends of the string are attached masses of 3 kg (A) and 2 kg (B) and both 
parts of the string are vertical. With what acceleration does the system move? What 
is the reaction at the axle of the pulley? 


Fig. 24.11 


The system is shown in Fig. 24.11 with the weights of the masses. 
Let the acceleration of A be a m 87 downwards and hence B will have the same 


acceleration upwards. 
Now consider each mass and the pulley separately (Fig. 24.12). 


Т R Т 
А B 

| : 
30 N T T 2g N 


The string transmits a tension T and the reaction at the axle of the pulley is R. 


Fig. 24.12 


For A, since the acceleration is downwards, 3g — T = 3a (i) 

For the pulley, since it has no acceleration vertically, R = 2T (ii) 

For В, since the acceleration is upwards, Т- 2g = 2a (iii) 
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Now solve these equations for a, Т and Ё. 
Adding (i) and (iii), 8 = 5а 


giving . a= g -2ms? 
From (iii), T =2a+2g 
=4+20=24N 
From (ii), R=2T 
=48N 


(Note that this is less than the total weight of the masses, 50 N.) 


Example 7 


Fig. 24.13 shows two particles A and B each of mass 0.5 kg, joined by a light inelastic 
string which passes over a smooth fixed pulley at C. The system is held at rest with A 
hanging freely while B is on a rough horizontal surface. The coefficient of friction 
between B and the surface is 0.4. Find the magnitude of the acceleration of each 
particle and the tension in the string when the system is released. 


Fig. 24.13 


Let the acceleration of A be a m 87 downwards and hence В will move towards C with 
the same acceleration. The string transmits a tension T. Fig. 24.14 shows the forces 
acting on A and B. | 


Fig. 24.14 0.59 М 


534 


For A, since the acceleration is downwards, 
0.5g Т = 0.5a (0) 
For В, since ће acceleration is towards С, 
Т- Е = 0.5а 
where the frictional force F = yR 
= 0.4(0.5g) 
-= 0.22 
Substituting this into (ii), we have 
Т— 0.28 = 0.5a 


Now solve (i) and (iii) to obtain а and T. 


Adding (i) and (iii), 0.32 =a 

ie. а-3 
From (iii), T — 0.2(10) = 0.5(3) 
giving Т = 3.5 


Hence the acceleration of each particle is 3 т s? and the tension in the string is 3.5 №. 


Example 8 


Fig. 24.15 shows two particles A of mass 1 kg and B of mass 2 kg connected by a light 
inelastic string which passes over a smooth pulley at C. The system is held at rest with 
B hanging freely while A is on a rough plane inclined at 6 to the horizontal where 
tan 0 = 3 . The coefficient of friction between A and the plane is 0.2. Find the 
magnitude of the acceleration of each particle and the tension in the string when the 
system is released. | 


Fig. 24.15 
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Let the acceleration of B be a m s? downwards and hence A will move towards C with 
the same acceleration. The string transmits a tension T. Fig. 24.16 shows the forces 
acting on A and B. 


Fig. 24.16 


Now consider the motion of each mass separately. 
For B, since the acceleration is downwards, 
2g - T = 2a (i) 


For A, since the acceleration is along AC, and the tension is opposed by the frictional 
force, F and the component of the weight downslope, g sin 8, we have 


T —(F + g sin Ө) = la (i) 
Resolving forces perpendicular to the plane, the normal reaction is 
R=gcos9 


The frictional force, F is given by 


Е-һЕ 
= ug cos 0 


Substituting this into (ii), 
Т — (ug cos 8 + g sin 8) =a 
Now solve (i) and (iii) to obtain а and Т. 
Adding (i) and (iii), 
2g — (ug cos 0 + g sin Ө) = За 


Le. 2(10) - [03004 + 10(3)| = 3a 


giving a=4i3 | 

From (i) 2(10)-Т = 2(4.13) 

giving T=1 174: 

Hence the acceleration of each particle is 4.13 m s? and the tension in the string is 
11.74 N. 
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Example 9 


Acar of mass 0.75 tonnes is pulling a trailer of mass 200 kg along rough level ground. 
The resistance to motion on each vehicle is 2 N per kg of mass. Find the force exerted 
by the engine and the tension in the tow-bar, when the vehicles are 

(a) travelling at a constant speed, and 

(b) when they are accelerating at 0.8 m s”. 


The resistance to motion of the car = 2 x 0.75 x 1000 = 1500 N and to the trailer 
400 N. 


(a) First. we take the two as опе body (Fig. 24.17(a)). 


т 


я———— 1500 + 400 = 1900 N 


400 N T з 
(b) 1900 N 


1500 М 


0.8 m 8% 0.8 ms? 
Sa —— 
400 N TE 
F! 
(c) 
Fig.24.17 1500 N 


The total resistance is 1900 N and so the force exerted by the engine F = 1900 N 
as there is no acceleration. 


To find the tension (T) in the tow-bar we must consider either the car or the trailer 
separately (Fig. 24.17(b)). It is simpler to consider the trailer. 


T = 400 М as there is no acceleration. (For the car, 1900 = Т + 1500.) 


(b) Taking the two as one body (Fig. 24.17(c)), F' — 1900 = 950 x 0.8 giving 
F’ = 2660 М. 


Now taking the trailer alone, T’ — 400 = 200 x 0.8 giving T’ = 560 N. 
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Example 10 


Particles A and B of masses 3 kg апа 1 kg respectively (Fig. 24.18(a)) hang at the ends 
of a light string passing over a smooth pulley. A is released from rest when it is 2 m 
above the ground. Find | 

(a) the common acceleration of the particles, 

(b) the speed of B when A reaches the ground, 

(c) how much higher B will travel afterwards. (It is assumed that B never reaches the 


(5) 
T т 
i EN 
30 N 10N 


pulley.) (а) 


Fig.24.18 “420 m s 


From Fig. 24.18(b), 30 — T = 3a 
Т-10-а 


Solving the two equations gives а = 5 57, 

When A reaches the ground, B will have travelled 2 m with acceleration 5 m 52. 
Using у? = 2 + 245, v?=0+2x5x2=20 

so v = V20 ms", 


The string is now slack. B continues moving upwards but with acceleration g 
downwards (Fig. 24.18(c)). 


At the highest point reached, B's velocity is 0. 
Using у? = и? + 2as again, 0 = 20 — 2 x 10 x s giving s = I. 
B will rise a distance of 1 m after A hits the ground. 
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Exercise 24.2: (Answers оп page 652.) 


[Take g = I0 m s? where required.] 


1 


6 


Masses of 5 kg and 3 kg are connected by a light string over a smooth pulley. Find 


(а) the acceleration of the masses, 


(b) the tension in the string, 
(c) the reaction at the axle of the pulley. 


A mass of 3 kg rests on a smooth horizontal table connected by a light string passing 
over a smooth pulley at the edge of the table to another mass of 2 kg hanging verti- 
cally. When the system is released from rest, with what acceleration do the masses 
move and what 15 the tension in the string? 


А body of mass 10 kg lies on a smooth inclined plane. A light string attached to this 
body passes over a smooth pulley at the top of the plane and supports a mass of 2 kg 
hanging freely. If the inclination of the plane is 0 to the horizontal where sin 0 — i 
find the acceleration of the masses. 


Masses of 4 kg and m kg are connected by a light string passing over a smooth pulley. 
When free to move, their acceleration is 0.5 m 572. Find the possible values of т. 


A mass of 8 kg is placed on a horizontal table (u = 0.3) connected by a light inexten- 
sible string placed over a smooth pulley at the edge of the table to another mass of 
4kg hanging freely. Find the acceleration of the masses when released from rest. 


A lorry of mass 1000 kg pulls a trailer of mass 450 kg on level ground. Resistance to 
motion for either vehicle is 4 N per kg of mass. Find the tension in the tow-bar and 
the tractive force of the engine when they are 

(a) moving at a steady speed, 

(b) accelerating at 0.6 m 57. 


A car of mass 800 kg is pulling a trailer of mass 300 kg up a slope of angle 0 to the 
horizontal where sin 0 — 500” Resistance to motion (apart from gravity) is 1.5 N per 
kg of mass for each vehicle. Calculate the pull of the engine and the tension in the 
tow-bar when they are 

(a) moving with constant speed, 

(b) accelerating at 0.2 m 87. 


In Fig. 24.19, РОК is a fixed wedge on level ground where PQ = 5 m, QR = 3 m and 
PRQ is a right angle. Particle A, of mass 1.5 kg, lies at the foot of the smooth slope 
PQ, attached by a light string passing over the smooth pulley at Q, to the particle B 
of mass 1 kg. B is released from rest when it is 2 m above ground level. Find 
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(a) the acceleration of the particles, 
(b) how far A will travel up the slope before coming to momentary rest. 


Fig.24.19 Р R 


9 A wedge has two equally rough faces each inclined at 30° to the horizontal. Masses 
of 5 kg and 2 kg, one on each face, are connected by a light string passing over a 
smooth pulley at the top of the wedge. The coefficient of friction р between each 
mass and the surface of the wedge is 0.2. Find the acceleration of the masses when 
they are released. 


10 In Fig. 24.20, the particle of mass 2.4 kg is held at rest on the rough horizontal surface 
AB (the coefficient of friction is 0.5). It is connected by a light string passing over a 
smooth pulley at B to a particle of mass 3.6 kg. The sloping face BC is smooth and 
makes an angle of 30° with the horizontal. Find the acceleration of the particles when 
they are released. | 


Fig.24.20 


11 In Fig. 2420, if AB is smooth and BC is rough, and the acceleration of the particles 
is the same as before, calculate the coefficient of friction of BC. 


12 Two bodies A and B, joined by a light inextensible string, are placed on a plane which 
is inclined to the horizontal at an angle whose tangent is 0.75 so that the string is taut 
and lies along a line of greatest slope and B is higher up the plane than A. The body 
А is smooth and its mass is 9 kg. The mass of B is 3 kg and the coefficient of sliding 
friction between B and the plane is 0.5. The system is allowed to slide down the plane. 
Caiculate 
(a) the frictional resistance to the motion of B, 

(b) the acceleration of the system, . 
(c) the tension in the string. (L) 
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13 A model engine of mass 2 kg is pulling two trucks, each of mass 0.5 kg, on a level 
track. Resistance to motion of the engine is 30 N and 5 N each for the trucks. 
Calculate the pull of the engine and the tension in each of the couplings when the 
three are А 

` (а) moving at a steady speed, 
(b) accelerating at 0.1 ms”. 


14 Particles A, B and C, of masses 2, 1 and 3 kg respectively, are connected as shown 
in Fig. 24.21 by two light strings passing over smooth pulleys. The surfaces on which 
B and C move are smooth. When the particles are free to move, calculate 
(a) .their acceleration, 
(b) the tensions in the strings. 


Fig.24.21 


SUMMARY 

©. Newton's Laws: d ue ум банн "E 

Pe Every body remains at rest or moves with uniform veloci unless it is made to 
change this state by external. Цэл МӨР сн E И i 
“2 If a force acts ona body and produces а certain acceleration, then the ‘force is 


To every action; there is: ап equal a and: opposite: reaction 


= mass x acceleration. : 


REVISION EXERCISE 24 (Answers on page 652.) 


1 A block of mass 6 kg is placed on a rough plane inclined at an angle о: to the horizon- 
tal, where sin = 0.6. The coefficient of friction between the block and the plane is 
0.4. A force P N acts on the block in an upward direction parallel to a line of great- 
est slope of the plane. Calculate 
() the minimum value of P which will prevent the block sliding down the plane, 
Gi) the direction of motion and the acceleration of the block when P = 12. (C) 
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2 A load of 400 kg is lifted by a cable through a vertical distance of 48 m. The load 
moves upwards from rest with a uniform acceleration of 0.5 m s? over the first 36 m 
and then decelerates uniformly to rest. Calculate 
(i) the tension in the cable during acceleration, 

(ii) the maximum velocity attained by the load, 
(iii) the tension in the cable during deceleration. (C) 


3 A body of mass 3 kg rests оп а rough plane inclined at an angle of 45° to the horizon- 
tal. The coefficient of friction between the body and the plane is 1. The body is just 
prevented from sliding down the plane by a force of P N acting towards, and at right 
angles to the plane. Calculate the value of P. 

If the force P is reduced to 36 N, calculate the acceleration of the body down the 
plane. (C) 


4 A particle of mass 0.5 kg is projected up a line of greatest slope of a rough plane 
inclined at an angle @ to the horizontal, where sin 0 = 3, 
Given that the speed of projection is 6 m s” and that the coefficient of friction 
between the particle and the plane is 3, calculate 
(a) the distance travelled up the plane when the speed has fallen to 4 m s^; 

(b) the speed of the particle when it returns to its point of projection. (C) 


5 An engine of mass 50 000 kg is pulling two trucks each of mass 10 000 kg along a 
level track at constant speed. Resistances are 50 N per 1000 kg for the engine and 30 
N per 1000 kg for each of the trucks. Calculate 
G) the tractive force exerted by the engine, 

(ii) the tension in the coupling between the engine and the first truck. 
(iii) the tension in the coupling between the two trucks. 


. Calculate the corresponding forces when the train is accelerating at 0.1 т 52. (C) 


6 A motor-boat of mass 1500 kg is towing a water-skier of mass 80 kg. The boat 
experiences a constant resistance of 1 200 N while the skier experiences a resistance 
of 150 N. Assuming that the cable remains taut and horizontal, calculate the tractive 
force exerted by the motor and the tension in the cable when the boat and skier are 
(Gi) travelling'at constant velocity; 

(ii) accelerating at 3 m 52, ' ! (C) 


7 A particle A of mass 5 kg lies on a rough horizontal table, the coefficient of friction 
being 1. It is connected by a light inextensible string which Passes over a smooth 
pulley at the end of the table to a particle B of mass 4 kg which hangs freely above 
the ground. The system is released from rest with A at a distance of 3 m from the edge 
of the table. Find the acceleration of the particles. 

If B reaches the ground after 1} seconds, calculate 
(1) the distance of A from the edge of the table at this instant, 
(1) the subsequent deceleration of A. (C) 
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8 A particle of mass 3 kg is held at rest.on a rough horizontal table, connected by a light 
inextensible string which passes over a small smooth pulley at the end of the table to 
a particle. of mass 2 kg which hangs freely. The coefficient of friction between the 
particle and the table is 1. The particles are released from rest. Calculate 
(d) their acceleration, 
(1) the tension in the string, 
(iii) the force exerted by the string on the pulley. (C) 


9 Fig. 24.22 shows two masses of 5 kg and 7 kg respectively connected by a light 
inextensible string which passes over a smooth fixed pulley. The system is released 
from rest and the 7 kg mass reaches the.ground after 3 s. Calculate 
() the acceleration of the masses while the string remains taut, 

(ii) the total distance moved by the 5 kg mass before it comes instantaneously to rest, 
assuming that it does not reach the pulley. (C) 


7 kg 


5 kg 
Fig.25.22 


10 Two bodies, A and B, of mass 3 kg and 2 kg respectively, are connected by a light 
string passing over a smooth pulley. A rests on a rough plane inclined at 20° to the 
horizontal. When the bodies are released from rest, B moves downward with an 
acceleration of 0.5 m 52. Calculate the value of и, the coefficient of friction between 
A and the inclined plane. (C) 


Fig. 24.23 


11 Particles A and B, of masses 1 kg and 0.6 kg, are connected by a light string passing 
over a smooth pulley. The particles are held at rest with B 1.5 m higher than A. B is 
then given a speed of 2 m 57! downwards. Calculate 
(a) the acceleration of the particles, 

(b) the time taken for B to be at the same level as A, 
(c) for how long B will be lower than A. 
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Particle A of mass 0.8 kg is held at rest on a rough horizontal surface and is connected 

by a light string passing over a smooth pulley at the edge of the surface to a particle 

B of mass 0.4 kg hanging freely. When A is released, the acceleration of the particles 

is im 52, 

(а) Calculate the coefficient of friction between A cand the surface. 

(b) After travelling for 3 seconds, B is stopped. Calculate the total distance travelled 
by A before it comes to a stop. 


A car of mass 600 kg is pulling a trailer of mass 200 kg up an incline of angle 0 to 
the horizontal where sin Ө = zo The resistance to motion on either vehicle is 0.2 N 


per kg of mass. Calculate the driving force of the engine and the tension in the tow- 
bar when the vehicles are accelerating at 0.25 m 57. 


Particle A of s 4 kg lies on a rough plane inclined at an angle 0 to the horizontal, 
where sin 0 = 4 . The coefficient of friction between A and the plane is 0.5. А is 
connected to mom particle B of mass m kg by a light string passing over a smooth 
pulley at the top of the plane and B hangs freely. When the particles are free to move, 
the acceleration of B is 2 m 87, Find the possible values of m. 


In Fig. 24.24, particles P and Q of masses 5 kg and 2 kg respectively, lie on the faces 
AC and BC of the fixed wedge ABC. ZA = ZB = 45? and the coefficients of friction 
on the faces AC and BC are 0.2 and 0.5 respectively. Find the acceleration of the 
particles when they are free to move. 


Fig. 24.24 


Masses of 2.8 kg, 22 kg, 1 kg are connected by light inextensible strings, one of 
which passes over a smooth fixed pulley as shown in the diagram. If the system is 
released from rest, calculate 

(i) the acceleration of the masses, 

(ii) the tension in the string joining the 2.2 kg and 1 kg masses. 


Jf after 1 i seconds the string joining the 2.2 kg and 1 kg masses 


breaks, calculate the further distance the 2.2 kg mass falls before 


coming instantaneously to rest. | (С) 


225 Ф 2.8 kg 
“Fig. 24.25 
lkg 
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08kg à (1288 
EN “АВ 
0:09 m 


22222 


The diagram shows two particles A and В, connected by a light inextensible string 

which passes over a smooth fixed peg. The system is held with the string taut and with 

A and B each at a height of 0-09 m above a fixed horizontal plane; it is then released 

from rest. When B reaches the plane it becomes stationary. Calculate 

(i) the tension in the string while both particles are in motion, 

(ii) the speed of the particles when B reaches the plane, 

(iii) the maximum height above the plane attained by A, assuming that A does not 
reach the height of the fixed peg. (C) 


Fig 24.26 


18 The diagram shows two bodies, A and B, connected by a light inextensible string 
passing over a smooth peg. The body A has a mass of 8 kg and lies on a rough plane 
inclined at an angle о. to the horizontal, where cos Ө = 3. The body B has a mass of 
2 kg and hangs freely. 


Fig. 24.27 


(i) In the case where the bodies are free to move and A accelerates down the plane 
at 2 m 82, calculate the tension in the string and the coefficient of friction between 
A and the plane. 

(ii) Find the smallest mass which, when attached to B, would prevent A from sliding 
down the plane. (C) 


19 The diagram shows two particles, A, of mass 0-3 kg, and B, of mass 0-2 kg, joined by 
a light inelastic string which passes over a smooth fixed pulley at C. The system is 
held at rest with A on a smooth plane inclined at 30° to the horizontal and В on a rough 
horizontal surface. The coefficient of friction between B and the surface is 0-4. Show 
that, when the system is released from rest, the acceleration of each particle has a 
magnitude of 1-4 m s? and calculate the tension in the string. 
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After 2 seconds, and before В reaches С, A hits an'obstacle and comes instantaneously 
to rest. Calculate 

(1) the speed of В at this instant, 

Gi) the subsequent deceleration of B. 

Given that B just reaches C, find the distance of B from C at the start of the motion, 


(С) 
C 


0:2 kg 
B 


Fig. 24.28 


20 A car of mass 560 kg is pulling a caravan of mass 240 kg along a horizontal road. 
There are constant resistances of 120 N to the motion of the car and 80 N to the motion 
of the caravan. i 
Given that the tractive force of the car is 1200 N, calculate 
(i) the acceleration of the car and caravan, 
Gi) the tension in the tow-bar, 
(iii) the power of the car's engine when the Speed is 12 m s. 
The car now pulls the caravan up a road inclined at 0 to the horizontal, where 


sin Ө = 16" Assuming that the tractive force and the resistance are unchanged, 


(iv) calculate the acceleration of the car and caravan, | 
(у) show that the tension in the tow-bar is unchanged. (C) 
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Work, Energy, 
Power 


WORK 


When a force acts on a body and causes it to move, we say the force does work on the 
body. The amount of work done is defined as the product of the force and the distance 
moved by the body in the direction of the force. 


“------------------- 


Fig. 25.1 


In Fig. 25.1, if the force P moves the body through a distance s in the direction of the 
force, the work done = Ps. 


Fig. 25.2 


In Fig. 25.2, P acts at an angle Ө to the direction in which the body moves. When the body 
moves a distance s, then the distance moved by the body in the direction of the force is 
s cos 0. Hence the work done in this case is = P x s cos Ө. 
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Alternatively, we can also find the work done by the component of the force P 
(Fig. 25.3) in the direction in which the body moves. This component is P cos 0 and the 
work done is then Р cos Ө x 5 which is the same result as before. The other component 
of the force (P sin Ө) does no work as the body does not move in the direction of this 
component. 


Fig. 25.3 


In vector terms, work (W) is the scalar product of the force P and the displacement s, 
thus W=P.s 
=|P|x|s|xcos@ 
or simply Ps cos Ө 


where P is the magnitude of P and s is the magnitude of s. 


As work is the product of a force (in N) and a distance (in m), the unit of work will be 
1М х 1m = 1N m (Newton-metre). This unit is given the special name joule in honour 
of the scientist James Joule who did fundamental work on the conservation of energy in 
the 19th century. So if a force P М acts on а body and moves it through a distance of s 
m in the direction of the force, the work done = Ps J. For large amounts of work, the kJ 
(1 kilojoule = 1000 J) can be used. 


Example 1 


A force of 10 N acts on a body and moves it 5 тіп the direction of the force. What is 
the work done by the force? 


Work done = 10 x 5 
=50J 
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Example 2 


A trolley is pulled horizontally through 5 т by a force of 70 N at an angle of 60° to 
the horizontal. What is the work done? 


| Fig. 25.4 


The component of the force in the direction of motion is 


70 x cos 60° = 70 x 5 
-35М 


Hence the work done = 35 x 5 = 175 J. 


. Example 3 


The engine of a car exerts a constant pull of magnitude 500 N. Find the work done by 
this force as the car travels 1 km. 


Work done = 500 x 1000 J 
= 500 kJ 


KINETIC ENERGY (KE) 


Suppose a force Р М acts on a particle of mass m kg at rest and gives it a velocity v m 87 
after moving it a distance of 5 m in the direction of the force. 


If the acceleration is a m 87, 

then Р-та (i) 

Also, у= 0 + 2as 

or a=} 0) 

Work done = P x s 
mas (from 0) 

(from (1) 


a 2 
ог 2 ту 
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This quantity, which is (таз) X (velocity) is called the kinetic energy (KE) of the 
particle when its velocity is v. The kinetic energy of a particle can thus be regarded as the 
work done on the particle by a force in giving it the velocity v from rest. The unit of KE 
is therefore the same as the unit of work, 1 J. 

Let us now consider a particle mass m kg travelling at u m s~! ina straight line. A force 
Р N now acts on it in the direction of motion and gives it an acceleration a m s- If the 
particle acquires a velocity v m s^ after travelling a distance s m, then 


P=ma (i) 
and v= uw? + 2as 
1 1 T 
or as = 5% — зе (ii) 


therefore work done = P x s 


= mas (from (i)) 
= mv? - да) (from (1) 
= im- im? 


The quantity im is the initial KE and the quantity im? is the final KE. 
Thus, the above shows that 


work done by a force = final KE — initial KE 
= increase in KE 


The work done by a force in increasing the velocity of the particle from и to v is 
converted into the increased KE of the particle. Conversely, some or all of the KE 
possessed by a particle can be converted into work. Hence the loss of KE = work done 
against a force. 

The quantity im? is always positive and is not a vector quantity. The KEs of 2 equal 


particles moving in any 2 directions with the same speed are equal. Also, as work can be 
converted into KE and vice versa, work is also a scalar quantity. 


Example 4 . 


А force acting on a body of mass 2 kg moves it from rest to a velocity of 3 т 57 over 
а distance of 5 m. What is the magnitude of the force? 


Let the magnitude of the force be P N. 
Work done by the force = gain in KE 
= final KE — initial KE 
Рх5-40У3)-0 
Р-18М 
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Example 5 


A particle of mass 0.5 kg is projected up an incline of angle Ө where sin Ө = i with 
speed 4 m s”. How far will it travel up the incline if 
(a) the surface is smooth, 


; СЭ . 1 2 
(b) the coefficient of friction is 5: 


(a) 


Fig. 25.5 


The only resisting force in the direction of motion is the downward component of 
the weight. This. is 
0.5g sin6 = 0.5 x 10x 3 
=3N 
Work done against this resistance in travelling s m up the incline 
=3xsJ 
The initial KE = 1 x 05x 44-4J 


When the particle reaches the highest point, the velocity is zero and its KE is also 
zero. The loss in KE is therefore 4 J. 


Work done against resistance = loss in KE 


ie. 3s = 4, 
iod 4 
giving 5= 5 


Hence the particle will travel 15 т up ће incline. 


(b) 


Fig. 25.6 


There is now an additional resistance F due to friction (Fig. 25.6). 


\ 
551 


Resolving forces perpendicular to the plane, 


R = 0.5g cos Ө 
=0.5x10x $ 
=4N 

Frictional force F = uR — 
21 
= 4 х4 
=1N 


Let the distance travelled by. the particle be s,, up the slope. 


Work done against total resistance = loss in KE 
(3+ 05, =4 
s,=l 


Hence the particle will travel 1 m up the incline. 


POTENTIAL ENERGY (PE) 


Suppose I lift a mass of 4 kg vertically through a height of 2 m. The lifting force = the 
weight of the body = 4g N. Hence the work I do is 4g x 2 = 78.4 J (taking g = 9.8 m s?) 
and this work has been done against gravity. At this point the body is now at rest and has 
no KE, but if I let go, the body will acquire KE in falling and can do work on the 
downward path. Hence in its state of rest at a height of 2 m the body has a potential for 
doing work and we say it possesses potential energy (PE). PE is the ability to do work 
because of the position of the body, in the sense that if released, the body will move to 
a lower position and its PE will be converted into KE. The PE of a body has no absolute 
value, but is relative to some datum level, say the surface of the earth or some other level 
above which the body is raised and to which it can fall. 

Suppose a body of mass m kg is raised through a height of A m from a floor (Fig. 25.7). 
The work done against gravity = mgh J and hence the body now possesses PE = mgh J. 
If the body now falls it will acquire a velocity v on reaching its original level, where 
у? = 2gh. 


Fig. 25.7 
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Its KE is now im = іт x 2gh = mgh. 


Hence all the PE has been converted into KE. 

Note that this result is true if the particle descends by any route (provided it is smooth) 
through a vertical drop of h m (Fig. 25.8). The distance travelled by the point of 
application of the weight (tbe centre of gravity, CG) in the direction of the weight is 
always h. Hence the work done by gravity is mgh, which is converted into KE. Similarly, 
if a body of mass гп kg is raised through a vertical height ( m) by whatever path 
(provided smooth), the work done against gravity = mgh and this is the value of the PE 
of the body. 


mg 
h 
7 
ГА v 
mg 
Fig. 25.8 


If the body now strikes the floor, some KE will be lost, i.e. converted into another form 
of energy, for example heat, light or sound. This is a simple illustration of the principle 
of the conservation of energy, which states that the total energy in a closed system is 
constant. This principle is true provided all forms of energy, mechanical and non- 
mechanical are taken into account, such as heat, sound. light, chemical, electrical energy, 
etc. It also illustrates the fact that energy can be converted from one form to another. For 
example in a hydroelectrical scheme, the water in a reservoir possesses PE. This can be 
converted into KE by allowing the water to fall through a sluice gate. The water strikes 
the turbine wheels and its KE is converted into another form of KE, i.e. kinetic energy of 
rotation. This in tum is converted into electrical energy, which is used in factories and 
homes to be converted into light, heat and kinetic energy again. 

From a mechanical point of view, energy dissipated through friction, heat, sound etc. 
is energy lost and wasted. If there were no such losses it would be possible to achieve 
perpetual motion mechanically. In applied mathematics, we deal only with KE and PE. 
The principle of conservation will then appear in the form: 


KE + PE = constant 


Hence, the (KE + PE) of a body at any time = original (KE + PE) + any work done by a 
force on the body. 
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Example 6 


A car of mass 800 kg is travelling in a straight line on ground level with a speed of 
30 т s” when its engine is shut off. After moving à distance of 20 m, the ground slopes 
upwards at an angle of 30? to the horizontal. The frictional resistance of the ground 
is 5 N per kg. Find how far up the slope the car will travel before coming to rest. 


Fig. 25.9 


The frictional resistance, F = 800 x 5 = 4000 N 


Initial KE of the car = 5(800)(30)? = 360 000 J 


Let the car travel s m up the slope equivalent to a vertical rise of A m 
where Л = s sin 30°. 


In climbing the slope the car acquires 
PE = 800gh 
= 800gs sin 30° 
= 800(10)(s)( 4) 
= 4000s J 


Work done against frictional resistance = F(20 + s) 
= 4000(20 + s) J 


Now, the initial energy = final energy + work expended 
360 000 = 4000s + 4000(20 + s) 

i.e. 280 000 = 8000s 

giving s=35 


Hence the car will travel 35 m up the slope before coming to rest. 
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Example 7 


One end of a light inextensible string 60 cm long is fixed and a particle of mass т kg 
is attached at the other end. The particle is released from rest when the string is taut 
and horizontal. Find the speed of the particle when the string makes an angle of 30° 
to the horizontal. Find also its maximum speed in the ensuing pendulum motion. 


Fig. 25.10 


Fig. 25.10 shows the positions of the string and the particle initially at A, then at B 
when the string makes an angle of 30° to the horizontal and at C when the particle is 
at the lowest point and the string is vertical. If we neglect air resistance, no work is 
done and thus the mechanical energy is conserved, that is, any loss in PE is converted 
into KE. 


Now consider the particle at the position B. 


The particle has descended a vertical distance h m given by 
h = 0.6 sin 30° = 0.3 
Loss in PE = mgh 
= m(10)(0.3) 
= 3т ] 
Let ће speed of ће particle at B be v, m 57. 
Then gain in KE = 2ту? Ј 
Gain in KE = loss in PE 
ту? =3т 
у, = 6 
v «6 


Hence the speed of the particle at B is V6 m s^. 
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The particle will have the maximum speed when it has descended the maximum 
distance, that is 0.6 m, when the particle is at its lowest point in the path. Taking the 
initial position as reference, the loss in PE is now mg(0.6) = 6m J. 


The gain in KE is im? where the maximum speed (at C) is у, m 87. 


So by conservation of energy, 


Imv, 2= 6m 
v? = 12 
avi 


Hence the maximum speed is V12 m s. Note that the results are independent of the 
mass of the particle. 


Exercise 25.1 (Answers on page 652.) 
[Take g = 10 m 572] 
1 Find the work done when a load of 50 kg is lifted vertically through 10 m. 


2 A block is pulled horizontally through 4 m at a steady speed by a force of 20 N, 
inclined at an angle of 60? to the line of motion. Find the work done. 


3 A mass of 20 kg is pulled across a rough horizontal floor (coefficient of friction 0.4) 
through 2 m at a steady speed by a horizontal force. Find the work done. 


4 If a mass of 10 kg at rest acquires a velocity of 2 m 87 after being. pulled through 
1.5 m, what force is acting in the direction of motion? 


5 A body of mass 1 kg travelling at 2.5 m 5! on a horizontal surface meets a rough patch 
and comes to rest in 2 m. What is the resisting force? Also find the coefficient of 
friction of the rough surface. 


6 The velocity of a body of mass 0.5 kg is reduced from 3 to 1.5 m s"! in a distance of 
1.5 m. What force is acting on the body? 

7 A ball of mass 250 g is projected up a smooth plane inclined at angle @ to the 
horizontal where sin 0 — x with a velocity of 5 m 87. 
How far will it travel before coming to rest? 


8 What force is required to stop a mass of 5 kg travelling at 2 m s^! in 1.5 m? 


9 A car whose mass is 500 kg starts from rest at the foot of an incline of $ and after 
travelling for 0.5 km has reached a speed of 5 m s^. 
If the resistances to motion amount to 250 N, what was the average tractive force of 
the engine? 


10 A car of mass 400 kg travelling at 9 m 57! comes to rest in 200 m. What was the 
resistance? - 
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11 A train of mass 100 t travelling at 0.5 m 87! hits the buffers at a station and comes to 
rest in a distance of 30 cm. What is the average resistance of the buffers? 


12 A ship of mass 5000 t moving at 0.01 m s^! hits a quayside and continues to move for 
15 cm before coming to rest. What average force does the quay exert on the ship? 


13 A particle of mass 1.5 kg is projected up an incline of 3 with an initial speed of 
1 m s^. How far will it travel up the incline if 
(a) the surface is smooth, 
(b) the coefficient of friction is 0.5? 


14 Find the average force required to stop a 5 t lorry travelling at 10 m s^! on a level road 
in a distance of 15 m. 


15 A pendulum consists of a light string 60 cm long attached to a mass of 5 kg and can 
swing freely. It is held taut at an angle of 60? to the downward vertical and released. 
Find the velocity of the mass at its lowest point. 


16 A mass of 4 kg suspended by a light string 2 m long and at rest is projected 
horizontally with a velocity of 1.5 m s~’. Find the angle made by the string when the 
mass comes to momentary rest. 


17 A mass of 10 kg slides down a slope of 30? from rest. The coefficient of friction is 0.5. 
If the length of the slope is 5 m, find the velocity of the mass at the foot of the slope. 


18 Masses of 10 kg and 4 kg are connected by a light string passing over a smooth pulley. 
After the 10 kg mass descends from rest for a time of 2 s, find 
(a) the velocity of each mass, 
(b) the potential energy lost by the system. 


19 A constant force acts on a body of mass 2 kg and does 45 J of work. The effect on the 
body is that its final velocity is 2 m 577 more than its initial velocity. Find the initial 
velocity of the body. 


20 A machine drives a conveyor belt which lifts 100 bottles per minute through a vertical 
height of 2 m and then pushes them forward with a speed of 3 m s*!. The mass of each 
bottle is 1.2 kg. Calculate the amount of work done per second by the machine. 


21 A bullet of mass 40 g strikes a fixed piece of wood 10 cm thick with a velocity of 
300 m s and emerges with a velocity of 120 m 87. Find the average resistance of the 
wood. . 


22 A particle is released from rest at the top of a rough inclined plane making an angle 
„Ө with the horizontal where sin Ө = n If the coefficient of friction is 0.4, what is the 
speed of the particle after travelling 3 m down the plane? . 

23 A particle is suspended by a light string of length 30 cm from a fixed point O. The 
particle is now held on the same level as O with the string taut and projected vertically 
downwards with speed 1 m 57. Find 


(a) the speed of the particle at its lowest point, 
(b) how high above O it will reach. 
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24 Fig. 25.11 shows a smooth track in the shape of a quarter circle AB, with centre O and 
radius 0.8 m. OB is vertical and B is 2 m above the ground level. A particle is released 
from rest at A. Calculate 
(a) its speed at B, | 
(0) how far horizontally from В it will strike the ground. 


Fig.25.11 


25 A particle is projected with speed и m 87! directly up an incline of angle 0 to the 
horizontal where sin 0 — 3 It comes to momentary rest after travelling a distance of 
4 m. Given that the coefficient of friction is 0.4, calculate 
(а) the value of x, 
(b) the speed of the particle when it returns to its starting point. 


POWER 


Consider a machine that does 100 J of work in 1 s and a second machine that does 
200 J of work in 1 s. We note that the second machine can accomplish more work (in fact 
twice as much) in the same time. The second machine is therefore more powerful than 
the first. Its rate of doing work is greater. We define power as the rate of doing work. 
Hence, power = amount of work (in J) done per second. 

The unit of power is therefore 1 J s! which is given the name 1 watt (1 W). For very 
powerful machines, we can use a unit of 1 kW (kilowatt) = 10° W or 1 MW (megawatt) 
= 10° W. 

A well-known unit in the British system of units was the horsepower (HP) which is 
approximately 746 W. This was the original unit of power, established by James Watt in 


the 18th century when he worked on the development of steam engines and the new unit 
has been named in his honour. | 
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Example 8 


A boy whose mass is 50 kg climbed 4 flights of stairs in 25 5. If the vertical height of 
each flight of stairs is 5 т, at what rate was he working? 


Work done against gravity = gain in PE 
= той 
= 50(10)(4 x 5) J 
= 10 000 J 

This work was done in 25 s. 


Therefore the power developed = 1090 = 400 W. 


Example 9 


A cyclist is travelling at a steady speed of 5 m s^ up a slope inclined at Ө to the 
horizontal where ѕіп.Ө = 100: 


The total mass of the cyclist and the bicycle is 80 kg. The resistance due to friction 
amounts to 1.2 N per kg of mass. At what rate is he working? 


Fig. 25.12 


At a steady speed, the driving force exerted by the cyclist 


= resistance + component of weight downstope 
= 80 x 1.2 + 80g sin Ө | 

= 96 + 80(10)( 16) 

-104М 


In 1 s the cyclist moves 5 m; 
The work done by the cyclist in 1 s = 104 x 5 J = 520 J. 
Hence his power is 520 W. 
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Example 10 


A train of mass 200 t is travelling on a level track at a steady speed of 72 km hr! and 
working at 70 kW. 

(a) Find the resistance to motion. 

(b) Assuming that power output and resistance to motion remain constant, calculate: 


(a) 


(b) 


(i) the maximum speed up a slope inclined at an angle 0 to the horizontal, where 
sin Ө = 3 $ 
(ii) the acceleration up this slope at the instant when its speed is 20 km іг. 


72 km h^ 
F ”-200 х 10° kg P 
(pull of engine) 
Fig. 25.13 


Consider the train on the level (Fig. 25.13). 
Let the resistance to motion be F N. 


The distance travelled per s = 5 Кт 


_ 72х10 
3600 


At steady speed, the pull of the engine equals the resistance which is F №. 


m=20m 


Therefore the work done per s = F x 20 J 

ie. power = 20F W 

Since the engine is working at 70 kW, 

we have 20F = 70 x 10? 

giving Е = 3500 N. 

Now consider the train going up the slope (Fig. 25.14). 


ит 57 


шиг Р 


3 
Fig. 25.14 200 х10°0М 


(i) In addition to the resistance, F, there is the component of the weight down the 
slope which is | НИЙ | 
mg sin Ө = 200 x 10? x 10 X xig 
= 5000 М 
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Hence the total resistance to motion up-slope = 3500 + 5000 
= 8500 N 


When travelling at its maximum speed (v m s^!) the train has no acceleration. 
The pull P equals the total resistance, i.e. 8500 N. 


In 1 s the train moves v m. 
Therefore work done by the engine in 1 s = Pv J. 
So the power of the engine is Pv W which is 70 kW 
ie. Py = 70 x 10? 
or  8500v = 70 x 10? 

_ 70x 10° 


v= “кууу 58.24 тш s! 


This is equivalent to 824 x 60 х 60 = 29.7 km hr, which is the maximum 
speed up the incline. 


za P 20x10 ^ 50 E 
20 km їг! is equivalent to "35557 = 9118 


The train is not travelling at its maximum speed (found in (1)) but the power 
developed remains the same. Hence there is spare power available to accel- 


erate the train. 

Let the pull of the engine at this instant (when the speed is 50 т s) be P, N. 
The work done per s = P, х 50 1 

and this is equal to the power of the engine which is 70 kW. 

Thus, P, x 59 = 70 x 10° 

giving P, = 12 600 N 

But the total resistance (from (i)) on the incline is 8500 N. 


So there is a resultant force Р, of 12 600 — 8500 = 4100 N up the slope, 
which gives an acceleration а m 87. 


Hence P,- та 
ie. 4100 = 200 x 10 x a 
giving а = 0.02 


Hence the acceleration is 0.02 т 52. 
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Example 11 


An engine which is 80% efficient works at a steady rate to pump water, initially at rest, 
through a vertical height of 5 т and then discharges it at a speed of 8 т 5 through 
a pipe of cross-section 10 cm’, At what rate is the engine working? (1 m? of water has 
а mass of 10° kg.) 


The work done by the engine consists of (a) giving it PE by lifting the water through 
a height of 5 m against gravity and (Б) giving it KE by discharging it at a speed of 
8 ша". 

In 1 s, a length of 8 m of water issues from the pipe with cross-section 


10 cm? or 19 m?. / 
10 


Therefore the volume of water carried per second = 8 X jos m? 
which has a mass of 8 x 1% х103-8 Кр. 


When this mass of water is lifted through а height of 5 пп, 
the PE gained = mgh 
=8x10x5=400J 


The gain in KE = mv? = 2 (8)(8?) 


= 256 J 
Hence the total amount of work done іп 1 s = 400 + 256 = 656 1. 


| As the engine is 80% efficient, this output is 80% of the actual work done by the 
engine. (The other 20% of work done is unproductive, mostly against friction.) 


Therefore 80% of the work done by the engine in 1 s = 656 J 


Hence the rate of work done by the engine = 656 x m = 820 W. 


Exercise 25.2 (Answers on page 652.) 
[Take g = 10 т s?] 


1 Ifa car travels at a steady speed of 15 m 87 against resistances of 200 №, what power 
is being exerted by the engine? 


2 Aboy of mass 44 kg runs up a flight of stairs of vertical height 4 m in 5 s. What power 
is he sustaining? 


3 A man runs 100 m in a time of 15 s. If the resistances to motion are estimated at 
45 N, what power does he use? 


4 The power of the engine of a car is 7 kW. What would be the maximum speed of the 
car on the level against resistances of 250 N? 


5 A pump raises water through a height of 15 m at the rate of 0.05 m? per s. What is the 
power of the pump? 
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6 A train of total mass 300 t travels at a constant speed of 20 m 57! on the level, the 
resistances being 100 N per t of mass. What is the power of the engine? 


7 A fire hose delivers water horizontally at a speed of 20 m s^ through a nozzle of 
cross-sectional area 10 ст?, Find the power of the pump if it is only 7096 efficient. 


8 A car of mass 800 kg is travelling at a steady speed of 20 m 57! on the level. The 
engine is developing a power of 8 kW. Find the resistance to motion. 


9 A pump delivers water from a depth of 15 m and delivers it at a rate of 0.1 m? s~! at 
a speed of 10 m 57. Find the power of the pump. 


10 On the level a car develops a power of 15 kW. If the resistance to motion is 300 N 
what is the maximum speed of the car? Working at the same power and with the same 
resistance operating, what would be the maximum speed possible up an incline of 5 


if the mass of the car is 500 kg? What is the acceleration at the time when the саг is 
moving up this incline at 30 m 872 


11 А саг of mass 800 kg working at 12 kW can climb a slope of Hs at a steady speed 
of 30 m 877. What is the resistance due to motion? If the resistance and the power are 
unchanged, what would be the maximum speed of the car on level ground? 


12 A diesel electric engine has a power rating of 3000 kW. If it travels at a steady speed 
of 120 km hr! on the level find the resistance to motion. If the total mass of the same 
engine and its train is 450 t and the same power is used,«what is the acceleration on 
the level if the speed is 100 km h^? 


13 If a car of mass 900 kg can travel at a maximum speed of 40 m 57! on the level and 


at a maximum speed of 30 m 87! up an incline of 35 find the resistance to motion 
(assumed the same in both cases) and the power of the engine. 


14 Acar is rated at 30 HP. Taking 1 HP = 750 W, find the maximum speed of the car up 


an incline of 3 if the resistance to motion is 700 N and the mass of the car is. 
800 kg. 


15 А саг of mass 800 kg freewheels at a steady speed of 20 m 87! down a slope of E : 


Find the resistance to motion. Assuming that the resistance to motion is proportional 
to the square of the speed, find the resistance at a speed of 30 m 87. Now find the 
power required to drive this car up the same incline at a steady speed of 30 m 57. 


16 A train of total mass 300 t is moving up an incline of angle 0 to the horizontal, where 
sin Ө = X The resistance to motion is 3000 N and the train is accelerating at 
0.2 m 52. Find 


(a) the driving force of the engine, 
(b) the power exerted at the moment when the speed is 10 m 57. 


17 A machine lifts 50 cranes per minute, each of mass 8 kg, through a vertical height of 
1.5 m and sends each one to the loading bay at a speed of 4 m s. Find the power used. 
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18 A water pump sends a mass of 0.3 kg of water each second into a vertical jet. If the 


power of the pump is 5.4 W, find the height of the jet and the speed with which the 
water leaves the pump. 


19 А сопуеуог belt carries 1200 kg of grain up a slope inclined at an angle Ө to the hori- 


zontal where sin 0 = 0.08 against a frictional resistance of 120 N. If the belt is 
travelling at 10 km hr’, find the power used to drive the belt. 


20 A truck develops a constant power of 180 kW. If its maximum speed on the level is 


87 Potential energy, PE = mgh = 


25 m 87, find the resistance to motion. 

If the truck of mass 3 x 10? kg, now climbs a slope of angle 0 to the horizontal, where 
sin 6 = % against the resistance, calculate 

(a) the maximum speed up the slope, 

(b) the acceleration of the truck when its speed is 15 m 57. 


SUMMARY 


Work (W) done by a force (P) in moving a body a distance (s) in ihe direction of the 
force is view : } ee j ра ate is 


: given-by W= Ps 


Using vectors, W = P.s Манан bis га roe aN ji 
нэг ' "2 русов 0 where 0 is the angle between the force and the direction 
of motion of the body. ^. ~ ` | кы 
The unit of work is 1 joule (J) which is the work done when a force of 1 N moves а 
body: through a distance-of 1 m in the direction of the force. ^ ШЕ 


Kinetic energy; КЕ = i mv 


Principle of conservation of energy: The total energy in a closed system 18 constant. 
Tf no energy is dissipated through friction; heat, sound etc., the principle of conserva- 


x tion:of energy will take thé-formi 97e 


KE + PE constant. 22-2 


“If work is done by a force ona Бойу then” ^^ — 


| Work done = initial energy — final energy | 
(where energy = КЕ + PE)’ see cee ©, 
Power = rate of doing work — 


Unit of power is 1 май (W) 2 1 J s% > 
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REVISION EXERCISE 25 (Answers on page 653.) 


1 А missile of mass 50 kg is projected vertically upwards with a speed of-200 m 87 from 
a submarine lying on the bottom of the sea at a depth of 600 m. Assuming that the 
water offers a constant resistance of 160 N to the motion of the missile, calculate 
0) the kinetic energy of the missile as it leaves the water, 

(1) the maximum height above sea-level reached by the missile. (C) 


2 Fig. 25.15 shows a mass of 5 kg placed оп a rough horizontal table and attached to one 
end of a light inextensible string which passes horizontally over a smooth light pulley 
at the edge of the table. The other end of the string is attached to a mass оҒ3 kg which 
hangs freely. The coefficient of friction between the 5 kg mass and the table is 0.4, 
and the distance of the 5 kg mass from the pulley is 2.5 m. The system is released 
from rest. Calculate 
(i) the time taken for the 5 kg mass to reach the pulley, 

(ii) the loss of potential energy of the system during this time, 
(iii) the kinetic energy of the system immediately before impact with the pulley. 
(C) 


Fig. 25.15 


3 The top of a chute whose length is 12 m is 3 m vertically above its lowest point. A 
parcel of mass 1.6 kg slides from rest from the top of the chute and reaches the lowest 
point with a speed of 5 m 57. Calculate, for the parcel, 

() the gain in kinetic energy, 

Gi) the loss in potential energy, 

(iii) the work done in overcoming the frictional resistance, 
(iv) the average value of this resistance. 


After reaching thé lowest point of the chute, the parcel slides along a horizontal floor, 
the resistance to motion being 4 N. Calculate how far the parcel travels before coming 
to rest. (C) 


4 A pump forces oil from rest through a horizontal pipe so that it emerges with a speed 
of 6 m 57! from a nozzle of cross-sectional area 2 x 10? m°. The mass of 1 m? of the 
oil is 2500 kg. Calculate, in KW, the power developed by the pump. 

Calculate by how much the power will have to be increased if the nozzle is raised 
through a height of 2 m and the oil emerges at the same speed. (C) 
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5 Acar of mass 1200 kg and power output 90 kW experiences frictional resistances to 
motion of 3000 N. 
Assuming that the power output remains constant, calculate 
(i) the maximum speed on a horizontal road, 
(ii) the maximum speed up a slope inclined at an angle © to the horizontal, where 
sina = 5 
(iii) the acceleration up this slope when the speed is 15 m 87. (C) 


6 А car of mass 960 kg has a maximum speed of 50 m 5! on a horizontal road when the 
power output of the engine is 40 kW. Calculate the frictional resistance. 
The car ascends a slope inclined at an angle « to the horizontal where sin о = Я The 
power output of the engine remains the same but the frictional resistance is now 
900 N. Calculate 
(1) the maximum speed of the car ир the slope, 
(ii) the acceleration of the car up the slope when its speed is 10151. (С) 


Fig. 25.16 


Fig. 25.16 shows a body of mass 3 kg held at A, the top of a rough semicircular slide, 
centre O and radius 2 m. 

The body is projected vertically downwards with velocity 8 m s^! and comes to instan- 
taneous rest at B where OB makes an angle of 60° with the downward vertical. 
Calculate | 

(1) Ше change in the kinetic energy of the body, 

Gi) the change in the potential energy of the body, 

(iii) the work done against the resistance of the slide, 

(iv) the average resistance of the slide. (С) 


8 A cyclist and his machine have a combined mass of 72 kg. Starting at X with a speed 
of 3 m 57, he freewheels down the hill XY, arriving at Y with a speed of 11 m ѕ!, He 
continues to freewheel along the horizontal road YZ, coming to rest at Z. Given that 
the constant frictional resistance to his motion is 24 N, calculate the length of (i) XY, 
(ii) YZ. | 


X 


Fig.25.17 
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9 (a) Anengine, working at an effective rate of 0.2 kW, pumps water, initially at rest, 
through a vertical height of 4.8 m, where it is ejected with a velocity of 2 m 87. 
Calculate the number of kilograms of water delivered per second. 

(b). А car of mass m kg is being driven down a slope inclined at an angle сс to the 
horizontal, where sin & = x. Given that the frictional resistance to motion is 
600 М, and that the acceleration is 0.8 m 872, when the velocity is 15 m 57, show 


that the effective power developed by the car at this instant is (9 + 15) kW. 
(С) 


10 А car of mass 1800 kg ascends an incline at a constant speed of 14 m 87. Given that 
the frictional resistance is 400 N and the engine is working at a rate of 17.5 kW, 
calculate the angle that the incline makes with the horizontal. 

Assuming that the frictional resistance and the rate of working remain constant, 
determine the acceleration of the car on a level road at an instant when the speed is 
28 m s. (C) 


11 A four-engined aeroplane of mass 120 000 kg is flying horizontally at a constant 
speed of 240 m 57. Each engine produces a driving force of 52 000 М. Calculate 
(i) the air resistance to motion, 
(1) the power produced by each engine. 
` If one engine has to be cut out, what deceleration will be produced? 


12 A саг of mass 600 kg is travelling along a level road at a constant speed of 90 km hr!. 
Thé frictional resistance is 450 N. Calculate (in kW) the power being used. 
The car now climbs a slope inclined to the horizontal at angle 6, where sin 0 = 0.02, 
at the same speed. If the frictional resistance is the same as before, what power is now 
being used? If this power is used but the speed of the car up the slope is 72 km 
117, what acceleration will it have? 


13 A block of mass 6 kg is projected with a speed of 5 m 57 directly up a rough plane 
inclined at Ө to the horizontal, where tan Ө = 3, The block travels a distance of 


1.25 m before coming to momentary rest and then slips back down the plane. 
Calculate 


(i) the initial kinetic energy of the block, 

(ii) the gain in potential energy between projection and momentary rest, 

(iii) the coefficient of friction between the block and the plane, 

(iv) the velocity of the block as it passes through its starting point on the way down. 


14 A cyclist and his machine together have a mass of 75 kg. If the cyclist works at the 
rate of 0.15 kW, his maximum speed on level ground is v m s^. If he climbs a slope 
of anglé Ө to the horizontal, where sin Ө = E , using the same power and against the 
same resistance, his maximum 18 now 3 m 57. Find the value of v. 
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Бір. 25.18 shows a track in the form of a quarter circle. AB, centre О and radius 
1.6 m and a straight horizontal section BC. OB is vertical. The section AB is smooth 
but BC is rough. A particle of mass 2 kg is projected vertically downwards at A with 
speed 2 m 57! and comes to rest at S where BS = 3 m. Calculate 

(4) the change in kinetic energy of the particle, 

(ii) the change in potential energy, 

(iii) the speed of the particle at B, 

(iv) the coefficient of friction along BC. 


Fig. 25.18 


A particle of mass 4 kg is falling vertically with speed of 10 m s~! when it meets а 
dense layer of material 3 m thick which gives a constant resistance of 50 N. Find the 
speed with which the particle comes out of this layer. 

If the particle had been moving upwards with speed u m 57! when it entered the layer, 
what is the minimum value of u so that it will pass through the layer? 


A particle P is attached by a light string 2 m long to a fixed point O. The particle is 
held so that OP makes an angle of 60? with the downward vertical through O and is 
then projected with speed v m s^! downwards at right angles to OP. If it comes to 
momentary rest when it reaches the level of O, find the value of v. 


А car of mass 800 kg moves up à slope inclined at angle 0 to the horizontal, where 
sin Ө = 3 at a steady speed of 25 m 57. The road resistance is 100 М. Calculate the 
power being used. 

If the car now travels down this slope, with the same resistance and using the same 
power, what would be its acceleration when the speed is 25 m 872 


A particle of mass 2 kg is dropped from a height Лү m onto a concrete floor and 
rebounds to a height Л, m. Given that it loses 64 J of energy, show that h, — й, = 3.2. 
Given also that the velocity of lift off from the floor is 4 m 57! less than the velocity 
on hitting the floor, find the values of ^, and h,. 


(a) As part of a manufacturing process a machine lifts a number of components, each 
of mass 0.6 kg, from rest through a height of 1.3 m and then projects each one 
with a speed of 2 m 57. 

Given that the effective power output of the machine is 27 W, find how many 
components are dealt with per second. үг 
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(b) Fig. 25.19 shows the vertical plane through the portion ABC of а road along 


which a car of mass 750 kg travels against a resistance. The points A and C are 
36 m and 28 m respectively higher than the lowest point B. 


Fig.25.19 


The car coasts from A to B, a distance of 150 m, with no power being transmitted 
to its wheels. Given that its speed at A is 12 m 57, its speed at B is vm 87, and 
that the average resistance is 720 N, find, as the car travels from A to B. 

(i) the loss in potential energy, 

(1) the gain in kinetic energy, in terms of v, 

(iii) the work done against the resistance. 

Hence show that v = 24. 

When the car arrives at B, power is supplied to the wheels and, 7.5 seconds later, 
the car arrives at C with a speed of 20 m 87. Given that the distance from B to 
C is 120 m, and that the average resistance is again 720 N, find, as the car travels 
from B to С, 

(iv) the gain in potential energy, 

(v) the loss in kinetic energy, 

(vi) the work done against the resistance. 

Hence calculate the average power supplied by the engine from B to C. (C) 


569 


Momentum 
and Impulse 


Consider a body, mass m kg, moving in a straight line with velocity и m 87. Now suppose 
a force P N acts on the body in the direction of its motion for t s (Fig. 26.1). 


u v 
о © 
Fig. 26.1 LAU 


The force will give the body an acceleration а 


given by P=ma (i) 
The velocity v reached after / s is 

given by v-ucat (ii) 
From (ii) a= I 


Substituting this into (i), we have 
P= т(. z= и ) 


ie. p= "57и (й) 


ог Pt= ту — ти (iv) 


This equation shows the relationship between two important quantities. Pt is called the 
impulse of the force. It is the product of the force (assumed constant) and the time for 
which it acts. Since force is measured in newtons and time in seconds, the unit of impulse 
is the newton-second (N s). Thus the impulse of a force of 50 N acting on a body for 0.1 
sis 50х01 = 5 №. 
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The right hand side of (iv) measures the change in a quantity called the momentum 
of the body. The momentum of a body is the product of its mass and its velocity 


ie. . momentum = mass х velocity. 


Hence the initial momentum is mu and the final momentum ту. mv -- mu is then the 
change in momentum. Equation (iv) can be restated in words as follows: 


impulse of force on a body = change of momentum of the body 


Since the unit of impulse is N s, it follows that the unit of momentum must also be N s. 
So a body of mass 3 kg travelling at 4 m s has a momentum of 3 x 4 = 12 N s. 

То find momentum in N s, mass must be expressed in kg and velocity in m 87. 

Since momentum is the product of a scalar (mass) and a vector (velocity), it is itself 
a vector quantity. Care must therefore be taken with its direction. - 

If the initial and final velocities are in the same line as the impulsive force, we measure 
the momentum in the direction of the force and use the following equation: 


impulse — final momentum — initial momentum 


The arrows show that all are measured in the same direction. 

If the two momenta are in different lines, the change of momentum must be found by 
vector subtraction. Such cases will not be dealt with as they are beyond the scope of this 
book. 

Returning to equation (iii), we note that “Y= ™ represents the rate of change of 
momentum. Hence equation can be stated in words as follows: 


force = rate of change of momentum 


Example 1 


A constant force of P М acts on a body of mass 2 kg travelling at 4 m st for 0.3 s in 
the direction of its motion. If its final velocity is 7 m s, what is the force? 


u=4ms* v-7ms' 
I e лы. 
Impulse of the force = Р x 0.3 


-03Р Ns вик) 


Change of momentum іп the direction of the force 


= final momerttum — initial momentum Fig. 26.2 
= 2x7 - 2x4 
=6Ns 


Impulse = change of momentum 
0.3P =6 
giving P= 20 
[Alternatively, we can use: Force = rate of change of momentum 
16, P= 2 = 20 as before.] 


Hence the force is 20 N. 
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Ехатр 2 


A body of mass 2 kg travelling at 10 т у! encounters a constant frictional force of 
5 М. How long does it take for the body to come to rest? 


и = 10 тз”! v=0 ms’ 
— ----- 


Fig. 26.3 


Let the time taken be ż s. 
Impulse of the frictional force = 5t N s 
Change of momentum in the direction of the force 


-2х0-2х(-Ю0) 
=20Ns 
therefore 5t = 20 
1-4 


Hence the time taken is 4 8. 


Example 3 


A ball of mass 0.2 kg is dropped from a height of 5 m onto a concrete floor and 
rebounds to a height of 1.8 m. Find the impulse of the floor on the ball. If the contact 
time is 0.05 s, find the average force on the ball. 

Let the velocities on arrival and lift-off be v, and v, m s^ respectively, and the 
impulsive force be P N (Fig. 26.4). 


` down 
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We use the equation v? = и? + 2as where a = g = 10m 57 to find v, and v,. 
For the downward motion, 
v? = 0 + 2(10)(5) 
giving v, = 10 
For the upward motion, 
0 = v? - 2(10)(1.8) 
giving v, = 6 


Impulse = change of momentum in the direction of the force P (upwards) 
= momentum after impact — momentum before impact 
-02х6-02х(-10) 

-32 


Hence the impulse of the floor on the Бай is 3.2 N s. 
But impulse = Рг where t = 0.05 

therefore P x 0.05 = 3.2 

giving P = 64 


Hence the average force on the ball is 64 N. 


Example 4 


A hose of cross-section 2 ст? delivers а jet of water horizontally with a speed of 
20 т s^. With what average force does the water hit a vertical wall? (Assume that the 
water does not rebound and that the mass of 1 m! of water — 10? kg.) 


wall 


Fig. 26.5 


The, impulsive force P N exerted by the wall on the water (which equals the force 
exerted by the water on the wall) = momentum of water destroyed on impact since the 
water does not rébound. : 


Consider the momentum destroyed in 1 8. 
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Volume of water issued from the hose in 1 s 


= length of water issued x area of CrOSS-section 
= 20 m x (2 x 109) m? 
=4х 103m 
Mass of water = 4 x 102 x 10? 
=4kg 


thus the momentum destroyed in 1 s = 4 x 20 
= 80 №5. 


The impulse lasts for 1 5, 


therefore P x 1 = 80 
Le. P=80 


Hence the average force on the wall is 80 N. 


Exercise 26.1 (Answers on page 653.) 
[Take g = 10 m s?] 


1 Find the momentum of the body in each of the following: 
(a) mass 2 kg, velocity 5 m 5! - os 
(b) mass 0.25 kg, velocity 2 m 87 
(c) mass 80 р, velocity 1.5 m s"! 

(d) mass 300 kg, velocity 20 km hr! 


2 A force of 10 N acts on a body of mass 2 kg for 0.5 s. What is the increase in 
momentum? If the body was originally travelling at 5 m 57, what is its final speed? 
How far will it travel in this time? 


3 A body of mass 1.5 kg travelling at 3 m s^! is acted on by a force P N for 0.75 s. If 
its velocity at the end of that time is 5 m 87, find the valüe of P. 


4 A ball of putty, mass 0.75 kg, moving at 3 m s^ hits a wall at right angles and stops 
dead. Find the impulse on the ball. | 


5 A ball of mass 60 р moving at 4 m s^! hits a wall at right angles. If it rebounds with 
speed 2 m 87, what is the impulse on the ball? 


6 A hammer of mass 5 kg, travelling at 4 m 57, hits a nail directly and does not rebound. 
What is the impulse on the hammer? If the contact effectively lasts 0.5 s, what is the 
average force between the two? 


7 A mass of 1.2 kg travelling at 2 m s^ strikes a wall at right angles and rebounds (also 


at right angles) with a velocity of 1.5 ms“. If the contact lasted 0.25 5, find the force 
on the mass. 


8 A ball of mass 0.25 kg falls freely onto a concrete floor from a height of 20 m and 
rebounds to a vertical height of 5 m. If the ball was in contact with the floor for 
0.8 s, find the average force exerted on the ball. 
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A truck of mass 50 kg has its speed reduced from 4m s^! to 1.5 ms" in 30 s. Find ће 
braking force (assumed constant). After what further time will the truck come to rest 
under this force? 


A tennis ball of mass 30 g travelling horizontally at 20 m s" is hit straight back at 
30 m s7. If the impact lasted 0.04 s, find the average force on the ball. 


A box of mass 10 kg is dragged across a rough floor (coefficient of friction 0.5) Бу 
aforce P N. If the speed of the box is increased from 0.5 m s! to 1.9 m 5! in 105, 
find P. 


A hose (cross-section 4 cm?) delivers water horizontally with a speed of 25 m 87. 
What is the impulse of the water on a vertical wall (assuming no rebound)? What 
average force acts on the wall? 


A horizontal jet of water is emitted from a circular pipe of radius 1 cm at a speed of 
12 m s”. Find the mass of water emitted per s and the average force exerted on a 
vertical wall. 


A particle of mass 3 kg moves on a rough horizontal surface with coefficient of 
friction 0.4. When it is 3 m from a vertical wall its speed is 7 m 87 and it is moving 
at right angles to the wall. If the impulse on the particle is 24 N s, calculate its speed 
before and after hitting the wall. 


A ball of mass 100 g is thrown at a horizontal floor and hits it with speed 6 m 87 at 
an angle of 30? to the floor. Given that the horizontal component of its velocity is 
unchanged by the impact and that the vertical impulse on the ball is 0.5 N s, find the 
components of its velocity after the impact and hence find the velocity in magnitude 
and direction. 


CONSERVATION OF MOMENTUM 


Let us now consider what happens when two bodies A and B coilide. We will only 
consider direct collision, that is, the two bodies are moving in the same straight line. 
Suppose A with mass m, and B with mass m, are moving with velocities u, and u, before 
collision, and v, and у, after collision respectively (Fig. 26.6). 


Fig. 26.6 


и, u, 
— ——— 
Before (m) (т) 
А в 
v, V, 
— ——- 
After (8) (т) 
А B 
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Change in momentum of A = m,v, — mu, (i) 


Change in momentum of B = mv, — m,u, (ii) 


Now when A and B collide, each will exert an impulse on the other. 


By Newton’s Third Law, A will exert a force P on B and B will exert an equal but 
opposite force Р on A. The time of contact, / s, is naturally the same for both. Hence the 
impulse of A on B equals the impulse of В on А (both = Pf) and hence the changes in 
momentum of A and B are equal but opposite in direction. 


Thus, from (i) and (ii) we get 
туу — ти = (ту, – тш) 
{negative sign indicates opposite direction] 
or my, + туу, = ти, + ти, 


This shows that the total momentum after the collision equals the total momentum before 
the collision. This in essence is the principle of conservation of momentum: 


In any collision between two bodies, the total momentum in any direction is 
unchanged, provided no external force acts in that direction. 


In Examples 3 and 4, momentum was not conserved as the forces were external forces. 
Gravity is not however an external force in this context. We can also use the principle in 
the form: momentum before collision = momentum after collision (in the same direction). 
As an example of the principle, consider a gun being fired. The gun rests against the 
shoulder of a man. The explosion gives the bullet forward momentum and so the gun 
must acquire an equal amount of momentum backwards, thus producing the recoil of the 
gun against the man’s shoulder. A more sophisticated example is how a spacecraft can 
change direction in space. As there is no resistance to motion in empty space, any object 
will move continually in a straight line. It is impossible to produce an external force to 
change direction or to slow down, as there is no atmosphere or friction to ‘push against’. 
If however a small rocket is fired from the spacecraft, momentum in that direction is 
created and an equal but opposite amount of momentum affects the spacecraft, thus 
changing its direction of motion or its speed. So to increase the speed of a spacecraft, a 
retrorocket is fired backwards, giving the craft additional momentum (and hence in- 
creased speed) forwards. To slow it down, a forward-facing rocket is fired, so reducing 
the momentum of the spacecraft. 


‘Example 5 


A particle of mass 2 kg is moving at 8 m s^. It collides with a stationary particle of 
mass 3 kg and they move together. Find their common speed. Find also the loss of 
kinetic energy during the collision. 


Let the common speed after collision be v m 87. 


Momentum before collision = 2х8 +3 х0 = 16 №ъ№ѕ 


Momentum after collision = 5у № ѕ 
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Before 


. 


Fig. 26.7 


By conservation of momentum, 
Sv = 16 
giving у= 3.2 
Hence ће common speed is 3.2 m 87. 
Loss of KE = 5 х2х8- $ х5 х 3.22 
= 38.4 J 


Thus the loss of KE during collision is 38.4 J. This loss of energy would mostly appear 
as sound and heat during the collision. . 


Example 6 


Two trucks, of masses 5000 kg and 4000 kg are travelling on the same track with 
speeds of 2 m s! and 3 m s” respectively in opposite directions. They collide and the 
first truck is observed to have a speed of 1 m ғ in the direction opposite to its original 
direction. What is the speed of the second truck? 


Before 


After 
Fig. 26.8 


We take momentum in the direction of the first truck as positive. 


Momentum before impact = 5000 x 2 — 4000 x 3 
z—2000Ns 
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Suppose the second truck travels with speed v m s^! opposite to its original direction 
after collision. 


Momentum after impact = —5000 x 1 + 4000» 
= 4000 — 5000 М s 


By conservation of momentum, 
4000» — 5000 = —2000 
giving v=0.75 


Hence the second truck will travel at 0.75 m s^! opposite to its original direction. 


Example 7 


A gun of mass 4 kg fires a bullet of mass 80 g horizontally at a speed of 400 m s”. With 
what initial speed does the gun recoil? If the bullet then hits a stationary block of wood 
of mass 0.8 kg resting on a smooth horizontal surface and remains embedded in it, find 
the final speed of the block of wood. 


u 400 
-—————— ———- 


| 11 0.08 k | 


First, consider the gun and the bullet. 

The total momentum, which initially was zero, is unchanged by the explosion. Taking 
the direction of the bullet as positive for momentum (Fig. 26.9), we have by conser- 
vation of momentum, 


0.08 х 400 + 4(-и) = 0 
where и m 87! is the velocity of recoil of the gun. 


This gives u = 8. 


Hence the gun recoils with a speed of 8 m 87. 
Now consider the bullet and the block of wood (Fig. 26.10). 


Fig. 26.10 0.88 kg 
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Again, we take the direction of the bullet as positive for momentum. 


Momentum before impact = 0.08 x 400 + 0.8 x 0 
=32Ns 


Momentum after impact = (0.8 + 0.08)v 
= 0.88 Ns 


where v m s^ is the speed of the block with bullet embedded. 
By conservation of momentum, 
0.88у = 32, 
giving y = 36.4 
Hence the speed of the block of wood is 36.4 m 57. 


Example 8 


A particle A of mass 0.5 kg is dropped from rest from a height of 8 m above ground 
level. At the same time a particle of mass 0.2 kg is projected vertically upwards with 
a velocity of 8 m s^ from the ground so that it collides and coalesces with A. Find 
(a) the height at which they collide, : 

(Б) their velocities just before impact, 

(с) their common velocity after the collision, 

(d) the speed on reaching the ground. 


(a) Let the particles collide Л m above the ground (Fig. 26.11). We use the equation 


1 
з= ш + хаб. 


< 


о > 
—-—--99---——--—-l 


Fig. 26.17 


For A, 8-h 20 248 


ie. 8-1-58 (i) 
For B, h=8t- ер 
ie. h=8t-5f (ii) 
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Adding (1) and (ii), we have 
8 = 8 
giving t=1 
Substituting t = 1 into (i) gives h = 3. 


Hence collision occurs 3 m above the ground. 


(b) Let the velocities of A and B just before collision be v, m 87 and v, m s” 
respectively. 


For A, v, = gt = 10 
For B, v, = 8 — gt = 8 — 10 = -2 
The negative sign indicates that B is moving downwards just before impact. 


Note: If we use у? = и? + 2as, we would get v? = 64 - 2(10)(3) = 4 but we would 
not know if v, = +2 ог —2 and it would be incorrect to assume v = +2. 


Hence the velocities of A and В аге 10 m s^ and 2 m s” respectively before 
impact and both are in the downward direction. 


(c) Let the common velocity after collision be u m 57. 
By conservation of momentum, 


(0.5 + 024 = 0.5 х10+02х 2 
0.7и= 5.4 


giving и= 771 


Hence the common velocity after collision is 7.71 m 57. 


Before After 


10 


0.5 kg u 3 | 0.7 kg 


0.2 ко 
р 


Fig. 26.12 


(d) With и m 877 as the initial speed and distance = 3 m, the final velocity v m s on 
reaching the ground is given by 


у? = 2 + 2as 
= 7.712 + 2(10)(3) 
= 119.4 


giving v = 10.9 


Hence the speed on reaching the ground is 10.9 m s~. 
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Example 9 


Fig. 26.13(a) shows the particles A and B of masses 0.6 kg and 0.4 kg respectively, 
connected by a light string passing over a smooth pulley. The particle C of mass 
0.5 kg is resting on a table and is attached to В by a string which is slack. A and B are 
held at rest with the connecting string between them taut and then released. Find 
(a) the acceleration of A, 

(5) the distance A descended and its velocity after 1 second. 

At this time, the string connecting B and C becomes taut and C is lifted off the table. 
Calculate 

(c) the velocity and acceleration of A immediately after C is lifted off the table, 

(4) how much lower A will descend. 


Fig. 26.13(a) 


(a) The acceleration a m s? is found from Fig. 26.13(b). 
C can be neglected at this stage as the string between B and C is slack and hence 
it will not affect the ensuing motion. 


For A, 6 - T = 0.6a 
For B, T — 4 = 04a 


Solving the two equations gives a — 2 m s?. 


Fig. 26.13(b) 
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(b) A will oe a distance s m given by s = ut + 


1 


lap 
244 


16.5-045 1 х2х 12=1 т. 
Тһе dis of A at that time will be vy=0+2x1=2ms". 


When the string connecting B and C becomes taut, the velocities and acceleration 
immediately change. The total momentum is unchanged however, so we can find 
the new velocity. Since the particles are connected by tight strings, we can take 
them as one body (Fig. 26.13(c)). 


2057 
ne —— 


Fig. 26.13(c) 


Momentum of the system before C is lifted = (0.6 + 0.4) х2 + 0.5 x 0 

=2Ns 
Momentum of the system after C is lifted = (0.6 + 0.4 + 0.5)v, = 1.5у, where: 
у, is the common velocity of the particles immediately after С is lifted. 


By conservation of momentum, 
1.5v = 2 


giving v, = 3 
Hence the new velocity of A is 4 m s? 


The new acceleration is found as in (a) by taking B and C as one particle of mass 
0.9 kg. Check that it is 2 m s? in the opposite direction to the previous accelera- 
tion. 


A now has a velocity of im 5-1 downwards and an acceleration of 2 m s? 
” upwards. It will descend a distance s given by 0 = (3 3) -2x(2)xsie.s- $ 


Hence A will descend a further distance of 3 т 
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Exercise 26.2 (Answers on page 653.) 
[Take g = 10 m s'] 


1 Two masses of 30 kg and 20 kg, travelling at 4 m s^! and 1 m s^! respectively in the 
same direction, collide and continue together. Find their common speed after the 
collision. 


2 A toy railway truck, mass 0.3 kg, travelling at 2 m s^, collides with another stationary 
truck, mass 0.25 kg, and they couple together. Find the common speed after impact 
and the impulse between them. 

3 A gun of mass 450 kg fires a shell of mass 2 kg horizontally at a speed of 300 m s". 
Find the initial recoil velocity of the gun. If the gun comes to rest (moving horizon- 
tally) in 10 s, find the average resisting force. 


4 Two masses of З kg and 2 kg move towards each other at speeds of 1.5 m 57 and 
2 m s` respectively. After the collision they move together. Find their common 
velocity. 


5 A mass of 0.1 kg travelling at 10 m 57! overtakes and collides with a mass of 0.5 kg 
moving at 2 m 87. They move on together. Find their common velocity. 


6 Two billiard balls of equal mass (0.8 kg) are moving in opposite directions (in the 
same line) with speeds of 12 m $! and 5 m 57. They collide and the slower ball is now 
seen moving at 8 m 57! in the opposite direction. Find the new speed of the other ball 
and the impulse between them. 


7 A body of mass 10 kg is moving horizontally with a speed of 20 m 57. It explodes and 
splits into two parts of masses 6 kg and 4 kg. The 4 kg part continues to move in the 
original direction but with a speed of 30 m 57. Find the speed of the 6 kg part, 
assuming it moves in the same direction. 


8 А spacecraft of mass 450 kg is moving in space with a speed of 3 x 10? ms". A rocket 
is fired straight ahead, emitting 1.5 kg of gas at a speed of 2 x 10* m 87. Ignoring the 
slight reduction in mass of the spacecraft, find its new speed. 


9 Two masses of 4 kg and 3 kg are connected by a light string over a smooth pulley. 
After moving for 5 s, the 3 kg mass picks up a third mass of 1 kg instantaneously. Find 
the speed of the 3 masses after the pickup. 


10 Two masses of 5 kg and 2 kg are connected by a light string over a smooth pulley. The 
5 kg mass i$ at rest on a horizontal table (below the pulley) and the 2 kg mass is 
released from rest. After it fails freely for 2 s the string is tightened and the 5 kg mass 

` is jerked off the table. Find the velocity with which the masses now continue. Also 
find their common acceleration. 


11 Two masses of 5 kg and 2 kg are connected by a light string over a smooth pulley. The 
system is released from rest. Find the common acceleration. After falling for 2 s, the 
5 kg mass hits a horizontal table and does not rebound. Find the velocity of the 2 kg 
mass at this time and find how much higher it will continue to rise before coming to 
rest. Find also the common velocity when the string tightens again. 
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Particle A of mass 2 kg is let fall from a height of 5 m. 


Simultaneously particle B of mass 1 kg is thrown vertically upwards from the ground 
with speed 10 m s^! so that it collides and coalesces with A. Find 

(a) the height at which they meet, | 

(b) their speeds and directions just before impact, 

(c) the common speed after impact, 

(d) how much higher the combined mass will rise. 


A particle A, of mass 4 kg, is travelling in a Straight line due north with a speed of 
3 ms"; another particle B, of mass 3 kg, is travelling in the same Straight line towards 
A with a speed of 5 m s~. After the collision A is moving south with a speed of 
2 m s”. Calculate | 
(a) the velocity of B after the collision, 

(b) the impulse between the particles. 


A gun of mass 45 kg fires a shell of mass 0.9 kg at a speed of 100 тв" horizontally. 
Find the initial recoil velocity of the gun. If this recoil is opposed by a constant force 
of 250 N, how far does the gun recoil? . 


A horizontal force of 10 N is applied to a body A of mass 2 kg, initially at rest оп а 
smooth surface, for 5 s. What velocity is gained by A? A now collides with another 
body B of mass 4 kg at rest and the two continue together. Find the common velocity. 


A shell of mass 5 kg is travelling horizontally at 200 m s^! when it explodes into two 
parts. One part (of mass 3 kg) continues in the same direction at a speed of 400 m s-!. 
What will be the velocity of the other part? What are the KEs before and after the 
explosion? 


А nail of mass 20 g is driven horizontally into wood by a hammer of mass 3 kg. Just 
before the impact the hammer is moving horizontally at 4 m 87, Find the common 
velocity of hammer and nail after the impact, if they move together, and if the nail 
penetrates the wood to a depth of 5 cm, find the average resistance of the wood. 


Two masses of 5 kg and 3 kg move directly towards each other and collide. Their 
speeds before impact are 4 m s~! and 3 m 87 respectively. After the collision the 3 kg 
mass reverses at a speed of 2 m 87. Find the velocity of the 5 kg mass after the 
collision. Also find the percentage loss of KE. 


Two pendulums with light strings each 1 m long carry masses of 1 kg and 2 kg and 
are suspended side by side from the same point. The larger mass is raised until its 
string is horizontal and taut and is then released. If the two masses stick together on 
impact, find the vertical height to which they rise after the impact. 


A pendulum consists of a mass of 8 kg attached to a fixed point by a light string 
50 cm long. The mass is at rest when it is struck a blow lasting 0.05 s by a force of 
200 N, acting horizontally. Find the angle made by the string with the downward 
vertical when the mass first comes to rest. 
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A mass of 10 kg falls vertically through a height of 5 m onto a wooden stake of mass 
2 kg and does not rebound. The stake is driven into the ground a vertical distance of 
10 cm. Calculate 

(a) the common velocity after the impact, 


-(b) the total energy just after impact to be converted into work against the resistance 


.of the ground, 
(с) the average resistance of the ground. 


A truck of mass 6000 kg moving with a speed of 2.4 m s~! hits a mass of 2000 kg 
moving in the opposite direction with speed 1.3 m 57 and the two move together. 
Calculate 

(a) the total kinetic energy after the impact, 

(b) the distance in which a braking force of 1800 N would bring the trucks to rest. 


Particles of A and B, of masses 1.4 kg and 0.6 kg are connected by a light string 
passing over a smooth pulley. They are released from rest. After moving freely for 1.5 
seconds, B picks ир a stationary particle C of mass 1 kg. Calculate 


- (a) the speeds of A before and after this pickup, 
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SUMMARY .— 


(b) how high the combined particle B and C will rise after the pickup, assuming that 
they do not reach the pulley. 


A golf ball of mass 50 р is hit from a point О on level ground with speed 20 m 877 at 
an angle Ө where tan 0 = 3. At the top of its flight path, it just clears the branch of 


a tree but hits and adheres to a particle of mass 150 g resting on the branch. Calculate 
(a) the height of the branch, 

(b) the speed of the combined particle after the impact, 

(c) how far from O the particles hit the ground. 


€ Impulse of a force (Р) on а body is the product of the force and the time ¢ for which 

5 dtacts. 

; Impulse = Pt 

ө Unit of impulse: Ns. 

(е Momentum of a moving body is the product ofi its mass шт) and its velocity (у). 

| Мотейцит = mv oc ч | 287 

» Unit of momentum: Мз. ; | | | | 

ө Impilse = change of momentum =: мате БЭЭ 
| = final momentüm — ; initial: momentum . 5: i aset. Б nga $^ 

ө Principle of conservation ор Фотепінт: In any collision between. two bodies, the : 
1 total momentum in any direction i 18 ‘unchanged, provided s no extemal force acts in i that : 

УЫ difection. à t 2 : 

1 Momentum before collision Zion after сой in the sanë direction. 
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REVISION EXERCISE 26 (Answers on page 653.) 


1 A gun of mass 1500 kg fires a shell of mass 2 kg horizontally at 300 m s^. Find the 
initial speed of the gun. If the gun recoils a distance of 10 cm, find the average 
resistance. 


2 Two-balls A and В of masses 0.5 kg and 0.3 kg respectively, are moving in the same 
direction in the same straight line with speeds 6 m-s! and 2 m 57. After they collide 
the difference in their speeds is 2 m 57. Find the speed of each ball. 


3 Two particles, А of mass 0.4 kg and speed 4 m 87 and B of mass 0.2 kg and speed 
8 m s^, are moving directly towards each other. After they collide, A has reversed 
with speed x m 87 and B has reversed with speed y m 57. Show that y = 2x. 

Given also that the loss of kinetic energy in the collision was 7 J, find the value of 
x and of y. 


4 Fig. 26.14 shows two spheres A and B of masses M grams and.50 grams respectively 
hanging at rest and in contact with each other. 5рїеге B is pulled aside (its string 
remaining taut) through a vertical distance of 10 cm and is released so that it swings 
down and strikes sphere A. Calculate the velocity of sphere В immediately before it 
strikes sphere A. 

The velocity of sphere B is reversed by the impact and its magnitude is halved. Sphere 
A subsequently swings through a vertical distance of 2.5 cm. Calculate the value of M. 
(С) 


Y 


Fig. 26.14 


5 А constant force of 8 N acts оп a body of mass 5 kg for 10 5. If the initial speed of 
the body is 4 m 57, calculate its speed after 10 s. The body then carries on іп a straight 
line at constant speed until it collides directly with a body of mass 8 kg travelling 
towards it with a speed of 2 m 87. Given that the direction of motion of the 8 kg mass 
after the collision is reversed and that its subsequent speed is 4 m 57, calculate the 
speed of the 5 kg mass after the collision. 
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6 Three particles A, B and C of masses 0.3 kg, 0.2 kg and 0.4 kg respectively lie at rest 
in this order inside a horizontal smooth tube. A and B are projected towards one 
another with speeds of v ms! and 5 m s^! respectively. On impact, A is reduced to rest 
and B returns with speed 4 m 87! to collide and coalesce with C. Calculate 

^() the value of v, . 
(ii) the final speed of B and С, 
(iii) the loss of kinetic energy caused by the first collision. (С) 


7 A particle A of mass 2 kg is dropped from rest from a height of 75 m above ground 
level. At the same time a particle B of mass 1 kg is projected vertically upwards from 
the ground so that it collides and coalesces with A after 3 seconds. 

(i) Calculate the speed of projection of B. 
(ii) Determine whether B is travelling upwards or downwards at the point of impact. 
(iii) Find the common speed of A and В immediately after impact. (C) 


8 A railway truck A of mass 4000 kg travelling at 2 57 collides with another truck В 
of mass 6000 kg travelling at 1 m 877 in the same direction. The speed of truck A after 
the collision is 1.25 m s^! in the same direction. Calculate the speed of truck B after 
the collision. 

A and B are now brought to rest by frictional forces. which are in each case 50 N per 
1000 kg mass. Calculate 

(i) for how long A and В are each in motion after the collision, 

(ii) the final distance between them. (C) 


9 Fig. 26.15 shows three bodies A, B and C of masses 3 kg, 2 kg and 4 kg respectively 
moving in a smooth horizontal straight groove with velocities as shown. As a result 
of the collision between A and B, A is brought to rest and B moves towards C with 
velocity 7 m 57. Calculate the value of и. 

When B and C collide they coalesce. Calculate 
(a) the final velocity of B and C, 


(b) the total loss of kinetic energy due to both collisions. | (C) 
“те! 8 та ims? 
— ee 


Pali 
зю (А) 2 (8) 4 kg ©) 


' Fig. 26.15 


10 Two spheres, A and B, of equal size but different masses, m, kg and m; kg respec- 
tively, travel towards each other along the line of centres with speeds of 8 m s^! and 
6 m 87! respectively. After the collision A continues to travel in the same direction as 
before with speed 2 m 87, while the direction of motion of B is reversed and its speed 
reduced to З m 87. Given that the loss of energy on collision is 9.36 J, calculate the 
values of m, and т,. (C) 


11 A ball of mass 50 grams dropped from a height of 2 m on to a horizontal floor 
rebounds to a height of 1 m. Calculate the change of momentum due to the impact. If 
the impact between the ball and the floor lasts for 0.04 seconds, calculate the average 
force in newtons exerted by the floor on the ball. © O 
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12 A particle of mass 1.5 kg is freely suspended from a fixed point by a light inextensible 
string of length 2 m. The particle receives a horizontal blow. When the particle comes 
instantaneously to rest, its horizontal displacement is 1.6 m. Calculate the correspond- 
ing vertical displacement of the particle and its initial velocity. - 
Given that the duration of the blow was 0.003 s, calculate the average value of the 
force acting on the particle during impact. (C) 


13 Two spheres A and B of masses 0.5 kg and 2 kg respectively are moving in the same 
straight line on a smooth horizontal surface as shown in Fig. 26.16. Sphere A has a 
speed of 16 m 87 and В Пав a speed of 4 m 57. On collision, A is brought to rest and 
B continues with speed u m s^. Calculate the value of и. | 
Sphere В then hits a vertical wall and rebounds with speed v m s^ along the original 
line of motion. Given that the change in momentum of B on impact with the wall is 
26 N s, and that B is in contact with the wall for 0.02 seconds, calculate 
(a) the value of v, 

(b) ‘the loss in kinetic energy of B on impact with the wall, 
(c) the average force exerted by the wall on B. (С) 


Fig.26.16 


14 A ball P of mass m, moving with velocity u collides with another ball Q of mass m, 
which is at rest. After the collision Q moves with velocity lu and P moves with 
velocity ju in the opposite direction. Find the ratio m,:m,. 


15 A particle of mass 100 g is projected with speed 20 m 87! from a point О on level 
ground at an angle 0 to the ground where tan Ө = 3, At the top of its flight it hits a 
vertical wall and the impulse on the particle is 2.8 N s. Calculate 
(а) the height of the point of impact, | 
(b) the velocities of the particle before and after impact, 

(с) how far from О it returns to the ground. 


16 Fig.26.17 shows a smooth channel made up of a quarter circle AB, centre P and radius 
0.8 m, a straight section BC and another quarter circle CD, centre Q and radius 1 m. 
PB and QC are vertical. A particle of mass 3 kg is released from rest at A. At C it hits 
and coalesces with another particle of mass 1 kg at rest. Calculate 
(а) the speed of the 3 kg mass before.the impact, · 

(b) the speed of the combined particles after the impact. 

If the two come to momentary rest at E, find 

(c) the height of E above the level of BC, Bc cpm 
(d) the angle CQE. : 3 kg m 


A ц” 1 


Fig.26.17 B 9) 
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A light string passes over a smooth pulley. One end is attached to a particle A of mass 
8 kg. The other end is attached to a particle B of mass 7 kg. A particle C, whose mass 
is greater than 1 kg, is attached to B by another light string. When the particles are 
released from rest, their acceleration is 2 m 52. Calculate 

(a) the mass of C, 

(b) the tension in each string. 

After the particles have moved for 1 second, the 8 kg mass picks up a stationary 
particle D of mass 4 kg. Find 

(c) the velocity of the particles immediately before this pickup, 

(d) the velocity of the particles immediately after this pickup. 


At a certain instant 3 particles A, B and C of masses 2 kg, 1 kg and 3 kg respectively 
are in a straight line where the distance AB = the distance BC. A is moving at 
и (#2) m 87! towards В,апа C is moving at 2 m 87! towards B. At each collision, the 
particles coalesce. If the final velocity of the three particles is 1 m 57! in the direction 
of u, find the value of и. | 


Three balls A, В and С of masses 4 kg, 1 kg and 3 kg respectively, lie in that order 
in a straight line. C is initially at rest. A is projected towards B with speed и m.s"! 
whilst B is projected towards A with speed 4 m s^. A is reduced to rest in the first 
collision. If the speed of C is then 15 m 57, find the value of u and the loss of kinetic 
energy. 


20 Particles A and B lie on a smooth horizontal table of a height 1.25 m above level 


ground. The mass of A is 2.5 kg and the mass of В is 1.5 kg. The particle A is 
propelled towards B at a speed of 9.6 m 87. Calculate 

(a) the impulse applied to A. 

On impact A and B coalesce and move towards the edge of the table. Calculate 

(b) the common speed of A and B after the impact, 

(c) the impulse exerted by A on B during the impact, 

(d) the loss of kinetic energy at the impact. 

When the combined particle reaches the edge of the table, it falls to the ground. Find 
(e) the time that this fall takes. 

By considering energy changes, calculate 

(f) the speed of the combined particle when it strikes the'ground. (С) 
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Revision Papers 
11-18 


PAPER 11 (Answers on page 653.) 


1 Fig. R9 shows the v-t graph for a journey. Calculate 
(a) the rate of acceleration, 
(b) the total distance travelled. 


vms 


ts 


Fig.R9 


2 Find the magnitude and direction of the resultant of the two forces 20 N in direction 
000° and 30 N in direction 120°. 


З A particle covers a distance of 160 m accelerating uniformly from a speed of 10 m 87 
to a speed of 30 m s, Find 
(a) the acceleration, 
(b) the time taken. 


4 A horizontal force of 30 N is just sufficient to move a block of 8 kg on rough 
horizontal ground. Find the coefficient of friction. 


5 A woman of mass 70 kg stands in a lift which is accelerating upwards at a m s”. If 
the reaction on her feet is 798 N, find the value of a. 


6 A stone is thrown vertically upwards with a speed of 12 ms". Find 
(a) the maximum height reached, 
(b) the time taken to reach this height. 
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7 А ball of mass 60 р travelling horizontally with speed и m 57! is hit by a racket and 
rebounds with speed 30 m s^. If the impulse between the ball and the racket was 5 М 
8 find the value of и. 


8 -An engine of mass 4 tonnes moving at 4 m 57 hits a stationary wagon of mass 500 kg 
and is coupled to it. The two then hit a second stationary wagon of the same mass as 
the first and the three are coupled together. Find the final speed of ali three. 


9 А саг of mass 750 kg is towing a trailer of mass 100 kg on level ground at a speed of 
24 m s^! and accelerating at 0.8 m s*. Taking the frictional resistances on each vehicle 
to be 2 N per kg of mass, calculate the tension in the tow-bar. 


10 Particles A and B are hanging vertically from the ends of a light string which passes 
over а smooth pulley. When released they move with acceleration 2 m 572, If the mass 
of A is 5 kg, find the mass of B (two answers). 


PAPER 12 (Answers on page 653.) 


1 Ship A sailing due N at 15 km hr! sees another ship, B, which is sailing at 12 km hr! 
in the direction 300°. Calculate the velocity of B relative to A. 


2 A ball is thrown with speed и m 5! at an angle Ө to the horizontal where tan Ө = 3, 
Е the greatest height reached is 7.2 m, find the value of и. 


3 Acar of mass 800 kg is travelling at a steady speed of 40 m 57! on a level road against 
a constant resistance of 500 N. What power is the engine using? Using this power, 
what would be the acceleration when the car is travelling at 20 m s^? 


4 In Fig. R10, a body of mass 4 kg is in equilibrium on a rough horizontal plane. Forces 
of 20 N and F N act on the body in opposite directions. If the minimum possible value 
of F is 4, calculate 
(a) the coefficient of friction, : 

(b) the maximum possible value of Ғ. 


20 N FN 
Fig.R10 | 4kg 


5 Fig. R11 shows a sphere of mass 4 kg and diameter 12 cm resting against a smooth 
vertical wall and held in equilibrium by a string AB of length 4 cm. Draw a diagram 
showing the forces acting on the sphere. Hence, by drawing or calculation, find the 
tension in the string. | 


Fig.R11 
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6 A body of mass 5 kg is projected with speed 20 m 87 directly up a rough inclined 
plane ‘of length 10 m fixed on horizontal ground and making an angle Ө with the 
horizontal where sin Ө = 1. The resistance to motion is 33.75 N. With what velocity 
does it reach the top of the plane? · 

It then leaves the plane and moves freely under gravity. How long does it take to reach 
the ground? . 


7 Particle A is travelling at a constant speed of 10 m 87 in a straight line. Particle В, of 
equal mass, is 16 m distant from A on the line and is moving towards A with speed 
5m s^ and uniform acceleration 2 m 572. ) 

(а) How far has A travelled when the particles collide? 

(b) Find their speeds at that point. 

(c) At the collision the particles join together. Find their speed immediately after the 
collision. f 


8 ABCD is a square and E is the midpoint of DC. The forces 3 N, 45 N and 2 N act at 
A in the direction of the lines AB, AE and AD respectively. Find the magnitude of 
their resultant and the angle it makes with AB. 


9 A pump raises 50 kg of water per second at rest from a well 8 m vertically down and 
discharges it with a speed of 4 m 87. Calculate 
(a) the increase in potential energy of the water per second, 
(b) the increase in kinetic energy of the water per second, 
(c) the power of the pump in kW. 


10 Fig. R12 shows two bodies, A of mass 5 kg and B of mass M kg, placed on the faces 


of a double wedge, whose faces make angles of 30? and 45? with the the horizontal. 
The face on which A stands is rough with coefficient of friction 1 while the other 


face is smooth. Calculate. ће maximum value of M if A is to remain at rest. 


Fig.R12 


PAPER 13 (Answers on page 654.) 


1 A block of mass 3 kg rests on a rough plane inclined at an angle Ө where tan 0 = 3, 
It is just prevented from slipping down by a horizontal force of 10 N. Find the 
coefficient of friction between the block and the plane. 

What force, applied parallel to the plane, would be just sufficient to make the block 
move up the plane? 
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2 Two towns А and В are 500 km apart and the bearing of В from A is 030°. A wind 
is blowing from the direction 345°. A pilot wishes to fly from A to B and the airspeed 
of his aeroplane is 300 km hr. If he takes 2 hours over the flight, calculate 
(a) the course he must take, 

(b) the wind speed. 


3 A particle is travelling in a straight line with constant acceleration a m s?. It passes 
a point A with speed и m 57. Between 3 and 4 seconds after passing A it'travels 
11.4 m and between 4 and 5 seconds after passing A it travels 11.8 m. Find the value 
of a and of u. 


4 A particle is projected with speed и m s"! at an angle Ө to level ground where tan 0 
= 3, If it reaches its maximum height 30 m horizontally from the point-of projection, 
calculate 
(а) the value of и, 

(b) the maximum height reached. 


5 (a) Amass of 10 kg is attached by two strings of lengths 15 m and 20 m to points A 
and B. If A and B are on the same level and AB = 25 m, find by drawing or 
calculation the tensions in the strings. 

(b) The following coplanar forces acting at a point are in equilibrium: P N in 
direction 000°, 2Р N in direction 6° (0 «0 < 90), 3P N in direction 150° and 
20 N in direction 270°. Find the value of Ө and of P. 


6 Fig. R13 shows two bodies A and B connected by a light string passing over a smooth 
pulley. A has a mass of 5 kg and lies on a rough plane inclined at angle Ө to the 
horizontal where tan 6 = 3, while B hangs vertically. The coefficient of friction 
between A and the plane is 0.4. Calculate the mass of B if 
(a) A moves up the plane with acceleration 1.4 ш 82, 

(b) A is just about to slide down the plane. 


Fig.R13 
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7 А rocket consists of three parts, A of mass 6M, В of mass ЗМ and C of mass M. The 
rocket is travelling in space with constant velocity V when an internal explosion 
causes part A to separate from the rocket with a backward speed of X Find 
(4) the new velocity of parts B and C in terms of V, 

(b) the amount of KE generated by the explosion in terms of M and V. 
(c) A second explosion later separates B and C giving B a backward. speed of 2V. 
Find the final velocity of C in terms of V. 


8 In Fig. R14, the particles A and B of masses 1 kg and 2 kg respectively are connected 
by a light string passing over the pulley P. Because the bearing of the pulley is not 
smooth, the tension in string PB is 1.2 x the tension in string PA. If the particles are 
released from rest, calculate 
(a) their acceleration, 

(b) the tension in PB, 
(c) the force exerted on the pulley. 


2kg 
Fig.R14 


9 A car of mass 750 kg has a maximum speed of 40 m 877 on the level when the power 
output of the engine is 20 kW. The car climbs a slope at an angle 6 to the horizontal 


where sin 0 = к If the power output and the frictional resistance are unaltered, 
calculate 

(a) the maximum speed up the slope, 

(b) the acceleration up the slope when the car has a speed of 5 m 57. 


10 A straight stretch of a motorway has three parallel lanes. Car A is travelling in an 
outside lane at a steady speed of 15 m 87. At a certain instant, car В is travelling in 
the middle lane with speed 20 m 87, constant acceleration 0.4 m s? and is 30 m 
behind A. Car C is travelling in the third lane and at the same instant has speed 
25 m s^, constant acceleration 1 m s? and is 20 m behind B. After what time will 
(a) B overtake А, 

(b) C overtake B? 

(c) How far ahead is A when C overtakes B? 
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PAPER 14 (Answers on page 654.) 


1 The three coplanar forces shown in Fig. R15 are in equilibrium. Calculate the value 
of Ө and of P. 2 


Fig.R15 


2 A helicopter rises to a height of 240 m. First it accelerates uniformly to a speed of 
8m s^, maintains this speed for 6 seconds and then decelerates uniformly to rest. The 
magnitude of the acceleration is twice that of the deceleration. Draw a v-t graph. 
Hence, or otherwise, calculate 
(a) the rate of acceleration, 

(b) the time taken for the ascent. 


3 То a motorcyclist, travelling due М at 25 km hr, the wind appears to be blowing at 
15 km Ir! from the direction 030°. Calculate the true velocity of the wind. 


4 A police patrol boat receives a report that a suspicious ship is 30 km away on a 
bearing of 135° and sailing at 30 km h” in the direction 045°. The patrol boat has a 
maximum speed of 50 km h^. Calculate 
(a) the direction in which the patrol boat should be steered to intercept the ship as 

soon as possible, and 
(b) the time it would then take to reach the ship, assuming that the ship does not alter 
its velocity. 


5 Two particles P and Q are projected vertically upwards from ground level at the same 
instant. The initial speed of Q is three times that of P. When P has returned to the 
ground, the height of Q is 160 m. Calculate the initial speeds of P and Q. 


6 Ball A of mass 0.5 kg is moving towards ball B with speed 4 m 87! while B, of mass 
0.2 kg, is moving towards A with speed 5 m 57. They collide and A's speed is reduced 
to 1 ms“. Calculate 
(a) the speed with which B rebounds, 

(b) the impulse between A and B. 
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7 Fig. R16 shows three bodies A, B and C of masses 2 kg, 1 kg and 0.5 kg respectively, 
moving in a smooth horizontal groove with the velocities shown. The bodies coalesce 
on each impact. Given that the final speed of all three is 14 m s^ in the direction 
А -» C, find the value of v. 


20 m s- vm s 8 ms 
---» --- > 
Fig.R16 
А B с 


8 (а) Ап electric motor drives a pump which raises a mass of 5 kg of water per second 
through a vertical height of 15 m and then sends it through a pipe with a speed 
of 8 m 57 If the motor is only 65% efficient, calculate the power of the motor. 

(b) A hosepipe of internal diameter 2 cm is held pointing upwards at an angle of 25° 
to the horizontal. Water emerges with a speed of 20 m s~! and hits a vertical wall 
at right angles and then drops vertically. Calculate the average force exerted on 
the wall. 


9 Two particles P and Q of masses 3.4 kg and 2.6 kg respectively are connected by a 
light string passing over a smooth pulley. The particles are at rest hanging vertically 
and are released when P is 2 m above the ground. If P remains on the ground after 
impact, calculate 
(a) the speed of Q when P reaches the ground, 

(b) the total distance travelled by Q from the start until it comes to momentary rest. 
10 A body P of mass 2m is projected from a point A on level ground with speed и at an 
angle 0 where tan 0 = 2. At the same time another body Q of mass m is projected 
towards A from a point B with speed v at an angle ø where tan ø = 3. Given that AB 
= 270 m and that-P and Q collide when each is at its maximum height, find (a) the 
value of и and of v. 
If P and Q coalesce on impact, find (b) the distance from A where they reach the 
ground. 


PAPER 15 (Answers on page 654.) 


1 A missile is projected vertically upwards from ground level. Between 1 and 2 seconds 
after leaving the ground it rises 15 m. Calculate 
(a) the speed of projection, 
(b) the maximum height reached, 
(c) the length of time for which the missile is higher than 40 m. 


2 (a) A body of mass 3 kg rests on a rough plane inclined at an angle 0 to the horizon- 
tal where tan 0 = 3, The coefficient of friction between the body and the plane 
is 2. What force, applied parallel to ће plane, will cause the body to move up ће 
plane with acceleration 2 m 572? 
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(b) Fig. R17 shows two bodies A and В with masses of 3 kg and 5 kg respectively 
placed on the rough sloping faces of a double inclined plane. The angles of the 


sloping sides are 30° and 60°. The coefficient of friction is 1 between А and the 
left-hand face and 3 between B and the right-hand face. Calculate the accelera- 
tion of the bodies when they are released from rest. 


Fig.R17 


3 Fig. R18 shows three bodies P, Q and R of masses m kg, 4 kg and M kg respectively 
in equilibrium connected by light strings passing over two smooth pulleys at A and 
B. A and B are on the same horizontal level with ZQAB = 45° and ZQBA = 30°. Find 
the value of m and of M. 


Fig.R18 


4 Atacertain time, two ships S and T are 20 km apart with T on a bearing of 060° from 
S. S is sailing due N at a speed of 15 km h` while T is sailing in the direction 330° 
with speed 20 km їг". Calculate (a) the velocity of T relative to S. If S maintains the 
same direction but wishes to intercept T, find 
(a) by how much it must increase its speed, 

(b) the tíme taken for it to intercept T. 


5 Four horizontal forces of magnitude 5 N, 2 N, 10 N and P N act at a point in 
the direction 000°, 030°, 120° and 270°. If their resultant is in the direction 0? 
(000° < 0° < 090°) where tan Ө = 5, find the value of P. Hence find the magnitude 
of the resultant of the forces. 
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6 Sphere A of mass 2 kg moving with speed 6 m 87! collides with another sphere B of 
mass 4 kg which is at rest. B then goes on to hit a wall from which it rebounds with 
half its previous speed and strikes A again. After this collision, B is reduced to 
rest while A has a speed of 2 m 57. Calculate the speeds of A and B after the first 
collision. 


7 A lorry of mass 2.5 tonnes starts to climb a straight hill inclined at angle 0 to the 
horizontal where sin 0 = $ with speed 6 m 87. The resistance due to friction amounts 
to 2500 N. If the power output of the engine is 45 kW, find 
(a) the acceleration at the start of the climb and 
(b) the maximum speed reached on the hill. 


8 In Fig. R19 the two bodies A and B of masses 0.6 kg and 0.4 kg respectively are 
hanging vertically connected by a light string passing over a smooth pulley. The 
string passes through the ring R of mass 0.4 kg. A and B are held at rest with R at rest 
1 m above B. When released B picks up R in the subsequent motion. Calculate 
(a) the speed of B just before it picks up R, 

(b) how far B will carry R upwards before they come to momentary rest. 


Fig.R19 


9 A particle P of mass 6.5 kg is suspended by two light strings PA and PB of lengths 
30 cm and 72 cm respectively attached to the points A and B on the same horizontal 
level. Given that AB = 78 cm, calculate the tensions in the strings. 


10 Two cars A and B are moving along the two parallel lanes of a straight motorway. At 
a certain instant A is moving with speed 15 m 57 and acceleration 0.5 m s?. At the 
same instant B is 39 m behind A and moving with speed 20 m 87! and acceleration 
1 ms”. Find 
(а) the time taken for В to overtake А, 

(b) the speeds of A and B at that time. 
As soon as B is level with A, B stops accelerating while A increases his acceleration 
to 1 m s?. At what further distance will A overtake B? 
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PAPER 16 (Answers on page 654.) 


1 Aman їп a boat wishes to cross a river 200 m wide, running between parallel straight 
banks with a speed of 3 m 87. If he sails in a direction making an angle of 60° 
upstream with the bank, with what speed relative to the water must he sail if he wants 
to land directly opposite? 

If in fact he sails at 8 m s^! relative to the water and at the same angle (60°), where 
will he land and how long will it take him to cross the river? 


2 Two particles А and B of masses 0.8 kg and 0.4 kg respectively lie on a horizontal 
rough surface 2 m apart. A is pushed towards B with a speed of 8 m s''. In the 
collision A and B stick together and start to move with a speed of 4 m s^. Calculate 
(a) the speed of A just before the collision, 

` (b) the coefficient of friction, 
(c) the distance A and B will travel after the collision. 


3 (a) Find the resultant, in magnitude and direction, of the forces 10 N in direction 
350? and 15 N in direction 110?. 

(b) The angle between two forces 10 N and P N is 0 (« 90?) and their resultant is 
N175 N. If the P N force is reversed in direction, the new resultant is 475 N. Find 
the value of P and of Ө. 

(c) The following three coplanar forces act at a point O: 8 N in the direction 000°; 
Q N in the direction 150° and 2 М in the direction 240°. If the resultant of these 
forces acts in the direction 000°, find the value of Q and the magnitude of the 
resultant. 


4 A car of mass 800 kg is towing a trailer of mass 150 kg on a level road. Frictional 
resistance to each vehicle amounts to 2 N per kg of mass. Calculate the tension in the 
tow-bar when the vehicles are 
(a) travelling at constant speed, 

(b) accelerating at 1.5 m 572. 

The car and trailer now climb a straight slope of angle Ө where sin Ө = 3 

If the frictional resistances are the same as before and the power of the engine is 
50 kW, calculate 

(c) the maximum speed up the slope, 

(d) the acceleration when the speed is 15 m 57. 


5 From a point P, 2 m above level ground, a ball is thrown with speed 15 m 87! at an 
angle of 6 to the horizontal where tan Ө = 3, After 1 second the ball hits a vertical wall 
and rebounds. Immediately after the impact the vertical component of the velocity is 
unchanged but the horizontal component is reduced to 3 of its value before the 
impact and reversed in direction. Calculate, 

(a) the components of the velocity just before impact, 
(b) the height of the point of impact ‘above the level of P, 
(c) how far horizontally from P the ball will strike the ground. 
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6 The pilot of a fighter aeroplane on patrol, flying horizontally at 400 km hr in the 
direction 045°, sees another aeroplane at the same height and due east of him flying 
horizontally with relative velocity 100 km їг! due west. Calculate the true velocity of 
this aeroplane. The fighter pilot immediately alters course to due north with the same 
speed as before. Calculate the new relative velocity of the second aeroplane. 


7 (a) A bullet of mass 50 g is fired horizontally from a gun of mass 15 kg, which is free 
to recoil. If the bullet has a speed of 300 m s! on leaving the gun, calculate the 
speed with which the gun recoils. 

If the average force exerted by the gun on the the bullet is 3750 N, find how long 
the bullet was in the gun after firing. 

(b) A body of mass 50 kg is moved from rest through a distance of 30 m їп а straight 
line in 20 seconds by a constant force P N. Calculate (i) the final kinetic energy 
of the body, (ii) the value of P. 


8 A car accelerates uniformly from rest to reach a speed of 24 m 57, continues at this 
speed for 20 seconds and then decelerates uniformly to stop at traffic lights. The total 
time from start to stop was 35 seconds. Given that the magnitude of the deceleration 
was twice that of the acceleration, calculate 
(a) the total distance travelled, 

(b) the rate of acceleration, 
(c) the time taken to travel the first half of the journey. 


9 (a) A tennis ball of mass 60 g moving in a straight line with speed 20 m s^! is hit by 
a racket and returned along the same line with speed 35 m 81. Calculate the 
impulse on the ball. 5 
If the Бай is іп contact with the racket for 0.005 seconds, with what average force 
does the racket hit the ball? 

(b) А nail of mass 30 р is driven horizontally into a wooden fence by a hammer of 
mass 1 kg. Just before hitting the nail the hammer is moving with a speed of 
10 m s^. If the hammer does not rebound, find the common speed of the hammer 
and nail after the blow. If the nail is driven 1.5 cm into the wood, calculate the 
average resistance of the wood. 


10 Two balls A and B, of masses 1 kg and 0.5 kg respectively, lie in a straight line 
perpendicular to a wall with B 9 m from the wall. A is projected with speed 6 m s^ 
towards B which is at rest. After the collision, A continues in the same direction with 
speed 3 m 5! while B moves to hit the wall and rebound to meet A again. If the 
impulse of the wall on B is 3.5 N s, calculate 
(a) the speed of B after the first collision, 

(b) the distance of A from the wall at the moment B hits the wall, 
(c) the,speed of B after hitting the wall, 
(d) the time between the first and second collisions. 
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РАРЕВ 17 (Answers on page 654.) 


1 Fig. R20 shows three particles A, B and C of masses 1 kg, 3 kg and 3 kg respectively. 
A and B are at rest on a rough horizontal surface with coefficient of friction 0.6 and 
are connected by a slack light string. C is held at rest and is connected to B by a light 
string passing over a smooth pulley. When C is released, the string AB will tighten 
after 0.7 seconds. Calculate 
(a) the initial acceleration of B, 

(b) the velocity of B just before and after 0.7 seconds, 
(c) the acceleration of B and the tension in the string AB, when AB is taut. 


Fig.R20 


2 The pilot of an aeroplane whose airspeed is 200 km г! sets a course of 020°. 
(a) What is his position after a flight of 1 hour if there is a wind of 40 km hr! blowing 
from the north? 
He then decides to return to his starting point. 
(b) What course should he take, the wind being unchanged in velocity? 
(c) Calculate the time for the return flight. 


3 Two small spheres of masses 4 kg and 2 kg are each attached by light strings of length 
40 cm to the same point A and rest side by side. The 2 kg sphere is then held with its 
string taut and making an angle of 60? with the downward vertical through A. It is re- 
leased from this position. Calculate 
(a) its speed just before it hits the other sphere. 

If the two spheres stick together on impact, calculate 
(b) their common speed and 
(c) the vertical height they will reach, after the impact. 


4 (a) Two bodies, A, of mass 3 kg, and B, of mass 4 kg, are moving towards each other 
on the same straight line with speeds 6 m 87 and 2 m 87 respectively. They 
collide and after the collision the relative velocity of B to A is 6 m 5! in the 
direction A — B. Find their speeds after the impact and the loss of kinetic energy. 
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(b) 


Fig. R21 shows a body A of mass 8 kg on the smooth sloping face of a wedge of 
angle 30° connected by a light string passing over a smooth pulley to a body B 
of mass 2 kg hanging vertically. A is released from rest. 


8 kg 


[в | 2kg 


Fig.R21 


5 (a) 


(b) 


6 (a) 


(b) 


Calculate (i) the acceleration of the bodies, (ii) the speed of B after the bodies 
have been travelling for 1 second. 


At this instant A is stopped. Calculate (iii) how much higher B will rise, assum- 
ing that it cannot reach the pulley. 


Just before the string tightens again, A is released. Calculate (iv) the common 
speed of the bodies just after the string tightens. 


A ball is thrown vertically upwards with speed и m 5! from ground level. After 
0.8 seconds it first reaches a height of 8 m. Calculate 

(i) the value of и, 

(1) the maximum height reached, 

(iii) the time for which the ball is higher than 8 m. 

A particle is projected from a point О with speed V m s" at an angle Ө to the 
horizontal. 5 seconds later it is 5 m vertically below O and 90 m horizontally 
from О. Calculate the value of V and tan Ө. 


When the driver of a car has to stop he takes a certain time / seconds before he 
puts on the brakes. The car then immediately decelerates at the uniform rate of 
am s?, When travelling at a uniform speed of 10 m s^, the car covers a distance 
of 15 m before coming to a stop and when travelling at 20 m 87, the car covers 
a distance of 50 m. Find the value of ¢ and of a. 

With these values, what is the shortest distance in which the driver can stop the 
car if it is travelling with a speed of 24 m 57 and an acceleration of 2 m s?? 
Two bodies A and B are travelling along parallel straight lines. At a certain 
instant, A has a speed of 15 m s'!, an acceleration of 2 m s? and is 8 m ahead of 
B. At the same instant, B has a speed of 20 m 87! and an acceleration of 1 m $2. 
Find (1) the times after this instant when B overtakes A and when A overtakes B, 
(ii) the distance between these two events. 
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7 Particle A of mass 20 g is projected vertically upwards from the ground with speed 
30m s^. At the same instant, particle B of mass 5 р is let fall from rest 60 m vertically 
above A. On impact the particles coalesce. Find 
(a) the time taken to the moment of impact, 

(b). the height at which A and B meet, 
(c) the speeds of A and B just before impact, 
(d) the time taken for the combined particle to reach the ground. 


8 A lorry of mass 1000 kg is pulling a trailer of mass 300 kg at a constant speed of 
24 m $! up a straight slope making an angle Ө with the horizontal where sin Ө = 1. 
The resistance (apart from gravity) іо the lorry is 300 М and 120 N to the trailer. 
Calculate 
(i) the tension in the tow-bar, 

(ii) the force exerted by the engine, 

(iii) the power developed by the engine in kW. 

If the lorry and trailer now accelerate at a rate of 0.5 m 82, calculate 
(iv) the tension in the tow-bar, 

(v) the power developed by the engine in kW. 


9 (a) in Fig. R22, the particle of mass 2 kg is held in equilibrium on a smooth plane of 
angle 30° to the horizontal by the force P N acting at an angle of 30? to the plane. 
Find the value of P and the normal reaction of the plane on the particle. 


Fig.H22 


(b) The following forces acting at a point are in equilibrium: 
20 N in direction 000°, P N in direction 060°, 2P N in direction 120? and Q N in 
direction 270?. Calculate the value of P and of Q. 

(c) The angle between two equal forces of T N acting at a point is Ө where 0 « 90? 
and their resultant is 5 N. If one of the forces is reversed in direction, the resultant 
becomes 3 N. By drawing or calculation, find the value of T and of 0. 


10 If a man travels due north with speed 10 km h” the wind appears to blow from the 
east. If he travels at the same speed due south, the same wind appears to blow from 
the direction 150°. By drawing or calculation, find the true velocity of the wind. 
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PAPER 18 (Answers on page 655.) 


1 The following coplanar forces act at a point: P N in direction 000°, P N in direction 
060° and 2Р М in direction (180 + 9)? where 0 « 90. If their resultant is 10 N in the 


direction 270°, show that cos 0 = 3 and find the value of P. 


2 A sphere has a radius 5 cm and mass 5 kg. One end of a light string of length 8 cm 
is attached to a point on the sphere and the other end to a point on a smooth plane 
inclined at an angle of 30° to the horizontal. The sphere rests in equilibrium on the 
plane with the string taut. Calculate the tension in the string. 


3 A wooden post of mass 4 kg is being driven vertically into the ground by a hammer 
of mass 16 kg. The hammer is let fall freely through a vertical distance of 1.8 m and 
does not rebound after striking the post. If the post is driven 15 cm into the ground by 
the blow, calculate 
(a) the speed of the hammer just before hitting the post, 

(b) the common speed after impact, 
(c) the average resistance of the ground. 


4 At a certain time, ship B is 20 km in a direction 135? of ship A. A is sailing at 
15 km h” in the direction 045? while B is sailing at 10 km kh in-the direction 330°. 
(a) Calculate the velocity of B relative to A. 

If B maintains the same course but wishes to intersect A, find 
(b) the new speed at which it must sail, 
(c) the time taken for it to intersect A. 


5 Fig. R23 shows a body A of mass 2.6 kg on a rough inclined plane PQR connected 
by a light string passing over a smooth pulley Q to a body B of mass 5.4 kg hanging 
freely. PQ = 13 m, QR = 5 m, AQ = 4 m and ОВ =2 m. The coefficient of friction 
between A and the plane is 2. When ће bodies аге released from rest, calculate 
{a) the common acceleration. 

After B has descended 2 m the string breaks. Calculate 
(b) the speed of B at that instant, 

(c) the time from the start for B to reach the level of PR, 
(d) how much further up the plane A will move. 


Fig.R23 
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6 In Fig. R24, particles А and B lie on a smooth horizontal table of height 0.8 m above 
the ground. The masses of A and B are 1.5 kg and 0.9 kg respectively. A is pushed 
towards B with speed 2 m 57 and A and B stick together on impact. Find 
(a) the impulse given to A at the start, 

(b) the speed of the combined particle after impact, 
(c) the impulse of A on B at the impact, 
(d) the horizontal distance from the edge of the table of the point where the com- 
bined particle hits the ground. 
1.5 kg - 0.9kg 


Fig.R24 


7 A ferryman wishes to cross a river 300 m wide flowing at 4 m s between parallel 
straight banks. He can sail his boat at 6 m s^! relative to the water. At what angle 
should he set out so as to cross 
(a) in the shortest time, 

(b) by the shortest distance? 

(c) Find the times taken to cross the river in each of these cases. 

(d) If however he sails at an angle of 60° upstream to the bank, how long will he take 
to cross the river? 


8 A ball is hit at 20 m 87 from floor level in a sports hall whose ceiling is 8 m high. 
(а) What is the maximum angle to the horizontal at which it can be hit if it is not to 
touch the ceiling? 
(b) At what angle should it be projected with the same speed so as to reach a point 
on the floor 25 m distant and not to touch the ceiling? 
(c) If the ball is hit at ап angle 0° where sin Ө = 0.7, again with the same speed, where 
would it hit the ceiling? 


9 A train takes 5 minutes to travel from rest at one station to rest at the next station 
5.25 km distant. For the first 500 m, it accelerates uniformly at the rate of a m s? to 
reach a speed of v m 871. It continues with this speed before decelerating at the rate of 
2a m s”. Find the value of a and v. 


10 Ап engine with a power of 1000 kW can pull a train of mass 300 tonnes (including 
the engine) up a slope making an angle of Ө to the horizontal where sin 0 = б аға 
maximum speed of 25 m 57. Calculate the frictional resistance to motion. 

What would be the acceleration up this slope if the speed of the train was 20 m 877, the 
power and resistance being the same? 
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Answers 


EXERCISE 1.1 


1 (а) (15,1) (b (C32) © (133) (d) (2,2) (е) C45,-13) (0 (00) (е) (2p,-p) 
(В) (aab) G) (а+1,а+1) Qu» 2 (23,13), (4,-2), (51-51) 3 (1-23); (2-4 
4 (52) 52,7 6-1,10 7 (1,1), (4,7) 8 (5,0), (1-3) 9 (3,5); (15, 7) 

10 (2,1),(-1,-2) n (а) (4,5) (Ы) (5,2),(7,-4) 12 [Use coordinates of midpoint of 
diagonals] 13 No; (4, -1) 


EXERCISE 1.2 

1@ 5 (DS5 (с) ІЗ (5 (022 (5 61 (8) 4.5 (51 (042a ф Vre 
2 5 units 3 (a) Yes, atB (b) (1,2) [midpoint of AC] (с) Sunits 4 (а) AB? — 25, 

BC? 225, AC? - 50 (b) Right-angled isosceles (c) 12.5 unit? 5 (a) Isosceles [PQ - QR] 
(b) (54) (c) 4 units, 8 units? 6 141 6.4, N65- 81, Y122« 110 7 (a) (1,0) 

(b) 100, 68, 58,26 8 (а) (3,4), (6,1) (b) 1525,61 (с) 1 9 5 units 

10 [Fig.A1.1 circles touch internally} 12 x? «229 13 (a) Perpendicular bisector of AB 


(b [AP? = РВ2] (c) 7x + y=6 
Cs 


OPTIONAL EXERCISE 
(a) 16 (Ы) 114 (c) 63 (d) 33 (е) 374 


Fig. А1.1 


EXERCISE 1.3 


1(а)-2 (0-1 (Qi (92 (90 .(D undefined (в) 2 (9-2 01 фа 
(0 р+а 2 (а) 0 (b -3 (c 3 (а) -3 3 (а), (с), (5; (5), (e) 4 (a) 45% (b) 135° 
(с) 63° 5 Yes 7 а+2р-4 821 10 ()-5 (D7 11(b 14 1230.6 
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EXERCISE 1.4 


1 (а), (е); Ы), @) 2@@ 2 (b i @@1 ()-1 (ша) 31 (5-5 
(уха) -À (b 7 3 Yes 44 5 (Ы) -1,2,-3 6266511669 7 4 

8 (a) (i) GS) Gi) -3 (b) 6р+84=61 9 (b 4 10 (а) 5,0), (5,0), (0,5) 
11 (а) (с) 3,2 


4 
val? ЕСЕ 


EXERCISE 1.5 


1 (а) у=х+1 (Ы) 3x-4y=1 (с) х+5у= 16 (d х+у=1 (е)2х+у=1 (f y22 
(8) х--2 (0) у=2х (i) у=3х+8 () х=-1 (kK) х=0 2 (а) (-1,0, (0,4) (b (i0) 
(0-1) (с) (16,0), (0, 15) (а) (1,0), (01) (е) (3.0), (0,1) ( does not cut x-axis, (0,-2) 
(в) (2,0), does not cut y-axis (h) (0,0) 0) (-50), (0,8) Фф (C1,0), does not cut y-axis 
(k) (00) 3 2x-3y=6 43у-2х-0 5 (а) 3y+2x=-14 (Ы) 2y-3x=-5 

6 у= 2х +3, (13.0) 7у-х-«5,у%2х-5,5у%4х-7 8 (а) 5х-2у-12,7у-х%2, 
4х + 5у= 14: (b) 4х-у=12 9 х+у=7 10 (a) (63-12), (b) (7-5) (с) х+9у= 7, 
7х+у=44 И (а) (1,3) (D$ (с) у+2х=5 


EXERCISE 1.6 


1@-1 (9 1 (Q2 (2 (9-3 (63 (po ms @- 0 003 
0) 2 (m: @-+ © - 2 (а) х-у=-1 () 2х+у=1 (© 2у=х-3 

(d) x-3y=1 (е) у=1 (0 Зх+у=-9 (8) у=3 3 (а) х+у= 1,х-у=-3 
(b) 2x-y=-3,x+2y=6 (с) 4х+ 3y = -6, 3x- 4у= 8 (d) х-3у-2,3х%у--4 
4 у+5х= —3; 5у-х= 11 5 Зх+ 2у = 12 


EXERCISE 1.7 


1 Sunits 2 4y-x=3 3 (а) x+y=5,y=2x-1 (b) В(5,0), СС-1,3) 4 3xt+y=-5 
5 (2,0), V13 units 6 (а) х-2у-1 (b)(,0 7 (1,-1), (-4,-1),(-1,3) 8 (a) (6,1), (2,-1), 
(06) (b) 6x—5y 517 9 А(3,6), С(2,1) 10 (а) (1,1), (5,1), (2,4) (D x22, y =x, 
3y+x=8 (с) (22) 11 (a) 5у-3х-30 (b) C100) (с) 34 unit? 12 (a) 2x —5y - 27, 
5x+2y=5 (b) (11,1), (1,0) 13 (а) C3,0), (2,0) (b) 3y+x=-3,x-2y=2 (© (0-1) 
(d) 42:1 14 (a) y-x-1, у+х=9 (b) (4,5), ол) (с) 6 units? 12 (а) 2х+у=15 
(b) (4,7) (с) (0,5) (d) 10 units? 16 (а) Зх+ 2у=11 (b) (4:5, 252) [Substitute in 
2Х-3у-31 (с) 1,4 


REVISION EXERCISE 1 
1 (а) х+2у=4 (б) 7х42у--17 (0) 2x+3y=-5 2 (а) Зх+у= 13 

"(b у=х+ 1; (3, 4) (с) 10 шаг! 3 би 4 (а) x 2у=11 (b) (1,5) (с) (2,7 
5 (a) (2,-11);5 (b 4х+3у=25 6 (а) 1 (Ы) (5,7) 7 (а) 27%х-5,у-3х-22 
(b) (7,-1), 06.) 8 (а) х+2у=5 (Ы) у= 7; (9,7) 9 (а) 2у=х+2 
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(b) (0, 1); 20 units? 10 (a) (2,4) (b) 48 units 11 (а) 3у-х-22 (b) (14, 12) 
(с) (16, 6) (d) 80 units? 12 3x + 2y = 22; (0,11), (8,-1); 6.45 units 
13 (2, 3); y + Sx = 13; 2y=3x-13 (і) (3,-2) Gi) (1,8) (ій) 26 units? 
14 (а) (4,4), (-2,-3) (b) (0,1), (2,0) 15 (а) y 23x42 (b) (0,2) (с) y=3x-8 
(d) (2,-2); 40 unit? 16 (а) у=х+ 3; (6,9) (b) (1,0) (с) 24 unit? 17 (а) 4 
(b) x + 2y = 20; (0,10). (с) [perp bisector is y = 2x + 5; OC is у + 3x = 0] (1,3) 
(d) 25 units? 18 (а) у= х+ 1,2y 4 x 5, 3х-у-і (Ы) (1,2) (с) 5 units 
19 (a) 2у-х=1 (Ы) (42i) (с) 2.5 units 20 3 21 -3,-1 22 (b) 3, 2 
23 (а) (0, 2- Зт), Qm +3,0) (b) +2 24 t4 2;6 
25 [line is y- 1 = m(x — 3) i.e. y - mx = 1 — 3m; 

A is (321, 0), Bis(0,1- 3m) 

ACisyz-l (x - 2-1) so C is (0, n) 

BDisy-(1-3m)- -109 so D is (m(1 — 3m), 0) 

3m - 1 


mi 


21 


Gradient of CD is eo X 
26 (a) [consider point of intersection of diagonals] (5) [diagonals perpendicular] 
(c) [AB perp to Ad so аса х аса --1 
multiply out to get ууу, + хх, = х(х,+ х„) — x + у(у,+ у„) - уу? and substitute from (а)] 


EXERCISE 2.1 


1 0) 3,2ог1,4 (Ы) 3,;-3,-5 (с) 3,-10г1,3 () –19,-#ог41 (е) 4-1,-2,2 


(f 8 -4 or 3,1 (8) 5,8ог2,-1 (bh) -#, 2 or4,-1 (i) 2,-1 ог и, -i 
0) 3,2ог 3.25 (9 L-for62 @ 8,Зог3,-1 (ш) 3,-10г-1,-6 2 (24) 
3 (3,3) 4 (3,0) 5 Tangent at (2,1) 6 7cm,4cm 7 (4,9) 8 (0-5) 9 8,6 or-6,-8 


10 5,20 ог 10,10 11 33,34) 12 (44,5) 
REVISION EXERCISE 2 


12,-lor-$,-10 2 (5-2) 3 (21,41) 4 (4,2), (1,3) 5-3,4ог 2.2 

6 lOcm, сіп ог 5 сіп, 10 ст 7 (а) 4 (b) (3,1) 8 3, 2 or -2, 44 9 5,7 

10 31,2 ог31,1:113,-1о:21,-8 12 (b) 2,90r8,3 13 (a) 4x (b 1,3 or 2, 2 
14 2,4ог21,-15 15 9,3ог-11,-7 16 (a) [From (x - 4)? + (y -27 = 5] (b) (2,1), (6,3) 
(с) (5,0), (3,4) 


EXERCISE 3.1 


1 (а) 7,-3,-5,-5,-3-7 (b) 4,0, 1, 4,9, 25 (c) 2, undefined, -1, 0, 3, 3 

(4) 10, 0, -2,-2,0,10 2-1 3(92 (911 (0-L2 (4-3 4@ tw=x2+2 
(0) 3,3,2 (с) +5 5 (б) F@) = +2) (с) 9,1,4 (0) 3,-7 (е) No 62 75,55 
8 (а) 2,4,32 (b) 4 9@)1 (Ы) 3 10 219,069 11-1,6 12 (а) L4 (5) -1,3 
13 2,3 14 7,2,-3 153,-1,4 165,-3 171,2: 18 (4) 1,101 (0-4,11 
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19 (a) (4,5,6,...) (b) 2,5,35 (с)8 20-{1, 3,9} 21 {-1,3,5} 22 {-3,-1,0, 1,3} 
23 {1-2-2} 24 (а) 0.50, 0.77, 0.87 (b) 90 (с) (SQ: -1€ S09 € 1) 

25 (а) 0,2,-3,-5 (Ы 2,3 (с) -1,4 (d L2 26 (а) -,6 (b) 0,5 (с) 5, 1 

27 4° 28 За - За 29 p-p +3; 4р + 2р + 3; p? - 3р + 5 

30 За +1, 3b + 1, За + 3b + 1; No. 31 L +2hx+kt+x+h-3;2x+h+1 

32 Even (b); Odd (a), (с), (е), (f); Neither (d) 


EXERCISE 3.2 


1(b, (©) ifx= 1 is excluded 2 [Fig.A3.1] 
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Fig. АЗ.2 


СЮ ГУГЛ 
М2 ТЕН 
кшш иии шш 


(c) 


4 y, 2 -f(x), y, = f(x) – 4,y,=f(x+4) 5 (а) = (b 1ю6 (c) 2to3 
6 (а) 010-5 (b) 1юб (c) Oto 5 (d) -3 to 2 


EXERCISE 3.3 
1 (а) 6 (b) і (с) i (4) 27 3 i 4x23 5 (а) х<-1ох>4 (b)-Ssxsll 
(с) х5-210огх23: (4 -6<х<12 6 [Fig. A3.3] 
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Fig. A3.3 


2-60 


7 (a) 004 (b) 0105 (с) 0107 (d 0106 8 [Fig.A3.4] 9 [Fig.A3.5] 3,-11 


ЕЕЕ 


Fig. A3.5 


10 [Fig.A3.6] 2,4 11 e.g. —1 to 4. 22 to 1 etc; —2 to 4 12-2 13 [Fig.A3.7] 0 to 2 
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Fig. A3.6 Fig. A3.7 


EXERCISE 3.4 


(‘x --->” omitted) 
1 (а) х фух-2 (о = @ 555 © 3х-1 (0 9-х 08) х+5 (һу 58 
б 3 +x) 0) 8x40 (0 4,440 @ ;%.х#2 (ш) BH, x¥1 


(п) 5-1, 322 2 (а), (0,0) 3 #45 42х-3 57 65: 7-2: 8 (а) 3 


x-2 
(b) 3#2,x#1 (с) selfinverse 9 (а) 2,-3 (03 (с) X5 x! (01 


x-1? x-1? 
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10 [Fig.A3.8] 


Fig. A3.8 


11 [Fig.A3.9] self-inverse function 
12 (а) 652: (b)(c) [Fig. A3.10] 


13 [Fig.A3.11] 
14 [Fig.A3.12] 


Fig. A3.9 Fig. A3.10 
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шин 
PAT og LL] 
Pe MEN ш 
fo] | yy | 
111111 
ЕЕЕ ГЕШ NN 


Fig. A3.11 Fig. A3.12 


15 (а) x 210r 2 (b)(c) [Fig.A3.13] 


Fig. A3.13 


EXERCISE 3.5 

1 (а) х-1 (0) х-1 (0) х+4 (dx-6 2 (а) 064 (b) 0.68 3 (a) 3x1 

(b 3х%5 (с) х-2 (ды (6)3х-3 ( E 4 (а) х+2 O x43 

(с) х+4 (4)х-5 (9 xen 5 (a) 2233 (p) 22-2 (с) Z-3 6 (а) x! 6x7 
occ 7 -i Tres (b) 


23 (с) х-10 ze (d) нь 9 2 
10 (a) ! 52, x#0 (b) Spxzl (с) 2 х0" @ 2,-1` 11 (a) 2 = +2,x#0 


pe 
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(b хурэх 2-3 © x5 xx0 (d үзээхж2 © i =,-1 (0-1 12х,х,р,Ї 

13 (6) x 14 (а) 3a= b43 (b) 5, 12 15 [fg is 2 — x, biis 11 -x] 

16 (а) St x¥-1,5 (b 5 17 = р Qs -2, EN B=? (x #~2,-1,-§);-1 18x41 
19 x-2 20 (a) gh (b) hg (с) zg (d) hgg (е) bh. “р ghh (в) 67 (h) hg" 

21 (a) fg (b) sf (c) ff (d) gff (e) gf (f) fg 22 (a fg (b)sf © gg 

(d) fgg ©) fg! (f fig e fig' (b fgg 23 x 41 24 2-5 

25 (a) =O; (x33, 2) (b) (x #3, 3,2) (с) =o (x23, 2 2, 2, М); 


9 2 а 20 
(+3, 2? ae 20”. rd 


z- 27 
—— 
біх – 243. 


REVISION EXERCISE 3 

1-1<х<3 

2 (а) BÀ (Б) 3,2 

3 (00) х<іогх>2 (й) -4<х< 2 (23 
4 [Fig. A3.14] 


У=2-1х-2| 
Fig. АЗ.14 
5 [Fig.A3.15] 1 
6 [Fig.A3.16] 
7 1:2, -3 
. 9 (a) 4j 4 125+ 5 (0) 22-5 (0)-1,-5 
10 0, 1, 2}; no 
11 x @¥-1,- .-3 mer @#-1, -3,-3,~4) 
12 x: - 2; gf У 
13 (а) -115 (30) 8+5 (x 0), Үр E (x # 3) ЕРІ 
Gi) 7 (с) f2-3; Ғ>-11 
14 3, ~5, 23,2 х) = х] 
15 (a) 9x-8 (i) %-14(хж0). (її) zh 2 © *#-4) 3 
(b) -18,30 16 (a) 6-4 (са0) (b) (=з) 
(с) 555 (d 2(x«0) (е) с 086) = 
17 (а) fg (b р! (c gg (d) ggf (е) gf" 
18 (а) 24,36 (b) (5-(х44,12) (с) 2 Fig. A3.15 
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19 (a) 5 (b 1 (с) %-5(хж7) (4) -1,5 

20 (a) 2,3 (b 6 (с) $= x0) 

21 (4) $-S@#0) 00 2 (ке 2); OO 5525 (х40) Gi) — (25-12) 
с) —5. 

2 [Fig. A.3.17] 

23 [Fig. A3.18] 

24 (а) 1525 (х #0); 2-2 (682352, 3 (Ы) 3,77 

25 (Fig. A3.19] {0,1,2,3} 

26 [Fig. A3.20] 

27 [Fig. A321] 


х+12 


Fig. A3.17 


A3.19 


Fig. АЗ.20 1 | Fig. АЗ.21 
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28 (a) fgh (b) gf"h (с) g?f'h (d) їр 
29 (b) [(7n + x + 7 = 7л? + 2nx, remainder EJ; g(5n + x) = g(x) 


30 (а) (3, 0), (3,3) (Ы) (3,-2) © (1,2) @ (у) —> (=>, х2) 
31 (а) -1 ю4 (b) 005 


EXERCISE 4.1 


1 (а) equal (b) notreal (c) real (d) not real (е) real (f) equal (g) real (h) not real 
(i) real (j) notreal 2 +6 3: 42,-1 508 7+4 81--39(а)т»4огт«-4 
(b) y 2 4x + 5, (2,13); у = -4x + 5, (~2,13) 10 -1,4 1 +12 12 (а) 2mc=1 

(b 2y=2x+1,4y=x+8 13-6<с<6 М4р<2 150,4 164,1; х=4,х=-1 

17 +4 


EXERCISE 4.2 


1 (a) -10,х-3 (b -4,x=-1 (с) 3,x=-1 (d) 3i, x=-} (6) -44,х-1 (0 3,х-0 
25 


(80) -фх-3 W Si,x=-7 (021х--1 @) c-P x= 2 [Fig. А41] 


0) 10) 
(b) à (o) 


Fig. A4.1 
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3-2 у-іхә-Х1 
4 [Fig.A4.2] 0 < f(x) <3 t % 
5 [Fig. A43]0 € f <8 

6 [Fig.A4.4] 0 < Қо) € 4 

73<у<4 

8 (а) 22,t=2 (b) 22x V( <30 

9 f(x) 2-54 0123 х Ё 
10 (a) -9 03 (b) -3i ө3 

11 (a) -31to7 (b) -7 о2 Fig. A4.2 : Fig. A4.3 
12 (х+ 12 4+9;9,-1 

13 (а)75-3(х>1),а-7%,5-3,с- 1; б) S73; b) -3 
14 Oto 11i 

15 14.25 cm, 3.5 sec 

16 3, -6 

17 4,2, -5 

18 (b) 3125 m, х = 12.5 m 


f(x 


EXERCISE 4.3 Fig. А44 


1 (a) х5-1огх22 (Ы) -3<х<2 (с) х<-богх>1 (9) x<- огх21 (е) { 
(f) х<0огх>4 (g) -2 <х<1 (h) х<-7огх>3 () -4<х<1 0) х<-4 ог 
21 3-2<156 4-1 <р<1 5-4<р<0 6 (а) -4<х<-2,1<х<3 

(b х<-2,-1<х<6,х>7 (с) -2<х<-1,2<х<3 7-3 <р<2 

8 [01+ 5 – 40+ 3)(0+ 2) =1> 0] 101<х<3 11-6«(/«2 

12 [Fig.A4.5]-li <х<0,1<х<2 13 [Fig A4.6]-4<x<-1,0<x<3 14 (а) x» + 
(b х<-%-3<х<2 150<р< 21621 


Fig. А4.5 Fig. А4.6 


REVISION EXERCISE 4. 

1 (a) real (b) real (с) пої real (d) real (е) equal 
2 1<х<3 

3 [D = Qt — 1)* — 4(t З + 2) = 25, perfect square] 
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5 @0-4,—12 Ui) r<-16 
69-(х-1)50ю9 

7 (а) -i«x«2i (b (11,6) [Fig. A4.7] 
8 3ito7 

9 ()і>; ()k«-25-2«k«i 

10 (а) 5 (b 4>8о0г4<-8 


11 х<-1,0<х<2,х>3 Fig. А4.7 x 
12 (а) к=. (b) ps-} Т 

13 -10г-2 

14 [Fig. A4.8] 0 to 62 

15 -2, 8, 10 

16 4<x<6 6 

17 (i) х<-і огх>21 (i) (1,-9); (1,9) [Fig. 44.91 

18 15х «1 

19 (a) -i Fig. A4.8 0 3 Е 
20 (а)(1) -7,10 (4) 3,4 (Ы -2,1,6 

21 }<х<2 


22-1<х<-1,1<х<1: 
23-2<х<-1,1<х<114 

24 kx-6ork22 ()1 (i) -3 

25 2,-4,7 Fig. A4.9 
27 (а) -6,8 (b -4<х<-1,7<х<10 

28 (a) 3635-2 (5)ак-2ога»! 


29 [(x—o)(x- B) =x- (0 + Bx + o = 0 is identical to 3? + 4x + © = 0: compare coefficients. 
о? + B^ = (® + BY - 2a; (a — B = (о + B? – дар] 


EXERCISE 5.1 


1 (a) xt- 8x3 + 24x? 32x +16 (b) &? — 36x2 + 54x — 27 

(с) 32x° + 802 + 809 + 40x? + 10x+1 (d) л? $d + 30 – ў + ix- 1 
() хе + бх + 152 + 20+ Be 644 O i 24+ 28 —8х +16 

2 (а) 1-10х + 40x? – 809 + 80x4 -32x5 (b) 16 - 96x + 216x? – 2169 + 816 

(с) 64-96x + 602° -208 + 86. 38.4 (ау 13x? + 34^ —35 3 (а) 32 80x + 80x? — 402 
(b) 1 — 14x + 84x? – 280x3 (©) 1-4x T8 - 732 (d) 1024 –.640х + 160x2 – 20:2 

`4 (а) 81x! — 216xy + 216x2y? — 96xy? + 16у* (b) x$- 5x0 +10x- 10+ $— 1 

5 а + Sa'b + 10099 + 1008  5ab* + b5; 35 6 0.941 480 

7 (а) 143x432 +, 1-304+32-2 (b) 2+ 65 14. 8 194 

9 (а) 1+4х + 62 + 452+ x 1 — 4x + 62-44 (b) 8х + 85; 0.080 008 

10 (а) xO +59 + 10х+ De + у,5-58+10х- BSL 

(b) 102 + 20 + 3 (с) 904 
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EXERCISE 5.2 


1 1-4x4+ 62-48 4241-44487 2 1+ #-% 3 (а) 16-32x + 24x 

(b) 81 — 54x + 22, -3456; 3888 (с) 8—4х-6 (4) 3 4 (а) 14+5x4+ 102 + 109 

| b) 145x45x-108 5 (а) 1+ 8x +242 + 3222 + 164 (b) 1—-3х+32—9;1+5х+ 3° 
| 6 14 6x +122 + 8a; 16 — 16x + 6—9 + 5102 7-1 


18 14 5x 410х:4:104:32-80х + 802 – 40x3; -120 9 2,-3 102 , 
Г11 (а) 1 + Зах + Зах! + ac bt  Ab'x бу? + АБ? + (0) 2.-2 12 2-шы 

113 (a) 1 + 4px + 6px; 1 + Зах + Заа? (b) 3,-2 or -1, 2 14 (a)i) 1 + Зах + 3a? + а 
| Gi) 1 + 4bx «бх? + Ab? + БОА (b) 1,-3,оғ-1,2 15 (а) -70, 168 (b) 350 

016 - 190, 20; 90 17 (а) 1 - 8х + 2402 – 32x (b) 1-8х + 289; -+ 

“38 14 4x4 62; 1 + 4ах + (46+ ба?у?, 2,-3 1901 20 1 – 8x + 285; 0.99203 

| 


| EXERCISE 5.3 


|1(9.6 (b) 12 (©) 504 (d) 495 2 (а) 15 (b) 36 (с) 495 (4) 455 33 
4 1+10х+452 (b) x2- 6x! + 3E* (с) 9-95 + 36x55 (а) 7920 (b) -3240 (с) 126 
620 79,2 86,3 9 fout, -5 107 


REVISION EXERCISE 5 


10) 1- 15x + 90x? – 2708 (ii) 1 + 35x + 525x + 43755; 90 

2 а + ба5ї + 15а*® ; 2, +3, +64х 3 1 – 10x + 40x 2, 7, -13 

4 (а) 1 + 10x + 40x2 + 80x? + 80x* + 3225, 1 – 10x + 40х2 – 8023 + 80x — 325 

(b) 20х + 160° + 64 (с) 0.020 000 160 000 064 5 (i) 1-50 + 10022 

Gi) 1-8 + 28B2P; 1002-4000 + 288? 6 10,10 

71-5р + 10p? – 10p? + Sp! — ps 1 - 5х + Sx? + 10x 0.01 8 sixth 

9 (1) 64 + 1922 + 2404 + 1605 (ii) 48 10 з ога П L.-3:-7 12-1,12 

13 1 + бах «1542: 1,-3ог-1,3 14 28:5 15 3,- 2 16 8 17 fourth; 280 18 7,-1 

19 (a) 1+ 5x + 102 + 10,9 + 5x4 +5, 1 + 5x? + 10х* + 1005 Sa x! (с) 1 + 5x + 15x? + 35x3 
20 7: 


EXERCISE 6.1 | 


` 1 (a) 60° (b) 18° (с) 120° (d) 720° (е) 309 (f) 20° (в) 135% (h) 330° (i) 225° 
G) 2219 (k) 114.6° (D 8599 2 (а) & 03 (с) (3r в HF (е) X 

фу @ Ж @ % 3(905 (905 (01 (d -07071 (e) 1 (f 09093 (g) 0.8776 

4 (a) $ (b) 093 (c) 0.98 (d) 1.32 5 0.068 6 Values tend to 1 : 


^ 


EXERCISE 6.2 


112rad 2 1.67 гай 3 0.5rad,3cm 4 (a) 10cm (b) 0.3 rad 5 (a) 52, 10.4 
(b) 10,40 (c) 0.5,4 (d) 12,025 (е) 6,24 6 (а) 9.6 ст? (b) 12.8cm 7 (a) 4.47 


619 


(b) 0841 (с) 11.55 (d) 110% 8 4cm 9 (а) 1.85rad (b) 927cm 10 40 cm, 1.2 rad; 
24 ст, 31 гай 1127ms" 12 (a) n (b) 0.52 ms" 13 (a) 1.85 rad (b) 22.1 m 

14 (а) 3730 cm? (b) 256 cm 15 (а) 246 rad (b) 0.292 16 (а) Scm (b) 0.4 rad 

(с) 4.8 ст? 17 (а) 1.85 (b) 11.2cm? (с) 028 18 25 19 (с) 3<ғ<4 20 (c) 3сш 
(d) 2 rad 


REVISION EXERCISE 6 


1 (а) 51.05) гай (b) 209 сп? 2 44cm? 3 1293cm 4 (0) /0 (i) "(6-1 sin 20) 
Gi) 5 (tsin? 0—20--sin20) 5 18.82 сш? 6 (i) 2.02 rad Gi) 10:1 ст (iii) 14.8 cm? 
7 @ 42.15 cm? (i) 057 8 4833 сш? 9 (i) 51.6cm (ii) 4763 cm? Gii) 94.7% 

10 0) 5 cm? Gi) 28 cm? (їн) 08тай (iv) 26cm 11 (a) 444т(42 л) | 

(b) 4.57 cm? (45 – 8) 12 6.17 cm? 13 432 cm? 14 3; 2 гаї 15 (a) z rad 


(b) 1.63 cm? 16 [total area of sectors = 2 х ix 50 *2xix г (Ж — Ө); area of rhombus = 
х2 sin 0] 0.77, 2.37 17 10:1 


EXERCISE 7.1 


1 (а) 19.5°, 160.55 (b) 404°, 319.6% (с) 49.09, 229.0° (d) 110.5°, 249.5° 
(е) 194.5°, 345.5° (f) 141.0°, 321.09 (g) 186.8°, 353.2° (h) 220.5°, 319.5° 

6) 76.79, 283.3% (j) 123.7°, 303.79 (К) 34.9°, 145.2° (1) 98.0°, 262.0° 

(m) 150.4°, 209.6° (п) 61.6°, 241.69 (о) 61.1°, 298.99 

2 (а) 0°, 23.6°, 156.4°, 180°, 360° (b) 18.4°, 198.4°, 161.6°, 341.6° 

(с) 18.39, 116.6°, 198.3°, 296.6° (d) 90°, 138.62, 221.4°, 270° 

(е) 39.2°, 140.8°, 219.2°, 320.8 (0) 210°, 221.8°, 318.2°, 330° 

(в) 117.79, 202.3° (h) 170.5°, 350.5° (1) 0°, 19.59, 160.5°, 180°, 360° 

0) 36.99, 143.1°, 216.9°, 323.19 (к) 39.29, 140.89, 219.2°, 320,89 

0) 210°, 41.89, 138.29, 330° (m) 109.5°, 250.5° (п) 112.3°, 347.7° 

(о) 168.6%, 251.4° 3 35.3°, 144.7°, 215.35, 324.7° 4 158.29 338.29 

5 39.2°, 140.8°, 219.2°, 320.8° 6 (а) 26.7°, 153.3% (b) 12919 (c) 651% 7 (а) -05 
(D 5 © -036 (d) $ (0058 (0 E (8) -І.05 9 (а) 20055, 33959 
` (b) 15.75, 164.3° (с) 129.85, 230,2 (d) 126.72, 306.79 


EXERCISE 7.2 
1 120° [Fig.A7.1] 2 [Fig.A7.2) 3 4 [Fig.A7.3] 


у у 


y=sin 38 У = cos 36 


Fig. А7.1 
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у-їал2 


Fig. A7.2 


Fig. A7.3 


y-cos0 


Fig. A7.4 Fig. A7.5 
6 (а) 21.09, 69.09, 201.09, 249.09 (Б) 18.29, 101.8°, 138.29, 221.8°, 258.22, 341.8? 

(c) 112.6° (d) 29.4 (е) 24.19, 155.92, 204.1°, 335.99 (f) 252.19 (g) none 

(h) 80.8°, 170.8°, 260.8°, 350.8° (1) 62.79, 207.39 (|) 92.49, 147.6°, 332.4? 

(k) 110.99, 159.19, 290.99, 339.19 (D 73.19 (m) 552? (п) 67.52, 157.59, 247.59, 337.59 
(о) 9.79, 80.39, 135°, 189.75, 260.39, 315° (p) 120°, 180° (а) 114.72, 155.3°, 294.7°, 335.3° 
(г) 115.7? (s) 65.39, 114.72, 245.3? 294.79 (0 174.89 (а) 271.1? (у) 83.62, 276.4? 

7 (a) 2419 (b) 58.69, 148.69, 238.62, 328.6 (с) 82.89 (d) 66.32, 123.72, 246.3, 303.7? 
(e) 222.3°, 77.7° 8 (а) 0.5 (b) 064 (с) 1 9 (а) 0 (5 05 (с) 173 

10 90°, 180°, 360° 


EXERCISE 7.3 


1 (а) 034 (Ы) 0.5 (с) -034 (4) 0.58 2 4;8 3 [Fig.A7.6] 4 [Fig.A7.7] 4 
5 [Fig.A7.8] 


„У = 1005 Ө] 


^ y= Isin | 
8 


Fig. A7.6 Fig. A7.7 
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Y 
у-1-25608 y=1+ [2 sin ej 
8 8 ——— 0 
Fig. A7.8 
6 [Fig. А7.9] 7 [Fig. A7.10] 8 [Fig. A7.11] 9 [Fig. A7.12]3 10 [Fig. A7.13] 4 
11 [Fig. A7.14] 6; 12 12 [Fig. A7.15] 2 
y 
eee. y=2c0s@ М 
fe y = |2 cos x y 
x ye y= |tan 6] 
8 
Я 2x 
8 x 9 
-1 ‘+ y=1-[2cos 01 
-2 
Fig. А7.9 Fig. A7.10 Fig. A7.11 


Fig. A7.12 


= [sin Зх] 


же 
1 
El» 


Fig. A713 . Fig. A7.14 


Fig. A7.15 


EXERCISE 7.5 


1 70.59, 289.5° 2 90°, 228.69, 311.4? 
5 30°, 150° 6 45°, 71.69, 225°, 251.6? 
9 19.59, 41.89, 138.29, 160.5? 
12 60°, 120°, 240°, 300° 


3 19.5?, 160.5° 4 30°, 150°, 210°, 330° 


7 54.79, 125.39, 234.7°, 305.3° 8 30°, 90°, 150° 
10 48.2°, 270°, 311.8° 11 0°, 101.5°, 258.5° 


| ‚622 


REVISION EXERCISE 7 
1 (а) 58.39, 148.3°, 238.3°, 328.3? (b) 56.3°, 236.3° 2 [Fig. А7.16]2 3 [Fig. A7.17] 


y 


che y уе1-Юовх 


y= |соѕ x» - 1 
Fig. A7.16 Fig. A7.17 


5 (а) 72.39 (b) 48.69, 90°, 131.4° (с) 63.49, 146.3° 6 (a) 9.7, 80.39, 189.7, 260.39 
(b) 53.19, 90°, 126.9°, 270° (с) 84.3°,275.7° 8 [Fig A7.18]3 9 (a) 155° (bj 159.4? 
(c) 18.49, 116.6° 10 (Fig. А7.19] (03 (0) 1 111<у<2 12 [Fig. A7.20] 5; 8 

13 (a) 30°, 150° (Ы) 32.39, 147.75, 212.39, 327.7? 14 0°, 30°, 150°, 180°, 210°, 330°, 360°, 
15 (а) 30°, 150° (b) 60°, 120°, 240°, 300° 16 [Fig. A7.21]3 17 [Fig. A7.22] 2.3 

18 (a) [AC = 2r sin Ө, BC = 2rcos Ө] (b) шах 52 when Ө = 0, min (х — 1) = 0.577 
when Ө = 45° (с) 25.9°, 64.1° 19 (a) 146 (b) 276° (c) 69% 20 0.97 rad 


y y- x 
у-1 + cos x 
` / у= {2 cos X 
у= |sin x 
x x 
Fig. A7.18 Fig. A7.19 Fig. A7.20 
у 
у 
y= |2 sin x| 
у-Ё-1 
8 
х 
= si 
-1.57 : х е ena 
Fig. A7.21 Fig. A7.22 
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EXERCISE 8.1 


1 [Fig.A8.1] 2-2а, Іа, ба 3 (а) За (Ба (с) -ja 4 (а) -а, (b)-b 


» (c) -с, 
(d) 2c, (е) 2b 5 СоШпеаг 6 5 7 13 8 (5,2) ог(- 452) 


“Fig. A8.1 ТТТ 


ЕХЕНСЇ5Е 8.2 


1 [Fig.A8.2] 2 (a)a+b (b -а-Ь 3 [Fig.A8.3] 4 The parallelogram is a rhombus 


ТТЦ 
11111111) 
201111) "He 


Fig. A&.2 


Fig. A8.3 
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5 (a) b-a (Б) 50-а) (с) 3045) 6 (a) ip 09 4-р (034 (0 34-3р 
7 (а) b-a (Ы) 2а (с) b+2a (0) b+a 8 (а) 38 (0) a+2b (с) a+ 4b 
9 (а) за. (Ы) Ь-За (с) ib-ia (d fat ib 10 (a) p—2q (Ы) l(p-2q) (с) ір 


EXERCISE 8.3 


13,-4 22,3 3-3,2 42,3 512 618 14 73 83:1-2 9 (а) 112 
(9 510 (@) 1ба 69) (0) $ (©) 244459) (0) Sat 7b (6) -да- 14b 

11 (а) a—2b,3a+b (b) 1(6a + 2b) (©) Об = 1(ба + 2b), GQ = 1Ga + b); 2:1 
(02 12 (а) QP = Ab- Аф -а+3%ъ- a)-2b=4 13 1861, 41 

14 (ai) (1-р)а + ia +p)b (4) qa + qb (b) i P 221,24 

15 @ (d-gasgoi(l-paefb 0) jj (916534 

16 [DÈ = ac » DA = =]; 1:4 17 (а) Ёба+1);21-фа+® () 5,1 

© 1:4, 1:5 18 (а) Pa "nb; (1- a d (b) 42% (с) 41 @ (1+Юа-—&Ь;1 
19 (a) (1 + pja +2ре; ма (1- фе (Ы) 5517,31 

(c) ВЕ = ға + Qr е, СЁ = 08:28 Беке Баз сер] өм 
20 ЦазЬ;(р-рфаз 2b; 5, 2; 5:1,2:3 21 22216; (1- 1а + ge; $, å 
224 23 Sa-b,a- 2, 13a—2b; 1:2 24 988, 1, 7a — Sb; 3:5 


EXERCISE 8.4 


1 [Fig. А84] 2 1+5], 31-3], 21-2) 3 (а) -31-1,-41--1 [Fig. A8.5] 

(b 6ї +2] (с) 4/40, 18.4° 4 (а) 4/5,116.6° (b) 418, 315° (с) 413, 56.39 

(d) 420, 206.6° 5 (а) -5i-2j (Ы) CE) CU 67i 7 31+6] 8 (а) 1-4, 1+1 

(b 24, 443 9 () зы Qi) эхэр Gi) 145) (іу) 91-6) (v) -4i + 3j 
dio E 

(vi) 26 (vi) 4117. (wii) 5 10 (gi-4j 09143) © 21-71 (4) 21-1 

и (L-D 12 1+7) 13 i-j 14 airea 15 (a) -i+4j,4i-2j 


(b) [Fig. A8.6] (с) 461, 309.8° 


4 


Fig. А8.6 
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16 101 + 19) 17 6i+j 19-2 21 (а) 10 m s';71.6° (Ы) 2i -4j Gi) 44+ 10] 
(ii) 1-)4-11-43) (с) 6secs 22 7i 5); 5 вес 23 e 51-і (с) -4xt2y-23 
24 -1;x+y=0 25 (a) i-3j (Б) 5445) (05 26 + 27-11 28 (а) 2i 2j; 
4i + 5j Si-- 7j (Ы) $,2; 41 29 (a) тут,--1 (Ы) -3,5 31 M 3.127 02 
327,3 


EXERCISE 8.5 


1 @)0 (094 (0-7 2aande 35 4 (а) 1503* (Ы) 123.7° 5-1 616479 
7 m+3n=0 9 706? 10 45° 11 [Fig.A8.7] (b) 90°; 2.5 
1217199 13 +4 14 +3 15-24; 26.6? 16 2; 82.9° 

17 (a) -4i + 5j, i- 4j (b) 16; 5279 18 (a) i+ 10j 

(b 44212144) (с) 423° 19 (a) b-a (ii) 4-с 
(iii) с-а (iv) 4-8 (b) trapezium (c) (a—c).(b-d) = 
(d 60° 20 (a) 31-144(-4-4) (9-3 21 5-1 

22 (a) 1-21,44--:2) (b) 3L 3i — 3j. (c) 45° 

23 (а) 67.8? (Ы) ar „(0 542° 

24 (а) ESI 5j (b 5xi«2j (02 

25 (а) 3m + 4п (b) 5; ar 

© жаа GSS © тэ7н © =x 


REVISION EXERCISE 8 


1 (а) 50 (Ы 4449 (с) т=-п 2 68;26.6° 3-6; 4 34-4р (1) 81 (ii) 5, = 0.3846 
5 (и– 4p + (u+ 1)9, -3p + Эр 1; 6 (a) C$) (b) 43,44 

7 21-да + 24; -Ya + ib; 1,5 8 (а) 4; 26.6° (b) (1- Ар + 3Aq 
Gi) 2(1 – Wp + 204, 1 % $i їр + 3q) 9 [Fig. A8.8] B is р of AC 10 (i) 19,-3 
(i) 0; right-angle (iii) 90; 33.79 11 (a)l, 81.99 (50) s (ii) 5 
12 yas b), “а +b). la + 4b, a Өр, [RP = 4 AR] 1:4; 4 
13 2, -% 0, 90°; -Ь 118. 1° 14 н square 
15 (a) tat Zb; а -q)a + Ab; 41 (b Ll © 5:3:2 
16 1(17а + 27b), Қа + 12b), —5a - b; 3 17 2 ,2 
18 xX -y-i[cos?0-sin0-1] 19 [a(b-c)z0] Fig. А8.8 
20 (a) h-b (Ы) [h.a = b.a and h.b = h.a hence h.b = b.a i.e. b.(h – а) = 0] 
(c) the 3 altitudes intersect at H. i 
21 [cos A= #8, sin A = yl ~ cos? A: area = jab sin A= 2 1 e 13 
22 ia +b +o); 2:1 


EXERCISE 9.1 


14,-2 28 3025 
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EXERCISE 9.2 
1 (а) бх (Ы) бх (0) 2х+1 (d-2x (o-L 0)36-2х (е) 


ж m cy 


2 в) Gi) (iii) 
(a) 8 -4 0 
(b) 12 -6 0 
(c) 3 -3 -1 
( -4 dia c 0 
(€) -i -1 undefined 
(f) 8 5 0 
(B -i -1 -4 


3 (a) 6-6 (b 1 (0-1 4 (а) 3d- 2x (b) 0,3 (c) 0, -4 
5 [gradient function = —4 — 2x] max 6 -4 +4; +4 7 D e 


EXERCISE 9.3 


1 (а) 6x (Ы) -8х (0120 (0 1+1 (Qx-1 (x 20 3@ 4x-4 
(039) (L-D (i) C17) 4 (а) 2хға (b -4 


EXERCISE 9.4 


1 (a) 5 (b 8 (O0 (d) бх (е) бх-1 (D32-2x-1 (g-6x (h) 2х-2 
0-5 06-34 0038-12х412 Q х-2 (т) 5+ 9+ +х 


(п) 2x — 2+2 © 4-2 Q +545 2 6- 4 39P-4r+1 4 181-12 
56 62 7-4 в (2, 2), C22 3) 9 (0,5), (2-7) 10 1,-2 11 0,58) 12 1,-3 
13 -i 14 8s — 12:2 15 2, 1: 6 163, 17 10-13 18 x<-lorx22 


l 
3 
19 $ -3 20 4тр? + 2np; 4, -2 


EXERCISE 9.5 


1 (а) 5(х-3) (Ы) 218х-1) (с) -66-2x) (d) 40(4х – 5)? (е) 16(4x — 3) 

(f) 3(2x - DG? -x1* (8) oe ee x-20* (h) -zy 0 vay 9 ahy 
Q9 41+ 3)6- DP 0) e ores (ш) cu (п) na(ax + БУ! (о) 5255) 
а 28 (4) 32+ я 2)0х- Ly 2 (а) 6021-1) (Ы) 1: ‚-т 3-96 

41+ T PES L-2 agg i C=- em 60123228: 
(03 7-6 8(1, 1), (33, – 1) 9 G, 1) 10 (а) 


€) 1-2 12 -2,-41 134,9 141,—2 


EXERCISE 9.6 


1 (а) 1252-10х:24х-10 (Ы) 62x — 7}; 240х-7) (с) -16( - 4x; 192(1 - 4x}? 
(9-32 ()2:4::2-3 O зу: ае 0946-2х402:120-2-2 
26+ 4;6-10 343 41,2 53,-20--3,2 6-44 7 бізсіз 8 $63 
9х>2 


(х сыр 


3 
а- qam 0)-р 4 П (3 3- Gor TF 


627 


REVISION EXERCISE 9 


1(93&-5* ()-100-29' © TES (d) 1202-19) 

(e) 3(-3 – 45)(1 – 3х – 22} (f) a (g) 32+ 4)Qx- iy (h) i- 3 @ 1+ + 
0-3- hy 20<х<2 338 4(2)-2 ()2x*3y- 12 © (0460) 

(d 452 5-8or8 64-22 7 62-4, 12х;4 8 50г1! 9 -2,-5 

10 (а) 2,-3 (b) [gradient 2-34] 11 (b у=3х-6,у=-3х-3 12 -3,5 


. 38 
(-23** (1- 2х) 
13 1,-2,26,-26 14 3,-1 15-3«х«1 16 2<х<4 18 (а) 2-1 (Ы 1 


EXERCISE 10.1 


11<-іог/>1 2х<3 3х<-2огх>2;(-2,-1), (2,1) 4 i«x«1 
5-1«х«1,1-3)(-224) 6 t<3 7 (a) y+ 6x =-11, бу-х= 45 

(b) y- 6x2 –4, бу+х= 13 (с) y—5x=4, Sy+x=-6 (d) у= 5х + 3, 5y + x 2-11 
(е) х+у=-4,х-у=0 (0 Зу+х= 5, у- 3х = 5 (g) y-2x2-3,2y +х= 1 

(h) y-x=-4,y+x=-8 (i) у= 8х- 11, Sy 4 x = 42 (б) у= 2х+2, 2у+х= -1 
(kK) у= 8+ 11, 8у+х= 553 (1) 2у = 2х + 3, 2у+ 2х = 1 8 4у-4х= 3; (-2,0) 

9 (а) (412) (D 4у=х+9 10 (а) у=х (Ы) (2,2) 11 (а) у+х=7 (b) (3,2 
-() у+7х= 15 12 [Normal is 18y + 8x = 35] — 3 13 у = 8x — 12, 3y = 8x - 12 (4,0) 
15 -3<а<3 16 (а)(1) 2y+x=3 (ii) (22) © G4 


EXERCISE 10.2 


1 (i) (ii) 
(а) max atx =-3 16 
(b minatx=1! | -1 
(c) maxat x =-] 0 

min аї х= | -4 
(d) pt of inf at = 0 -2 
(е) max atx 2 -3 85 
min at x = 2 -40 
(f шахах-0 1 
min at x = 3 E 
(g pt of inf atx=0 1 
min atx = 1 0 
(h) max atx =-5 -10 
min atx=5 10 
(i) none 
0) ptofinfatv-2 10 
(k) none 
(D min at x =2 8 
min at x 2 —2 8 
(m) max at x = I 0 
min at x = 3 4 
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(n) min at x= 2 E 


(0) minatx=0 0 
(р) minatx-0 1 
2 шахах--і | Bl 
(9) maxatx--1 2 
min at x — 3 -28 
(т) pt of inflexion at x = -1 -5 
(8) попе 
(0 minatx-2 3 
max at x =0 -1 
(и) min atx= 2 12 
(у) maxatx- 2 -і 
min at x = 8 7 1 


2 (891 Ф) min 3 (8) 3 (b 6246) 4 (а) 20) minatx=1, max at x=—1 
5 (а) Max (0,1), шіп (4,-3) 0) (2, п) 6@1 0)5 72 8(92, 

(b) min atx = 2, max atx=-1 9 (a) -і (b) Б min at 60°, 300°; max at 109.59, 250.5? 
10 r=0, max;r=4,min 11 -8 < a < 8; x =-l, тіп; х= –4, шах 12 min at (3, 4) 


EXERCISE 10.3 


17: 225 314 418 5-2 62 710 8(03 95 1066; 11 (b) 5,2 
12 (b) 12; 576m 13 (а) у=тх+3-2т (5) 3-2т (0) -3 14 0) 2 

15 (a) $(30x- 22 —50) (b) 20 16 (а) 10r, 100-20; (с) 4; 44.7 km 

17 (b) 1787 — 2); 8 18 (b) 5 (с) 86.6cm? 19 (а) 2+25;2—6х+25 (Ы) 11 
20 4; 48:4. 21 (a) 32 0) ü-5i-Qr«34 (0-1 (à V5 22 © 3; 45 cm? 
23 (а) 10-21, 42 (b) 287-80:%100 (с) 0 (d) 65 cm 24 (b) 20332 x) 

(с) 2 (d) 80cm? 25 (p) 25-98:5(0: 90, 6.72 ст 26 Хэвний, 4:5 


x? l . 
27 (а) 50-5х 22 (p) 3; 28 2ийх-2) 29 $i 


EXERCISE 10.4 


1(4) 4 (-4ms!'2(a-2ms! (b 18 (0) 25 (4) 252 3 (a) 6m 

(b ms! (с) 2:8 (4) 28414385 (e)6im 4 (а) 24 (б) lsand4s (с) 4 
(4) 1sand4s (е) -18,18 5 (а) -5ш,-4ш57 (b)2s,-9m (с) 55 (4) 2587 
6 (а) -1,12 (Б) isand2s (с) (d 118 7 (а) 3 (Ь)25 (с) 3сп! 


EXERCISE 10.5 


10175 228 3016 464 5012 60495 79% 8-05 9 (a) 5% (b) 10% 
10 (b) 11% 11 xi 12 (a) 24k (b) 150k% 13 3p 14 0.00575 15 0.5% 


16 6; 0.00286 17 3; 0.004 18 -6,2 19 -0.006 20 1.0225, 0.9775 21 0.03 
22 0.01 increase . 
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EXERCISE 10.6 


1 20.1 са?в! 2 0.106 стѕ! 3 (а) 314 ст? ѕ! (b) 628сш25" 4 1.59cms"! 
5 2ст?5! 6 54л сп? 5! 7 477стз! 8 2400 904 10 0.75 11 41.89cm?s-! 
12 96 ст? s! 13 0.637 сп в! 14 1.59 стѕ-1 15 0.125 16 0.018 units s"! 


17 1.02 cm 87! (increasing) 18 (а) 56x – 4х2 (b) 2 (с) -10 ст? s! 19 Bom s! 
20 (с) 239cms-! 21 (с) 2.5 ст? 5! 22 (а) [E = 2 x ©] (су2—5х+25 (d) 11 
(е) H ст"! 


REVISION EXERCISE 10 


Ix<-lorx>5 21: 3005 4 (і) EE z (ii) 2 2 0.012 cm? s7’; 5 km 

6 9-2-7.840; maximum 7 52% 8У-,,А-бх; % =3x2, сарнай 

(i) 300 ст? s? (ii) 0.12 ст? 9 173 10 10:31 18, 83 1 minimum 11 2 

12 у= 21-40 [4 — 4 x 24424 (4 5) 4 x 4 296] G 3 Gi) 54, $ $; minimum 
13 (a) 65-и (b 15 14 4100— $^; 001 15 8 16 (a) ns 47, 0 = 2, max оо 
17 (0,2- 3m), = , 0); 12 [m= -2 18 (а) 30 cms”, 42 cms? (5) 62 ст 

19 10cm, 62 сіп, 4 ст 20 -4% 21 0) 9ms" (ii) 12 ms” (ii) 8 ms” 22 8cm 
23 1,-2,-7,-3 24 х--1, min; x =0, pt of inf. 25 (b) (22-34) (с) 10 2[r = = 81 
26 (b) -4% 27 (b) 2.11 cms" 28 (a) БТ, Ре. = 20] (b) 2.78 cms! (i) idis) 


(с) -22? ems" [If PQ = h, “9 = @ x] 29 (a) 8 (b) х2+ 500. 80, 
445 5 (8.9); 445 30 (4,4); AE х- 2) [A is (2, В), В is (x, сур 2|х-240| 


EXERCISE 11.1 
1 (а) 2 +c (D хас (с) -7х+с (d) sc (e) 3х- ховс (f СЕС 


(p Ес (h) 2 -3х+с @x-F-Fre (б) = re (к) x- € - $ 4c 

(D #_ Pte n) -ізс (mz Р EA Arco (9) e ИИ @ re re 
(4) 4х- w+ ite 0) 8-1 +c (8 = 5 -6бх+с @ 5-ізс 

(и) -x — вя +С (у) к SAM 2х+с 2 (а) eee (b) -2+¢ (с) itc 

(d) 2x 4 1 +c (е) xj “үс O 5 +с (в) – itc 0)-1-4 om 

З (а) -i же (b) 323 - HUM 2 ue + бр+с @ x- Sas zac 
(е) 28-144-с (f =-5- 1+0 (р) 25-55 -4jtc h) 4544 с 


O £-£«c G)y-w+ ес хосын () 55 -6х- 2. +e 
2 3 3 4х 


(ш) 2-1+2+с (п) x + 2 Зр? + с 
р 
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EXERCISE 11.2 


1 у=?-х+4 2()у-5-544 b) max at (0, 1), min at (1,0) 31: 49} 
5з= Ж -—- ҰШ; ims? yak «3.8 7 у= S -2x «4 

8 (a) y= 2 оак 3x1 (b) min at (3, –1), max at (-1, 6) 9 -3;-2 10 6i 

11 53 12 17 13(ау-Х-ж-х-1 (Ы) шах ас(-1, 2), min at (1,0) (c) x« j 
14 (а) 1838 (0) 10ш (0) 28 15 (4) 48 (b) 011, 4 ms? (c) 9m 

16 (a) 521-246 () 8m 17-4у-2243-5:42 18 (a) 18 ms" 

(b) 263 m I9u=3- +4 : 


- EXERCISE 11.3 


1@3 9-1 (03 (06 (92: (00 003 00-123 0 13: 0)9-а 
(k) х За () -і (m) -2 (а) Zz (07 (р) 20 @) 4: (028 (982 (01 
(а) -8 2-210 3-34 41; 5 2 62 7 (9) 5з units? (b) 44 units? 

(о) € Е units? (d) 103 units? (е) 3lunits (f) 3 units? (g) 8 units? (h) 81 units? 

8 i ИНЕ 9 (i) 82 units? (ii) 175 units? [curve is symmetrical about y-axis] 10 4 

11 y 12 231 1311 149; 15 20$ 16 (а) 2,-3,-2 (b) 3iunit? 17 (a) 6 
(b) 21 Gi) 3 (ii) 3 18 v= Ё—4 +3; 15,3 5;—% т (Le. $ m in negative direction) 
19 (a) (1,3) (b) 13 units? 20 (a) (1,3), (2,0), (40) (b) 75 units? 21 (a)(i) (0,4) 

(ii) 2 (c) 8 units? 


EXERCISE 11.4 


118 2 5! units? 3 (-2,5), (3,5); 202 unit? 4 1,2; Junits? 5 (а) $ (b) 102 units? 
(с) 53 units? (d) 5 unit? (e) 2 units? (f) i units? е 102 units? (h) 45 units? 
(i) 44 units? 6 (a) (0-1), (0,3) (b) 103 units? (ii) 2} units? 7 (a) y 2x3 - 4x € 3 
(b) (0,3), (5,8) (c) 20; units? 8 (b) Зу+х = 0, 0 (c) A unis? 9 (a) (-2,0) 

(b) 14 units? 10 (а) (LO) (b) у-2х-2 (©) 1:1 [both i] 11 @ (11) (b) 725 

12 (b y=4x,y=-2x4+9 (с) 15: 2i units? 13 (а) (4,4), (3,8); у=х+ 5 

(b) 102 unit? 14 (а) -41 (b) 202 units? 15 114 units? 


EXERCISE 11.5 


1 (a) f units? (b) $f units? (с) 5 units? (d) 2 unit? (e) 5" units? (f) 5 units? 

2 (а) 2065 units? "m E units? © Š units? "E = units! (e) 8m units? 3 бя units? 
4 16: unit? 5 (a) (0, 0), (2,4) (b) “units? 6022 units? 7 107 units? 

8 е) xX + у? = 4, circle (b) 25 units’ 9 (а) (-3, 2 (3,0) (b) 16x units? 10 (a) у= 2х 
(b) 22" units (с) 48 unit? 11 S* unit? 12 8 unit? 13 (a) (1,2) (b) 2:1 

14 (а) (1,1). (b) 7 unit? 15 шин 162-4 unit 16 © (1,3), (2,0) (b) 25 units? 

17 (a) (1,0), (2,1: Ч (b) us Z units? 19 (а) y= $ (0) сопе (с) inr?h unite? 

20 (а) у= x + 2; (2,0) (b) funi? 21 (a) у-4х-2 (b) (5,0) (с) -% units? 
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REVISION EXERCISE 11 


1-%у=®-4х+11 2 @2 (0 3 17 4()20ms* (4) 32m 

5 © (1502) Gi) 43 6 (а) Q9) () y=% (c) 27 units? 7 17 

8 8:5 [volumes are sz about yanii; z about x-axis] 9 (a) (1,4), a 1) (b) 9x units? 
10 4,-3;4m 11 (a) -i + P tc DE funis 125,91 13 Æ unit? 143 
15 (a) 1,0) (b) ise units? 16 (a) (0,4), о, 0), (1,3) (b) 15:28 

17 (a) Area above x-axis = area below (b)(i) 18 (ii) 2 (8) 4 18 (а) (12,6) 

(b) 36 units? [Use х dy] 19 o 27 5х-3 (и) (2,0) (и) (10) (iv) = units? 
(v) 9:49 20 (i) [area of P = 4“, area of Q = 221 Gi) [Both = ла] 21 %; 3,-1 
22 (a) 12 (92 23 $ 24 : 25 (a) 5 units? (b) munit? 27 3 


3 
28 e А11.1; gradients both —1] 25 [paste give ES, SE and 4л] 


Fig. A.11.1 


PAPER 1 


1 (a) 2x- 55 (b 9 2 х=2, у= -1 огх =-9,у=-8 4 (а) х+ 4yz 7 

(Ф) у= 4-18 5 [Fig АВЛ|х«-1 6 (а) (-1,3) (b) 77.5? 

7 (b) 103.9°, 166.1°, 283.9°, 346.1° 8 42 9 (а) 1.5 (b) 14 ст (с) 4.02 ст? 
10-45 <k< {5 (b) 6+ 4x~22 


Fig. АВЛ 


PAPER 2 


1 (a) 2rad (b) 4сш 2 (a) 101.8°, 168.29, 281.8°, 348.29 (b) 45.5°, 254.5° 
3 (a) -6ms? (b) 4m 4 (а) 6048 (b) 2,-1 5 (4,3),(-16,-37) 6 €units? 
7 2,-3;.2у + 25х=28 89% 9 (a(0 5 (ii) -1,4 

(b) -à4[g'x——5.,3. 10 (a) 147) (b) 10949 
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PAPER 3 


1 (а) х«-1огх»3:шшагх-3, шахагх--1 (b) (HF 

2х-2,у-Зогх- З, у= 2 3 32спв! 4 (а) +2 (b-1 S (а) 25 units? 

(D 4Ф тшш? 6 (a) 3y=x-4 (06 7 (а) 1 + 12x + 54, 16 — 32x + 24x2; 504 
(b) E did 8 (a) max at (-1,1), min at (-i, 2 z 

(b) - 1 -Ё 3 (= 1.95)% increase 9 "(а + Б), ka + (155)b; (a) 1, i (b) 1:1, 1:3 
10 (а) 70.59, 180°, 289.59 (b) 4s (i) 4ms* (iii) -9m 


PAPER 4 


1 (834) 20х- )02-х+1) Gi) 1- әш» (b) [FigAR2]4 2 (а)! (Ы) 221.0° 

3 (@)y=x-$ -Æ +2 (b) тіпа (-1,2), max at (1, 3) (с) 6y+ 12x 2 23 

4213 5(а() 05Кх) 54 (41) -5<Қх)<4 (i)-1sfo)«3 

(b) ^з (4) 5 (08) 0 6 WM 3 зэс Gi) 6t Oey © 1 

7 (a) b~a, 20-а), fat 2b,b-3a (с) 5,8 (d) 6:1, 4:3 8 (а) +12 (Бу) (5,12) 


(i) y+ 7x 2 47. 9 [Еір.АВ.3] (а) 4! (b) (4,2), (2,4); [ОА = AB = V20]; 24 
10 24-2; 2€ 


у= |2 зіп x 


LI 4 
\ y» cos 2x 


Fig. AR2 Fig. AR.3 


PAPER 5 


14cm 2 units? 3 (ай) 1-8х + 2402 (ii) 32 — 80x + 806; 1488 (bYi) 2,3 

(ii) -4,2: 4 (а) 0.50 units? (b) 2.26 cm? 5! (с) 2 5 (ai) 4 (ii) 14 (ii) 7 

(9) [FigAR4]S 6 (уі) 5 Gi) Е55 (bXi) ПОА | = 45, | OB | = 20 = 2 151 

(ii) [Fig.AR 5] [OC = 6i - 5); OD = 2i + 3j] 163.59 7 PQ? =2-2x42; 4 82: (8145) 
8 (a) 1 [Fig.AR.6] (b) у? = 3x? + 18x + 15; (-1,0),(-5,0) 9 = 1.5,5 

10 (a) (ii) 9 m units? (b)(i) 20.7°, 159.3°, 200.79, 339.3° (іі) 30°, 150° 
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Fig. AR.4 Fig. AR.5 Fig. AR.6 


EXERCISE 12.1 


10) 1 (91 (Q4 (029 (Q-1 ( L (p5i 00-842841-1 
2 (a) 15 (b 60 (0 171 3(9-IS (5)-8 (0)-48 (33 (0)-1 (033 
4-21 5 5 6-atb-c+d 79p-53 81 9-10 102,-4 11р-20-6:4,-1 


12 -2,-2 13 3,1ог-1,5 14:3,-2 155,-4 162,-4 17-3,2 


EXERCISE 12.2 


1 (а) Х-102-х41) (Ы) (x-D(-10D(-2) (с) (х+ D(x-2)(x-3y 

(d) (х++1)(х+2)(х+3) (е) х-102-2) (0 (х + 1)(х- 2)(х +4) 

(6) «+ 1)(х+1)2х+3) (b G- D D8x-2) 0) &- DG? - x41) 

@) @-2)@ 30-3) (9 (х%2)х-2)0х-3) (0 (х- Dx - 1)(3х- 2) 
2-h(x-1)(x-3)6x»-2) 4-1,-2;x-1 5-6 x-2,x-1 

6 4, -3; (x + DG2 -x-3). 7 -4,2; (x 2)(2- 2x - 2) 

8 -46;(x-3)x-2)x*1) 9-1,1х41,х-1 10-5,-2;(х-2)2-х-4) 11 2,0 
122 133;x-1 14х-1,х-2 15 3, 1; 33 ~ 82 + 15x + 26; (x + Dx - 11x + 26) 


, EXERCISE 12.3 


1 (а) 1,-1,-1 (D 1,-1,-2 (с) -1-3,-2 (d112 (e)-3 (f -1,-3,4 

(g) 2,3,4 (h) -l, 2.79, -1.79 (i) -1,2,3 4) 2,-3, 3 (к) 2, b- 

2 -2, -11; x- 4; 1, -3,4 3-1,-5;2х + 1, x + 1; -1, -i 2 444) 1-2, (b 3,-2,-5 
(с) 3,-4,-2 44) 4,-3,0 (е) 2,-5,6 (0 2,-1,-3 5 (а) 1,-3,2;3,-1,4 

(b) і, 2,3 64,-11:1,1,-6 7 (а) -3,-4:2,-2, 3. (b) -2;1,-1,2 8 2,1,2 

9 (1-1, (-2,-8), (3,27) 10 [Values of В inconsistent] -6 [A = 2, В = 3, С= -4] 11 1, 
-2,-2; double value atx=-2 12 x = 1, min; х= 2, тах; x = 3, тіп 13 (а) у= 3x +3 
(Ы) (2,9) (с) 62 14 (а) у-3х-2 (Ы) (2-8) (с) 62 units? 
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REVISION EXERCISE 12 


13,223 2(@) 1 (Ы [b=2] 3 (а) 2p-3&p--19 (Ы) 2,2,-4 (0) 1 

4 1,2,3 5 (а) 3 (Ы) –1,-1,2 (с) 31,11 6 (а) 12; -2,2,3 (b) -2,-0.78, 1.28 
(с) 4,-3,-2 7 (a) 3,-6 (ii) Yes for first expression (b)(i) -33 (1) 2 8 2,-3,4 
9 y= - 6x2 + 12x-7; (1,0) 10 1,-1,2 11 (а) -16 (b) 4 (суй) -2,6,3 

12 (а) y=2x+1 (и) (-2,-3) (ш) 6i 13 (-1,1), (1,3), (2,10); Р 23, Q 5 

14 1, 1, 2; -1, –1, 4 [equation is (x + 25 – 3(х+ 2) +2 = 0] 15 [Find ҚЗ) 

16 1,2,-3 17 0°, 60°, 109.5°, 250.5°, 300°, 3609 18 (х-1)32-2рх-4) 19 b= Ali 
21 x « -1 and 2 <x < 4; [equivalent to 3X? — 532 + 2x + 8 = (x + D(x - 2x - 4) < 0] 


EXERCISE 13.1 


1 (а) 2, 4; 26, 58 (b) -3, 3; 15, 39 (c) 5, 5:1523 (d) L7, -0.3; -0.1, -2.5 

2 (а) 19 (b 31 (с)3л-5 3 (а) -15 (Ы) -59 (c) 14th (d) 21-4н 

4 (а) 3л-13 (Ы) 2,-3 5 (а) 5 (b 61 621 7 (а) 2: (b) 10л-1) 861 
9 141; in +7) 10 (а) 4,3 (b) 3л-7 11 (а) 22ст (Ы) 3n +1 сш 

12 (axi) -37 Gi) 102 (Ы) 2 (с) -5 13 (a) 81 Gi) 181 (5) 2 1414, -1 
15 21 16 6,4 17 -18,4; 18 5,3 19 Қ7-п) 20-3,2,7ог7,2,-3 

21 4-4,4-4:12,7,2, 22 (а) апі (d) 23 (а) ач24-0 244 25-lorli 


EXERCISE 13.2 


1 (а) -300 (5) 330 (с) -171 (d) 3.3 (е) 104 (D -710 (g).45! 28i 

3 -555 431 5 644 68 710 8 30;1710 9 -32,-13,1 

10 [7,=а+74= 5,= 4Qa + 7d) givesa+3d=0) 11 11; 1271 12-1,208 13 7; 15 
14 19:5 15 6 16 llcm 17 (а) 43ст (Ы) 01а-45,4--31 18 54 19 (а) 2 

(b 12 (с) 25 20 (а) 9 (Ы) 9 21 57:7 


EXERCISE 13.3 


1() 5 (5) 50 @ 2 22-73 28,1 41,2 5-7 6 (Ы), (d (е), (D, (b) 
7 (a) 3 (b 16 (с) 3 8 (а) 2 (D i (OZ 9а, а; 2 10 12,18 11 27,3 
12 (а) -1: (b 8 14 (а) 3or3 (b)-lor2 15 18 16 5th 17 (a) }or-3 
(Ы) jor 18 (a) -ior$ (b) -220rj 19 2 209 2126cm 22 2,-3 
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EXERCISE 13.4 


1 562853 2397 3(а)-і (Ы) 243 (013 4 (а) 2 (03 5 (а) 8 (91 
(с) $ 6 (а) 15 (93 (с) 9* (4) 16 7 (а) 3 (Ы 510 8 (а) +1 (b 81 
(с) 395, 2 ст 971cm 108 11 (а) 2 (b) 252 12 27, 18, 12 or 27, 18, –12; 
1051 ог27: 13 467 ст 14 (а) 2 (bi (05 (di 15 (а) 2% = 256 (bj 
(с) 511 16 9 17 18; 2 400 000 barrels 


7635 


EXERCISE 13.5 


1 (a) 3 (b) 36 (с) not possible (d) 216 (е) по possible (f) 62 (g) 36 (5) & 
бі) not possible Ф 2-2 : 3 486cm 4 2 3 2 660 7 (a) бөз 0) 3 i 4: 
8:9 a O h 5 © 039% б) 11 10! 11 121206; o? 

14 (а) -і Ы 3 2 (с) 8 155 2] 16 360° 17 (a) ! 3 (b) 24 (с) 36 
18 (а) -Lori (Ы) Er] or3 19 4 20 (a) 10 055 (Ы) 30000 21 (a) 1300000 
(b) 920 000 © 29% 221 23 (a) Marcas are 1, 1, 1, ... times AABC] (5) 1 


24 (а) -1,1 (0) 2 25 (а) i (D а-ізғ 


4 


REVISION EXERCISE 13 

1 (a) 14 (0370 2-8,3 32,2 48 5 1392 67,-Зог1,3 7 3,2 8 (a4 
(b 2 9 O 116 (b) 3, + or 2,-2; 4% 10 (480) 2 Gi) 20 (ін) 302 (50): 

(4) 1 Gi) € 11 (а) 152 сш. WGF Gi) 54 12 6,-3 13 @ 20000 (ii) 17 
(iii) 16665 (іу) 16.7% 14 89.3%, n=18 15 -1,42 16 4,9; 14 

17 1,3,5,... 18 (а) 0905 (b) 0.786 19 -1,4,12 201 21 1«x«2or-1«x«0 
22 [In Fig. А131, tan Ө = #—4 =r- 1, tan Ө = saw -r-1] (b) 22.59 

23 16 [A(1.05-! = 2A so 1.05"=2.1] 24 11 


Ape 


Fig. A13.1 


EXERCISE 14.1 
1 (а) 2sinAsinB (b)2cosAsinB 3 (a) 8 (Б) 8 © ® 40[-cos z] 


33 
5 cos(40° + x); 5.69, 274,49 60-42 09- % (сс Зэ 71 85,-0 


221 5 4' 30 
x Гэ 213 а. а? 
9 [Find tan(A + B)] 10 0.7071 [= sin +] 11 Tomo ba, situ- 
12 (а) 30°, 210° (b) 18.4°, 198.4° (с) 165.0°, 345.09 (4) 169.1°, 349.19 
(е) 79.19, 259.1° 13 (a) 40% (b) 80°, 260° 14 (a) 1 (b) E (c) 2 p 15 (a 
OF OF Og 10-8 og o-s og 
18 2 3, 99. e, 33. 6. 66.69, 33.0° 19 [Expand and divide by cos Ө]; 48. 5°, 228.5? 
21 (b) cos Ө cos ø + sin 0 sin 6 [lal = Ibl = 1] 
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EXERCISE 14.2 


2 e g (b) - -H (c) E (d) 3 @ i (5) 22 () 2 (à (6) 4 
оа 405 © g Pe a әй ыма,” 70 
6 (1 "[cos( -= = 1 cos Ө + 1 sin Ө, then: square] 7 45 8 (а) i or-2 (b Lor 2 


B ЭЭ 
93 10() 41-р e Et © Ez @ 2-1 Өэү-м 
(D Sp-8p*1 11 N sin 2A; 80-28 (b) соз2А;1-29 (с) tan 2A; 28-25 
(d) cos 2A; 1-22 121 ‘sin 70° (b) 1 tan 80° (с) -sin 10° (d) tan 10° 
(е) 1 соѕ 60° 13 (а) 0°, 60°, 300°, 360% (b) 15°, 105°, 195°, 285° (с) 14329 
14 (а) 30°, 90°, 150°, 270° (b) 60°, 300° 15 48.2°, 120°, 240°, 311.8° 
16 72.09, 144.0°, 216.0°, 288.0° 17 15.3° 18 30°, 150° 


ЕХЕВСІЅЕ 14.3 


1 (а) 5 сов(6 - 3699) (b) 13 sin(@@ + 67.4°) (с) 413 сов(6 + 56.3°) (d) 3 sin(8 — 19.5?) 
(е) 3 віп(Ө + 41.89) 2 (а) 5,36.95; 5, 216.9° (Ы) 13, 22.6°; -13, 202.6° 

(с) 413, 303.7°; – 413, 123.7° (d) 3, 109.5°; -3, 289.5° (е) 3, 48.29; -3, 228.2? 

3 5 cos(20 + 53.19); max at 153.4°, 333.4°; min at 63.49, 243.4° 

4 3 sin(2 + 28.1°); max at 123.7° 5 3 sin(0 + 41.8*); 48.29 [Fig. A14.1) 


3 sin( 6+ 41:8°) 


Fig. A14.1 


EXERCISE 14.4 


1 (а) 103.35, 330.4? (b) 82.69, 322.69 (c) 19.2°, 228.2? (d) 61.39, 157.79 
(e) 118.79, 337.7 22 біп(% + 30°); 0°, 24097 3 145 соѕ(Ө — 63.49 36.99, 90° 
4 18.6°, 258.6° 5 410 cos(ax + 71.69), 135°, 153.4°, 315°, 333.4° 6 82.5°, 184.1°, 262.5° 


REVISION EXERCISE 14 
1 0°, 30°, 150°, 180%, 210°, 330° 3 [tan A= 1.5, алВ--111:-5,-2 4 221.85, 318.2° 
5 20.9°, 69.1°, 200.9°, 249.1° 6 G) ! (ii) Gi 2 7-3, $1 8 @0 -# 


2* 37-2 
01) E (iii) - -2 (b) 40, 18.42, e. 29. 327.72 10 (а) 41.69, 244.79 (0)@) 


E ae 
Ч, 


` 637 


(ii) ТЗ Gii) 2eyl-c? (iv) YE“ 11 20°, 100°, 140° 12 (a) -K (5-29 
13 (a) 103.79, 309.5? (b) 7 tan A tan B =1; 14 (а) тах 3 at 41.8°, min — 43 at 221.8? 
(b) 52.59, 172.5°, 232.59, 352.5? 15 (a) 3 ши 28.19) [Fig. A14.2] (b) 69.99, 166.3? 


у 


З sin (0 - 28.1?) 


Fig. A14.2 


o 2 о ° -4 Ba 3+1 E 
16 26.69, 153.49, 206.6°, 333.4° 17 (a) 5 OT © Xt 1892 (9 5 


(c) T (d -8 191 21 (a) tx (b) т (с) ur (0) 63.49, 45° 
22 [Equation reduces to tan? Ө + tan 8 — 6 = 01 63.4°, 108.4°, 243.4°, 288.4° 

23 [demominator of tan(A — B) must be 0] 24 (a) № (0) 54°, 160° 

25 [ZTPR = 90° — Ө, ZPRT = 90°; ZPSR = ZPTR (angles in the same segment); 
RS = 20. -PQ tan 0 = РО(1-аг0)) 22.59 

26 [area of sector = } AE? x 20 = 22] 0.9 rad; 0.45 rad (= 25.5°) 


EXERCISE 15.1 


1() 1 ( $ (0-4 (02 © 27 (94 (i 095 0-5 3@1 
(b 1 (c) 16 


EXERCISE 15.2 


1(96 (03 (0)0 (42 (0-4 (0-4 (8) -3 03 (2,1 (ф1,-1 
(0-1,6 0)-1 (m3 (п) 2,0 (о) 1 (р)-2,1 3-1,1 4 22,-14 


EXERCISE 15.3 


1 (а) 23 (b) 2.4 .(с) 23 (d) 18 3 [Gradients will equal the values of y at the points.] 


EXERCISE 15.4 


1 (а) log, 16 =2 - (b) log, 81 = 3 (с) log, 1000 23 (d) 102,,0.001--3 (е) 108,2 = i 
(f log, 223 (в) 108,21 =х (b) log, 162-4 (i) 106,,01--1 (j) log, 64 = 2 
(К) log,9=x () log 0.3 =-3 2 (а) 2-16 5 (b) 3*= 27, 3 (c) 42643 
(d) 2- қ -3 (е) 48 = 0.001; -3 (f) 64-4; 3 6) T= 5:-2 (b) 5 = 625; 4 
0) 3-4 mT? @ 13* = 169;2 (k) 169 = 13; 3(a1 (0) 2 (90 (40 
(е) 2 © 5 (0: (М2 @-2 qii (9 3 0) 2. 1 (9-1 (о) -2 
4 (a)3 (Мі © 5 @2 (е)66 (3 (в) 3 (Мі (05 $8 (92 
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EXERCISE 15.5 


1 (а) 06 (b 1.6 2 (а) jlog,2 (Ы) 2 (с) 3108,3 (4) 2108,5 (е) 3 log, 5 (f) 4 
(g) 210,11 (0) 4 0) 3 (DO (К) 2108;6=2 +2 108,2 (1) 2 (m) Slog, 3 + 2110р, 2 
(п) } (03 (р) 2 (д) 3108,5 () х (s 5108,10 (t 1+log,2 3 (а) 2.727 

(b) -0.203 (с) 0.203 (d) 4.192 (е) 3.786 (f) 3.989 (в) 1.668 (h) 2.465 (i) -1.262 
4 (а) 0921 (Ы) 1.13 (c) 1486 (d) 1.633 (е) 0.774 (f) -0.209 (р) 0.283 (h) 1.356 
(i) 1921 (j) -0.435 (k) 0.791 54 6 (a) 599» (b) 5^ 7 (а) 2р+д (О)! (ра 
(с) 3р-4 (@ 3+р-24 8 49 9 100 102 11 (а) 3995 (Б) 3-4 12 (a) 100 

(b) 5% 13 22995 232 2.23 а (ау 28 (p 80 15 i-a-3b) 

16 50р 44): 5-24); 5 Ор +4}(р—24) 17 [xe 4 = 22] (а) Б (0) 64 18 (а) 3 
(D 1 (04,-1 (4)3,5 ()-1,3 (08 (gl (15 19 (a) la" = b so log, at = 1] 
(b) 3;1 20 2 log, y = log, x + log, z so у? = xz] 


EXERCISE 15.6 


1 (а) 146 (b) 3.81 (c) 0161 (d) 0.136 (е) 0.163 (f) 0.585 (в) 240 (h) 0.754 
@ 116 0) 613 (k) 1.79 () -0161 2 146,121 3107 49 58 6(a)8 
(b 7 7105 8181 9 (a) 158 (b) 559 10 2006 11347 11347 124 134 
14 5 15 y-10x5;10,3 16 [Ig 1 =181-18 10] 5.7°, 174.3° 17 (а) 1.12 

(5) 205 18 L64 19 8,1.58 


REVISION EXERCISE 15 
1 (a) 3 (Dj (064 2 (а) -5 (D 5 (0 +5 (0 3,2 (032 ©} 


(8) 2.78 (h) 1.81 За 4(4)4 (Ы) 64 (0242 2283 5 33 60: (Ы) 
(с) 0.166 7 (а) 2 (D 6 82,1 9 (а) 0.113 (b) 1. (с) 3G+3a-b) 104 

11 (а) 110 (b 3,2 (с) L(u*v)Qu-3v) 12 (а) 5.68 (b) 3.85 (с) 1.55 

13 220 1415 15 ,4-95 16115 17-5 18 [іпеіѕу=2- 2107 

19 [Fig. A15.1; 18 10х- 1 + lg x] (1,0), (0,10) 20 (b) 2.58 

(с) log, x= =x + log, 6 = -x + 2.6; ~1, 2.6 (d) ул-х- 2.6 (е) 1.8 [intersection of line in (d) 
and y=log, x] 21 (a)i) 2 (ii) 20,4 (b) 0.845, 0.2 22 84.3°, 95.7°, 264.3°, 275.79 
23 [Sequence is lg k, 1 + lg k, 2 + lg k] 5(16 +9) 24 64,16 25 3,20г -3,-1 


x= : — 08:52 _ _log,(t3 x 2%) 
26 (2854. [78* = 52 take logs base 3: then x = m = ТЕТЕ]. 27 хэ 3 ор, x> 1] 


28 [q(p + 2) = 227-1, 22 -2291, multiply] 6, 4 
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y-lg 10x 


Fig. A15.1 


EXERCISE 16.1 (Answers from graphs are approximate) 


1 3.0,0.22 2y2208 3 100,-04 4 жаяу, Y= 2,X=x;4.6,2 5 15, 2.8; 330 
6 y= +2 7 2,10 зада take Y = Yi XE x; 2, 4.5 
9 Plot Y against X where Y = i, X= 4; 20, 80 10 y= 5 + q; take Y= y, X= 4; 30, -2 


REVISION EXERCISE 16 (Answers from graphs are approximate) 


1 Take Y= y?, plot Y against x,a=-1,b=2;0.5 2 (a) y= 1+5 (b) à) у= 10x? 

(c) convert to х = ax — b and plot Ë against x. 3 2 ш-4 БЭЭ Б plot Y= A against x 
gradient = -$ Шинса Б a=2, b= =-5 4 (а) у= рә -5 Р, plot y against Х = ху. 
Gradient = 1, intercept = -2 (b) [xy = ax? + b; gradient = а, ee =b] 

(i) es Gi) 5.4 5 (а) 144,055 (b) () +3 (i) y= 5 (3x2 — 4x — 7) 
Gi) -1,2 6 (а) 0.1, 2[y = =] 0224 (b) 1-(-р)1 + q; plot 4 3 against 1, gradient = -р, 
1. intercept = q 753,20 8 (а) 2.5,1 (9) [Convert to у = — 2 + ы 415,3 

9 [lg a +1g y = b lg( x — 1); plot Y = 1g y against X = lg( 4x — 1)]; 4, 0.7 10 1.5, 10 


EXERCISE 17.1 


1 (a) -3x% (b 24 ()24x-33 (à хізхі ()(4- 4до? - өс 3 0 3d 
(в) -2x3 0) бг - 33 (i) (4х- 11 - 2х + 421 2 (а) жс (Ы) 2x *c 
(c) 3:3-353-с (d) ài +c (e) 3x3 — бй c (0 33 +с (g ‘ext +с (h) bó +c 
(i) dibere 3 (а) i 0 -s (c) 2 (91 © 6 4 2 Qu +¢ 

0) gQx* 5c © Зо Y +e (à 2@— 32 +с (е) -10х- lee 

(f) (2х + 3 +e (B (2х + 3% 4c (h) ae aay жс () -(3- 25% +c 


(0) (3х + 2) +e (Ю $x- Di «c () fox- +e (m) Sax- Di «c 
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(а) 21-2914с 5 (а) 1 (b) % (02 (014 (0-4 (081 (2 0) 5 


61 7 $ 8 0.0075 9 -0.024 10 024 112% 12 -0.06 


EXERCISE 17.2 

1 (а) (х-2)3х-2) (b) 2xQxX -1) (с) (552 + 3х2) (d) œ+ Dx - 20 (3x - 1) 
(е) x1-2:)6 - 14x) (f) (1-393 - 399 — 5х) (в) x - x - D (à — 5x – 2) 

(h) 202 - ЗУ(4 2-3) () 2(3х—2)(1242-4х—3) (0) 202 + 00х-1)0х-2х + 3) 
(к) ixi оэ – 00139 –1) 0) х-1)2Ух-1) (m) 2(1 — XPA – 8x) 

(п) 16-1)? (+ 1)(9х—7) (о) (x + )452-2х-7) = (x  D*(Sx — 7) 

(р) 6(3х – 1)(2х + 3)(5х +2) 2 у=5х-7 3 2 4 (Ax + 1)(х + D5 6(x  DQx + 1) 
5 Qx- 1)%(10х ~ 1); 162x- IP(5x-1) 6 0,1,2 7 xt DG + 200322 + 5x + 1) 


EXERCISE 17.3 


1 5 ЕЕРЕЕ fz22 Cx 23) 
10 — Od ©) рту Ф хүр eee (D С 
IET жай (1) roi» зк 4 2x зве 32 
(9) 24 (h) m 5 @ Sp 0 5 А ® ety Oa M Uu 
t- ж-з) 2 -2 -3 I8 xp Eae 3 .1 
m +7 оът: e+ 3% 4 aR 5 P "mt "Pu 
s 80,4 9 (8) 3 (b Lor-3 10 —&t2 ;x=-2 
(r+ Di - Di "M 


EXERCISE 17.4 
OOM 0-3 


1 (а) -523 b- (0) 92:2 (4) > 2n 


Qx- » 1 х А Æ 1 (2- 2x) (- 2xy - у) 4х-2 а-» 
0) 225 9 G) (0) OS © ema O may 0) cr 


(p £2 (ау -a Ф гт (9) У 2 (а) -i (М1 (0-1 (9-4 (02 (DI 


(х + у) 2(х + у) 
Зу=х+1;х+у=3 4Зу-х-2, Cite 5 4у-х-14 64! 7 3,-1 
8 5у=4х+12 


EXERCISE 17.5 | 
1 (а) 150+ ixi (b) 3 (с) 18Х(29—1)у° (d) 4-3 (e) Ох-2д222-4х + Зу? 


a+ х2) 
Фа; O 06-37 091694 028-0042)-26-) 0 
® ы D (D QP« DG^*2x D? (m) -ӛсі (п) (х- DG - 2:03 - 10x) 
(о) 1+ 0х3 3х4 (p) G(x D – 2х1) (9 20-3Q»- Дх 5i 
( Sate 4j 2 (а) 4 с (b) (t 35 ()-41-40жс (d) -IGx e 4? 


G+ c 


(e) (4x - з)? жс 3 (а) 2 ш ё o3 4х-4у-13 5 +2 
2 e CNET - 2 3-2 
6 у+5х=12,у=8х 12 T qu 5 8 aom 5? =! 32-2); max atx = 0 


10 15y = 108x422. 12 -42 
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EXERCISE 17.6 


1 (а) 3 сов Зх (b) 3 cos 3 (9 -і sin 2 (d) 3 sec? 3x (е) -сов x cosec? x 

(f) in x+xcosx (g)2xcos2x-2x'sin2x (h) -4Axsin(2:32 —1) 0) -со8(5 -х) 

(D 5 1 sec? 5 (kK) xcosx (d @- салақ (m) -6 sin 2x cos? 2х (n) совх-хвіпх- 2 сов 2x 

(о) 3 сов Зх cos 2х – 2 sin 3x sin 2х (p) 2 sin 2x cos 2х(4 + sin? 2xy 3 

(q) 18x cos?(1 — 3x2) sin(1 - 32) (г) sec? 2x (tan 2x m (a) -3sin3x (b) 1 cos 2 

(с) ыг sin(2x?- 1) (d) 6 sin? 2хсов2х (е) 1 вес: – 2) 

(f) 5 cos ž cos 2x—2 sin 2 sin2x (р) ETUR (b) 2x tan i + 3x? sec? i 

0) анан Ф 268 2х эн x(2 sin 2х +-cosx) 3 2 соз 2х, -4 sin 2х (= 4y) 4 п 

5 [5 У = -4(А cos 2x + B sin 29; -3,2 6 1111, 4.25 7 2(sin x + сов 2x)(cos x — 2 sin 2x) 
Te ж (0.52, 2.62) 9 zil 10 (a) 203,518 (Ы) 5, %; 45, -45 

1l y=x,x+y=n 12 хжуз 


EXERCISE 17.7 


1 (а) -4 cos2x 4c (b) tsin4x+e¢ (с) -2 cos > +c (d)-cos3x4c (е) 4 tan 3x + c 

(f) 1 sin 2x+cosx+c (р) cosx+sinx+c (h) stine +e (i) + sin 5х+ С 

0) со(®—х)+с (k) 2tan 2 +с (1) 4 sin2x+cosx+c (т) x+ 1 cos2x+c 

(п) -2 cosx- 1 cos2x+c 2 (а) 1 (0)1 (0 + (d! (е)0 (01-54 (g) 047 

а 2 (2 фо (9 Sz? = (0.78) 3 -4+ 5820-1432 4 (а) 2 (b) = 
UE 6 2л2 7 (а) 5 (b) 0.59 (c => 8 1;150 9 = +1 зіп4х+с 

10 (a) = à 1091-4512 2 


REVISION EXERCISE 17 


1 = 52 2 22cosx-xsinx 3 2л(3л+8) 4 3 5 (ай) 12(4x + 1)? 


. Gi) tan Зх + Зх sec? Зх (b) селі) (c) 3y = 8x- 268 571 8 (а) ettei 
(b) 2 cos x (c ) [= Le (d) 2(5х- DOx- = D 


(1- sin х} ane гулд 
9 225257 0522-5005 10 (а) 1(1- cos 2х); п+2 (b) 2 (с) л 11 -0.0058 
122 134 15 (a) [2 = sin 2x(1 — 4 sin*x)] 0, Ер 2,0 (b) 0, зор, 0 16 0.01 
17 [2 - ы- x») <0] 18 9 = -2*2. 1.10 19 1 21 0, 2 22 -2,x( + ху? = 


(2-1) Gxytl? 14° 7 
[product -—1] 23 (а) [v=8 cos 2,= 8 (1-9. а= -16 sin 2t = —45] 
(b) +4 units from О [max and min values of 4 sin 21] 
24 (а) 450 min [max ^ кп 1-0, min h when Ж = т] (b -& 4 = ж. sin Z3 
(с) 150 min [2 +2 cos = 3] 25 (а) cosec?8 (Ы) [V= imn ш- irr cot Ө] 
(c) 2n% [& x 100% = ETT $ x 0.04 x Z x 100%] 


х 
у? 
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EXERCISE 18.1 


1 (а) (5? (o). (d cues (е) ediz (f) -21tan2x (g)-2tanx 
(h) 1 cot i @ Ax- 0 () z : (к) SEN "0 141nx (m) 1-2% 202 


гийн 4х-1 

(п) ЕРЕС L-tanx (0)-1 sin(In x) “ы: 1а 332 (9) 2x In(x— 1) + 244 яз ы 
(т) ш (5) 3x = -3 tan 3x (t) In 2x + сн 1 (у) Demi (v) zi з 

12х-1 3 202541 y= ез-Ж “1024 
(w) (х- РЯ 5 (Зх + DOx- 1) 4 х-х-2 5 @) y= Є «усе (b) p? 
6 For each, жеу © (а) пу-3х-2, (b) In у= -2х+ ln 3 7=13 83,4 
9 l- 1-008х,2 10 11 2 

x-sinx' X 1- cos х 1+ sin x 


EXERCISE 18.2 
1 (a) 4е% (b) Se*! (с) -3е5% (d) 2xe" (е) -sinxe™* (f) X xe 


(в) 2ei-(- 2 -(4- xe (h) ав”? (1) 205+ De?*?- (j) е(сов x + sin x) 
(k) == 0) 2 ar (m) хе2-х) (п) е-е" (о) -2e*cosx (р) e?(-1- бх) 
(9) e"QInx-«i) @ Sy (9 5 soet 2-3 (0 2e*(cos 2x- sin 2x) (u) жы 
(v) х2е2(2х + 3) (м) 2e* -2e^ 2 (1,63); 565, -e 3х<3: 4 e*"( + 3х); Se*(2 + 3x); 
min atx=—} 5 0,-1 6 minatx=-1, max atx=3 7 e'(cos x — sin x); —2e* sin x; 
max atx = 2; min at x = 5х 8 2e' cos x; 2e'(cos x — sin x); max at x = 2, min at x = Е: 

9 [2 = esin х + сов х); 53 = 2" cosx] 10 2 11 апа 12 cosx-sinx 


EXERCISE 18.3 


1 (а) зех+с (5) -e* +e (0) -e+e (d) Lin] 2х43| «c (6)-11013-2х1 +c 
(f) nlá- -x | +c (@x+inlxl+e (h) le*4+2x-le*+e (i) езе 

G -ieste (0) 1ш]3х+1|+с 0) ie? 24¢ 2 (4) 1е5-1) (у e-1 

(c) ее (9) ie- e) (е) eé-1 (f ie? - e: (в) 2(e- 1) (h) Fe 3 (a) -n2 
Ф) ш (с) zin о In2 (е) Lina’ 0) $+in2 (8) 1 (0-1115 () m3 
4 103 5 іп igo- ез) 7 Me - 264 1) ТЕКЕ 9 nin 3 

10 а) у= le” © тэн 11 (b) nsi х+с (с) е2-21һ2 

12 (а) у-х-1 () 2- — 210 2 (= 0.28) 


REVISION EXERCISE 18 
1 (a) 19:53 ©) 3 (с) 2е(е-1) (d) Het- еч) (e) е-е (f) In $ £ 


(g) ie- 1 1) 2- 3 (1- e?) unit? 4 (a) (Le?) (b) 2(e! — e?) (= 0.47) 
5 Min atx=-l,maxatx=2 62х-х-1 8 (а) A 9 e; тах 10 0.005 


11 -3 In4 13-1 i -1 16 4хе% +(e?+1) 17 [Limits for y are 0 and 1; x = е] 
e- 1) units? 19 - 2 1 tan х 25122= 0.69 20 R= 43, (a = 33.79); 136% шү 20) 
21 {#=-д21пх+ 1) wu 0 is not possible; only value is In x = шах, + 

22 (а) 1-іпх b Х(1-411х) 23 ыг 25 (Fig. A18.1] 2 In 3 units? 26 = x г 


In эх = 0.446 27 (a), (б) [Fig. A18.2] (с) ie —e*); i *-24e?) (e)e-l 


643 


=e 


7 Ya He + ө”) 


- - 
sn NL 27 


0 A 
Fig. A18.1 Fig. A18.2 


EXERCISE 19.1 


1 (a) + = lie. 40 + 9у = 36 (b) СН Dp. (2 Y= 11е. 9x? — 18x + 4y? — 8y = 23 

(c) x= ке ТӘСІ zy (0) y= Е ауа шоо 2) 

(е) x= ytl+ ier +1 = y+ 2у+2 (©) x= 2y4 - y?) ie. x! = 4y(1— y?) 

(6) 2+у = ух + 1) [x = P-tzy-tsotzy-x] (b) x+y=1 [Add] 

0) х=1-4у+2у2 (ух=4у°—-8у+2 (k) 2-у-4 0) ушх-1 (ш)ху-2-5х 

(п) <у-3 22 3 254ух- 0;3y=12x-17 432у-2х-31 

525 + у = 1 (у > 0); semicircle centre О, radius] 6 30641, (0,3); 1,1 Бас -4 
(b — 8 (а) 1# =t- 4 (b)4y+4x+3=0 9 (а) 2у-4х-% (b) (0,-4 

(с) Воһ- 45 г. 10 tl; (2,1) (0-3) 1225, 532,232-5У-2ху-9 Цас EE 
13 (a) ys ix -22 «t. (b) (0-20 + 2, Qr - 10) © х= 81, ус вы 

(d) 2x5 +х+2у=0 14 (х- 232 + (у + 1) = 25; radius 5, centre (2-1) 15 i) 

16 (a) y= x+i [= = tan 45° = 1] Straight line through (1,2) gradient 1; г is the distance 

along line from (1,2). (b) x =-2 + 8t, y = 3 + 2t [Fig. A19.1] 17х-1-1,у-1141) 


18 (-5,-12) [Substitute in equation; equal roots] 19 (82) 20 (a) 3,-2 (b) pl 
21 (a y-2t-P?-2 (b) 0,6 22 (a) (х + у)(х — у)? = 8 [Find x + y and x у] 

(b) 3y=x+6 23 (а) (02 — 4m), (-2 + 4,0) [equation of line is y - 2 = m(x — 41 

(D х--2 42,у-1-2т (с) х+2у= xy [Multiply + by 2m] 

24 (а) у-3-4х-4,(у-3)-х-4 (b) (03—44, (4340) 

(c) 2x 24-34, 2y = 3 - 45 8x – бу= 7 tsin 45 = y-2 


Fig. A19.1 "УС: 


REVISION EXERCISE 19 

1 (a) у+ 2х= 8, 2y=x~44 (b) 40 = 27у 2 (а) 4у = 3(4 – © (b) х-4-6у-2у 
(с) (1-3y2x-2x43 @ =F (е) дУ-4 3 552, 2; 82 10 -3y +49 =0 
4 (431) 19: Gi) 12, 2; 42 -9y = 144 (9)0) 3,-4 Gi) [gradients ше-3,1| 50) 1 


5, 
(i) Зу+х=-12 6 (а) 2-5 (5 4у--15 (с) 1 7 (а) 2 
(D у= 1+1 [у – 2у = £ – 1; solve for у] (c) t-1; y! 2 x3 + 3xy + 2у2 
8 (a) Ga. 7S) ( +y =y 9 (1) 3х+8у=18 (i) y+ 4x= 24; (2, 3) whens =1, 
(6,6) when t = -2 10 1,-i 11 (а) yx- 1? 22x (b)2cos0 
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(с) y=2x+1,y+2x=-1; (C1, 0) 

12 y+3x= 12,у-5х-4 

13 (а) $; y= 4х-216.Зу-4х- 612 
integrate and substitute values of x.and y Гот 
say t = 1: otherwise solve x for t and substitute in y] 

0) у+х=; E зо 30 

14 mm 15 (a) х=1-1,у= 2 +2; у= 2 «2x 4 3 
(b) -4i + 11); 3j 16 (а) [Fig. А19.2] (b) 2% (d) 16 


17 x= >, y= үгэ ул 318 (а) -tant (b) [OP = 2cos р, OQ = 2sin p, PQ = 2] 
© Gy + (2? =] 
PAPER 6 


1 (a) 057 (2: 2 (0) L 09 ю2 © 2410 -245 =185 3 -3,-11;x-3 
4 (b) у=1+ех (с) (01) (d) 5-1 5 45 sin + 266%); 140.5°, 346.4° 6 @ „ы 
(b -1103 747,15 8 (а) х (0) 020 9 (а) 1л(13+3л);8 (b) 5,2ог 8, T 
10 (1,2), (3,2) 


Fig. A19.2 
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PAPER 7 


1 (a) xcosx 5-1 ()y--20-3! 2(9(1-L1-m)(0)x*y2xy 

З (а) minatx=-1, шах atx=2 (b) 5,3 (c) @+1)(8x-7) 

4 (5/0) 132.8° Gi) 120, 180°, 2409 5 (а) 2,2,1 3 604,15 

7 e) [tangent is у = e^x] €€-2 (by) = (i) = ee (с) -3 8 (а) 3000 
(b) 3, 5 [422 = 47-0 so 422(8-- 1) -а- jT 11 9 (a) -23 (90) 4y = (x + 3% 
Gi) 1,4 10 (a) [Simplify cot 20 + cosec 201 9.7°, 80.3°, 189.7°, 260.39 (b) 1 


PAPER 8 
1(a(2(e-1) (i) In? (5) - жы; (с) 2,-1; 3 2 3 cos(x- юа х= 36.9°; 


Eran 


тіп –5,х=216.9° 3 (а) 0.0067 (0) [Fig. AR8] z "IS 4 (a) 2 % (ii) -4 (iii) 5 
(b) 120°, 300° [Note, that cos 60° = sin 30° еіс] 5 (а) y=e** (b) 11 (с) 2,2,-3 3 


у= 1+2 5105 


-1+ 


Fig. AR.8 
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6 (a) 2; 16 (b) 165 7 Ploty? against х; 30, –4; 7.5 8 (а) 0,-2 (b)i) 124 
Gi) 1:65 [If y = In(1 + x) then е? = 1 + x. Find value of x where y= 0.5] 9 (a) 1 In(tan x) +e 
(b 215 10 (a) 55 (b) (,2,(-,-2) © 5-3 @ у= Vx(1- 3) ie. 9 2 х(3 -х)? 


РАРЕН 9 


1830) 25. (0) 2(6-2)9x-3Y6x-9) (b) 1114 (0-2 2 (аі) 15 Gi) 64 
(b) 10 (c) 3,7,11... 3 (a) munit? (bi) у-1-х G) (LO) (Ші) z- 4 units? 

4 (0) 0 = 135 (1) 10+ -11.35 © funis? 5 (a) 2: (Ы) 1,2 

(с) 442 6 (а) 5, (1,14); 2, (6-1) (b) 1, -5; œ- DE- D@ 43) 7 (а) (1,1) 

(b 4 -In 4 units? (с) Zm units? 8 (а) 28. (b) 16у+3х=-4 9 1.2, 3.5 


1-8 


10 (аху) 0°, 146.4°, 213.6°, 360° (ii) 278.09 


PAPER 10 


1 (а) 10 (b) 2,5,8... 2 (a) -13, 6; (х—2)(2х-1)(х+3) (9 1 (02 

3 (830) 3 sec? 5 Gi) 4 sin 2x cos 2x = 2 sin 4x Gi i (0X) y= 3х (й) (-1,-3) 
Gii) (4 in 2- 2) units? = 0.606 units? 4 (аб) у= Gii) 270°, 323.19 

(b)(i) 3 tan? x sec? x (ii) [tan* x = (se? x — 1)? = sect x — 2 sec? x + 1 = [sec?(1 + tan? x) ...] 
(iii) 5-2 [J хап“ x dx = J (sec? x tan? x — sec? x + Idx = 1 tan? x – tan x e x - c] 


5 (а) 5:2 0) 4-1-1 ©- (i2 (9-4 i) 36(1- 1) 


20-3! X + 2ху+1 е 
(DG) ш2- 3 (ii) -4+ + + і = ex 7 (a) [Fig. AR9] In x =-x + In 7.39; а= -1, 


b=1n739=2 (b) 3°, 343,55 8 (а) у+4х=16 (0-1 (с)х-(у-2) 
9 In + 1); + Dine 1) xc; 1 [Area=J°" ішу ду) 10 (а) 555 (Ы) 3-1 (с) 4,5 


Fig. AR. 


EXERCISE 20.1 


1 [Fig.A20.1] 200 т 2 (a) 275m (b) Sms" (с) 18758 3 55,40 
4 1 Кт тіп = $ms' 5 (а) 6300 т (b) 0.07ms? (с) 666 m [Fig. A20.2] 
6 (Ғів.А20.3) 45 s, 900 m from start 7 25ms?, 2ms?,5ms" 8 185, 1505 


646 


9 [Fig.A20.4] (a) 6min (b) 0.5 тө? 10 [Fig.A20.5] (а) 168 (Ы) 45 (с) 320s 
11 (a) [Fig.A20.6] (b) 4 (с) 26 12 (a) [Еів.А20.7] (b) 30 13 (а) [Fig.A20.8] 
(b) 205, 80s 14 (а) 2 (b) 5.375 


ута! ү тв? 
vms“ 2) sports саг 
5 801 ports 
15 
B A 20 car 
ч ‘ts ts Е ts 
0 о 2 30 0 120 240 360 480 600 о 10 
Fig. A20.1 Fig. A20.2 Fig. A20.3 
vms' yms* ут 5-! 
! : 
0 420 ts o 5005000 t mere 
Fig. А20.4 : Fig. A20.5 Fig. A20.6 
угаа" үте: 
30 
20 
10 
10 15 202529 0 fs 
Fig. A20.7 Fig. A20.8 


EXERCISE 20.2 


1 (а) 45 т5-; 11.25 т (Ы) 8 ш87:555ш (c)3«05rtms';3t4 0.252 m 222m 87, 
260 т, 302.5 т 3 205; 20 087 4 16m;4s 5 (а) ims? (b) Ams! (c) 20m 

6 3 875 50 m; [FigA209] 710ms',i5m 8? 9u-55msia-1ms? 
102ms?4ms24ms'!,l0s 11 (a) E (b) im 12 (a) 4s (b)24m 

13 10н-16а (i) 2,1 Gi) 5m Gi) 3ms! 14 (а) 12m (b) 4s (c) 108 

15 (b) (100- 2) m; 2m s? 
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vms’! 


Fig. A20.9 0 20 30 te 


EXERCISE 20.3 


1 72ш,128 210ms' 3 55,35 тѕ! 420m 5025,485 632m 7 Bm 

8 3+2V3)=4.5s 9 (a) 2 (b)-142ms! 10 (а) 25 т5! (Б) 31.25 т (с) downward | 
Н (а) 20 157 (Б) 28 (с) 20m (4 2s 12 170m;58ms" 13 (а) 60,20ms"! 

(b) 160m (с) 100m 14 © 15 (i) 10 тѕ! (ii) 8s (iv) 115 


REVISION EXERCISE 20 


1 (а) 10 (Ы 6s (с) 50ms' 286; 1; 3 (а) 128 (9) бтѕ! (c) 72s 

4 24 m 5; 0.7, 26.35 5 (а) 9m (b4ms' 6 320 т, 55 7 [Fig.A20.10] (a) 4 

(b 22 т52 (с) 20 т 8 5 = 4.80, S, = B="; у= 9, 15;1= 16s 9 (а) [Fig. A20.11] 
(b) 54 23t, (c) 19.2, 5.2, 15.6 10 [Fig.A20.12] (а) 808 (b I5ms" (с) 17.5 т! 
11 (a) 45 (b) 101.25 т 12 (а) 45m (5) 85 (с) 45 13 [Fig.A20.13] (а) 16 (b) 142 
14 (а) 20 (b) 20m 15 У, 3; second train 16 30; ; 17 6s 18 1125 19 (а) 108 
(b 22,248: (с) 2s 20 (а) 10 т5 (b) 85 (d) 108s 


v те vms’ А ұт! 
30 
25 
20 
М 15 
15 
0 т 12 ts 0 t Ь n 0 ts 
Fig. A20.10 Fig. A20.11 — — Fig. A20.12 
vms' 
25 
10 
0 ts 
Fig. A20.13 
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EXERCISE 21.1 


1 (a) 5.83 km h'!,031?. (b) 94 ms, 013° (с) 13.6 ms", 068.59 (d) 69.3 km 17, 080° 
2 036.89 3 10.8 ms"! at 21.8? to line of ship 4 155.2 km lr! at 015° 5 (а) 22 km h” at 
63.5? to bank (b) 0.2km 6 229.1 km Ir! at 341° 7 53.2° to bank, 6 min 8 (а) 081.9° 
(b) 170 кт! (c) 176Һ (d) 278.1° (e) 1.34һ 9 А to B, 153 km h}; B to A 238 kmh"? 
10 056.45; 42 min 11 (a) 20km hh! (b) 200kmh? (c) 354.3? (а) 90 min 

12 (а) 103.9 m (b) 69.35 13 (a) 006.6° (b) 43.2 min (с) 173.49, 37.7 тіп 14 (а) 120 
(b) 70.2 km 


EXERCISE 21.2 


1 250 km hr’, 126.9° 2 72.1 km г", 303.79 3 32.8 km Ir, 077.6° 4 1082 km һ"!, 236.39 ` 
5 33.3 km Ir! in direction 064.79 6 832 km h”, 018.79 7 018.89; 16.5 min 

8 19.2 km ho, 231.39 9 (а) 15.7 km br, direction 174.19 (b) 1h 55 min 10 28459 
11 174 km h`’, 036.79 12 (а) 100.5? (b) 1326h 13 3.6 m s', 77°; 3.5 т s”, 83.89 


REVISION EXERCISE 21 


1 (a) 96m (b) 28° 2 165.5°, 194 km ht; 85 km Ir! from 087.89. 3 1h 46 min 

4 079.89 5 103°; 1hr52 min 6 [Fig.A21.1] (i) 041° (ii) 1 hr 59 min 

7 (i) 60? with bank (against current) (ii) directly across (iii) te зо 5,і,- 48 5 

(iv) 144m 8 (i) 148 km Ir! (ii) 112.19, 337.9? or 157.99, 292.19 9 (i) 024,39 

Gi) 1104h 10 19.5 km Ir! from 081.25; 25.7 km h^! 11 061.35; 5.41 шіп 12 6) 339.79 
(i) 1.46h (iii) 200.39 13 (i) 038.2? (ii) 108 km 14 (a)(i) 093.8? (ii) 36 min 

(b) 26 km Ir, 67.45 15 4N2 (= 5.66) km hr! from the SE 16 (a) 22.9 km їг! оп 109.1? 
(b) 109.1? (с) 45.8 km 17 (a) 36.9? (sin? 3) (b) 3 18 (i) 4827 m 51 

(ii) 124.99 (iii) 325.19 (iv) 3h35 min 19 (а) G) 50.3° Gi) 310 kmh! 

(b) (1) 28 ша" Gi) 21.89 20 (а) ( 15 m s”, 066.99 (ii) 4.355 

(b) 23.02 km hr!, 356.89 


N 
platform 
helicopter 42 
Fig. А21.1 
EXERCISE 22.1 1 
1 (а) (b) (с) d 
8 т т 
Gi) 2 20 5 
0) 12 12.5 1.8 
(iii) 3.6 86.4 16.2 
(iv) 2 48 5 


2 (a) 488 (b) 24.1 m s! downward at 41.6° 3 0.2and1s;1.8m 443m 
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5 0.55 and 2.05s 6 031m 7 1.625, 14 п; 52.2° 8 (а) 1011 5! (b) 2.75 т 

9 (а) 30,7 т (b) 41.42 10 (a) Ball at angle 6 (b) Néither — they have the same range 
11 16 m [Initial components of velocity аге 8 m s’ and 0] 12 20:4 m, 0.96 s 

13 9 т 14 120 m; [angle d to vertical given by tan ø = į so ø = Ө] 


15 (b) D = 4 = 25t sin 0 - гар; substitute for / from аур! 5,12 


REVISION EXERCISE 22 


1 (а) 53.19 (b) 15.8m s! (с) 2.535 (4) 24m 2 45°, 15°, 262.6m 3 (b) 140m 
(с) -40 ms! (d) -48.8° 4 (b) 145 (с)1400ш (d) -140ms" 5 (а) 19.79 

(b) 5.66s (с) 447.4m 6 (i) 11.55 т (ii) 37 ms',26.6° Gii) 4s (iv) 20m 

(v) 803m 7 (i) 4s Gi) 20m (ій) 8043 тш (iv) 35m s^, -8.2°, 60 m s! 

8 (430) 08 т (i) 416m .(b) 25m s, 53.1° 9 (a) 200m (b)(i) 528.7 m- 

(ii) 122.6 m 87, 66.2° (iii) 1505 т 1032 11 345 (= 6.7) 12 24.1 m; no [as the striking 
speed is only 222m 5-!] 13 37.3 ms" at 28.9? to the horizontal 14 3 (= 0.87) m 
16 (i) 512m (i) 2s (iii) 32.56 m 6, yes 17 (1) 45 ms", 30 ms? 

(ii) 54.1 т! (їй) 33.79 (iv) 45 ш (v) 6s (vi) 270m 1 

18 V = 48ms'V = 3.6 ш57 (1) 15.36! (i) l6ms (iii) 72.59 (iv) 1.173 
(v) $62m 19 80 m,4s (i 48 (ii) 120m (ii) 36.1 m st, —33.7° 

20 (i) 26.9, 42° Gi) 188 Gii) 3s (іу) 60m 


EXERCISE 23.1 


1 (a) P cos 30°, P sin 30°; —Q cos 60°, Q sin 60°; —R sin 10°, -К cos 10°; 5 cos 20°, —$ sin 20? 
(b) A cos 50°, A sin 50°; B cos 20°, -В sin 20°; —W cos 70°, -W sin 70° 

2 (а) 15.6 М at 39.8? to 12N (b) 50N at 36.9? (о 40 М (с) 9.7 Nat 11.9? to 6 N 

(d) 13.9 М at 27.5? to 20N (е) 17.3 М bisecting angle 3 (a) 36, 12.3 N; 

38 N at 18.9? to Horizontal (b) 5, 27.3 №; 27.8 N at 79.6? to horizontal (c) 0, 224.6 М; 

24.6 М opposite 10 М force 4 5 М,3М 5 16.5 N in direction 132.9? 


6 5N,60 7 1126; 12 М 8 443; 653 9 ү45 М, 53.1° 10 3,5 11 0.6 N; 099.6° 


EXERCISE 23.2 


1 (а) Р-2543М,0-25М (b R=67.13N,S=1044N (c) Р-50М, 
T-50N5Nat116.6? to Р (d) T, = 48.8 N, T, = 33.3 N, angle between T, and T, = 88° 


2146N,104N 3 36.99; 30 5 8.685; 154.39 6 (а) 41.85 М, 23.42 (b) 60.7 М, 192? 
(с) R = 47.95 N, S = 53.75 М 7 37.71 N, 201.8° 8 125 N, 16.39 9 50.04 М, 122.6? 


10 531% 40 11 18, 35.7° 12 (а) 120° (Ы) 8 13 3М,2М 
14 (а) [Fig.A23.1] 5.1, 51° or 19.5, 9° (b) 12.3, 30°; 18.7 


20 


Fig. А23.1 Р 
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EXERCISE 23.3 

116М 205 3772 4787N 5100М 61 798 9 i) 14 (ii) 46 

10 [Fig.A23.2] Gi) 1 G) 2N 11 41:34 М 12 40; 1 13 [Fig.A23.3] 14 14 (а) 59.1 
(b) 326 15 30 М in direction 048.19; 3 


Fig. A23.2 Fig. A23.3 


REVISION EXERCISE 23 


124М,32М 2428;17.85 3 8.83 М№, 316.6°; 8.83; 0.24 4 32.6, 43.9 N 5 10, 090°; 
223.9°,18N 6 7Nat382*to АС 7 (a) 12879 (b)(i) 8.48 (ii) 3.59 М 8 7, 129.29 
9.4375 (= 19.4) М, 63.4° 10 0.8; 49.6 11 461, 692 М, 0.865 12 [Fig.A23.4] 24 

13 2,0225 14 (Gi) 825 М (i) 80N 15 228N 16 884N 17 0.095N 

18 5.36 N parallel to plane 19 (a) 25.6 N in direction 329.6? (b) 22.1 N in direction 180°; 7.1 
20 8.3, 4.4; 4.7, 129.3° 


Fig. A23.4 


EXERCISE 24.1 


110ms? 262ms? 313 ms? 404М 512N 68ms! 734ms? 

8 44.72 m 5? at 26.6° to 20N 925ms? 10 35 118N 12 616ms? 

3 B(0.186) m s? 14 (a) 800М (Ы) 840N (с) 768 М 15 1232N 16 (а) 0.67ms 
(b 67М (с) 93.3N (4) 983М 17 931.9 М 18 0.25 тѕ? 19 0.375 20 0.5 


EXERCISE 24.2 


1 (а) 25 т5° (Ы) 37.5 № (с) 75М 24ms%12N 3 1.07 т52 4 75,9 5 ims? 
6 (a) 1800 N, 5800 М (5) 2070 М, 6670 М 7 (а) 1705 №, 465 М (Ы) 1925 N, 525 N 
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8 (а) 04ms? (b 22 (-343) m 9 041 тѕ°? 10 152 11 25 (0.38) 


12 (а) 12N (b 5ms? (с) 9N 13 (a) 40N, 10N, 5N (b) 40.3N, 10.1 N, 5.05 № 
14 (а) ms? (b) 181 М,175М 


REVISION EXERCISE 24 


1 @ 16.8 (ii) down the plane, 0.8 ms? 2 (i) 4200 N Gi) бтз! (iii) 3400 N 

3 42.4; 0.714 ms? 4 (а) n m (b) 3.46ms! 5 (i) 3100N,10110N (ii) 600N,2600N 
(iii) 300 М, 1300 М 6 (i) 1350N, 150N (ii) 6000N,390N 7 $m s? (i) im 

Gi) Sms? 8 (i) 2ms? (i) 16N (iii) 16V2N 9 (i) 12ms? (ii) 875m 10 0.257 
И (а) 25ms? (Ы) 0.65 (c) 048 12 (а) 04 (b 35m 13 392N,98N 14 64,1 


15 32 =101ms? 16 () 2 ms? (ii) 933М, $m 17 0 96N 


Gi) 0.6ms? (iii) 0.198m 18 () 24N,0.5 Gi) 2kg 19 108М 
O 08 ша" Gi) 4ms,28m 20 () 1.25 ms? (i) 380N (iii) 144 kW 
(iv) 0.625 m s? 


EXERCISE 25.1 


150007 240J 31607 4133N 515 №016 61;N 7875m 862 М 

9 3339М 1081N 11417x10*N 12 L67x10' N 13 (a) 035m (b) 0.08 т 
14 1.67х10* № 15 24557 16 1939 17 26ms' 18 (а) 86ш57 (b) 5147 
19 1025 ms? 20497 2115120N 22 [3 -096ms' 23 (ау 47» 265 m «^ 


(5) Scm 24 (а) 4ms* (Ы) 4х,/2 «253m 25 (а) 912 (b) 669 m s! 
EXERCISE 25.2 


13kW 2352W 3300W 428ms! 575kW -6 600kW 757kW 8 400N 
9 20kW 10 50ms!;404ms!;026ms? 11 343N;35ms! 129x10 N; 0.04 ms 
13 386 М; 15.43 kW 14 30.9 ms! 15 114 N; 257 М; 11.13 kW 16 (а) 78 000 N 


(b 780kW 17 1533 W 18 18m;6ms! 193kW 20 7200 М; (a) 20.7 ms! 
(b) 1.1 ms? 


‘REVISION EXERCISE 25 


1 (i) 6047 (i) 1208m 2 (0 28 Gi) 757 Gi) 251 3 @ 207 (1) 487 (й) 287 
бу) 23 № 5m 4 5.4kW;6kW 5 (i) 30ms" (ii) 225ms' (iii) 12 тѕ! 6 800N 
G) 16 877. Gi) 1% ms? 70) 967 00307 Gii) 1267 (іу) 241N 80) 102m: 
(1) 181.5m 9 (a) 4 10 2:75; ims? 11 (1) 208000N (1) 12 480 kW: 043 m s? 
12 11.25 kW; 14.25kW; 0.24ms? 13 (i) 751 Gi) 451 (ШІ) 0.5 Gv) V5 = 2.23 m s! 
14 10 15(0 4J (4) 321 (й) 6ms" (іу) 06 16 V85 = 9.2 ms": У135 = 11.6 

17 420-4.5 18 7500 W;0.5ms? 19 5,18 20 (а) 3 (00) 2700007 

(1) 375 (у? — 144) (ійі) 108 0007 (iv) 2100007 (у) 660007 (vi) 86 400 J; 30720 W 
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EXERCISE 26.1 


(1 (а) IONs (b 0.5 № (с) 012М8 (d 2x10Ns 2 5М№5; 7.5 5-1; 3.125 т 
34N 42.25 М№ѕ 5 0.36 №5 6 20 №5; 40 № 7168N 8938М 94.17N: 185 
10 375 М 11 514 М. 12 250 №; 250 № 13 3.77 kg; 452 № l4d5ms!3ms' 
15 3V3, 2 m х"; 31 = 5.6 ms", 21.1? to floor 


EXERCISE 26.2 


128ms' 21g ше; {Ns 31jms';60N dO1ms! 5 05! 

6 1 m s`” in opposite direction; 104 Ns 7 133 ms! 8 New speed = 29331 m s! 
9625ms' 105.7ms';43ms? 1143ms?;86ms';37m;25ms'! 

12 (а) 375m (b) А 5ms' downwards; В 5m s’ upwards (с) 0.25 m s"! upwards 

(4) 55 т 13 (а) $ms'north (b 20 №5 14 036m 1525ms; 31 таз”! 

16 100 т 87! in opposite directon; 100 kJ; 250 КІ 17 3.97 m s; 476.8 N 18 lms"; 84% 
19 0.44m 20 32.5° 21 (а) 83 ms! (b) 41627 (c) 41662 № 22 (а) 870251 

(b 48 т 23 (а) 6ms',4ms! (b) 12m 24 (а) 72m (5) 4т5! (с) 43 т 


REVISION EXERCISE 26 


1 04575 1200 № 2 3.75, 5.75 тѕ! 3 1439, 2439 4 14m s*; 150 
520ms';l04ms' 6() бтз! (i) fms! (й) 637 7 (025ms" 

(i) downwards (iii) 212 ms? 8 11 тв" (i) 255,305 (їй) 62m 94-10 (а) 3 
(b) 189 10 0.24; 0.16 11 0.54Ns;135N 1208m;4ms',2000N 13 8ms? 

(а) 5 (Б) 397 (c) 1300М 14 3:16 15 (а) 72m (b) 16, 12 тѕ! (с) 48m 

16 (а) 4ms' (b3ms' (с) 0.45 т (d) 566° 17 (а) 5kg (b) 96N,40N 

(с) 257 (d) 12 ша" 186 19221321 20 (а) 24Ns (Ы) бтѕ! ()9Ns 
(d) 4321 (е) 18 (D5ms' 


РАРЕН 11 


1 (a) 6ms? (b) 325 т 2 36.1 № іп direction 046.19 3 (а) 2.5 252 (b) 8ѕес 43 
514 6 (а) 72 т (Б) 1.2 ес 7 531 тѕ! 8325"! 9 280 № 10 3! kg or 7.5 kg 


РАРЕН 12 


1 13.7 km lr! in direction 229.1° 2 20 3 20kW; Íms? 4 (а) 0.4 (Ы) 36 5 50М№ 
6 150875 1 sec 7 (а) Ош (0) 1057,7 те! (с) 2ms!' 8 442 (= 5.7) М; 45° 
9 (a) 40007 (b) 4007 (с) 44kW 10 2(242--46) (= 6.6) 


. PAPER 13 


1 1:26М 2 (а) 02119 (b)656kmh" 3 04,10 4 (а) 25 (b) 1125 т 

5 (a) 60М,80М (Ы) 37°,7.4N 6 (а) 62kg (Ы) 14kg 7 (a) ЗУ (b) SMV? (c) 18V 
8 (а) 25ms? (b ISN (с) 275N 9 (а) 205! (Ы) 4ms? 10 (a) 5 вес 

(Б) 33 sec (c) 111 m 
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РАРЕВ 14 


1 95.3°; 8.7 2 (a) ims? (b) 54sec 3 142 km hr; (from) 148° 4 (a) 098.1° (b) 3 hr. 


5 20,60 157 625ms';15Ns 77 8 (а) 1400W (b) 113.9N 
9 (а) -5(-23)тө! (b 25 (227 m 10 (а) 45 т", 60 тә! (b) 133.2m 


РАРЕН 15 


1 (а) 30 т5! (b 45m (с) 2sec 2 (а) 36 № (b) $ 243-3) (= 0.38) ms? 3 3.6, 2.9 |. 


4 (a) 10.3 km hr’ in direction 283.19 (b) 8.1 km Ir! (с) 144 тіп 5 1, V78 (= 8.8) N 
62,25! 7 (а) lms? (0) 9 тѕ! 8 (а) 275! (b) 071m 9 60, 25 № 
10 (а) 6sec (b) 18 п5,26 8! (с) 416m 


PAPER 16 ) 


1 6 m st; 28.9 m upstream, 28.9 вес -2 (а) бтз! (b) 0.7 (с) 14 m 

3 (a) 13.2 М, 069.1-! (b) 5, 60° (c) 243 (=3.5)N;4N 4 (а) 300N (b) 525Х 

(©) 211 ша! (4) lms? 5 (a) 1 ms“ vertically downwards, 12 m 87! horizontally; 

(b 4m (с) 3m 6 336.8 km fr! in direction 032.9°; 217.2 km hr’ in direction 122,79 

7 (а) 1 157, 0.004 sec (b)i) 2251 Gi) 7.5 8 (а) 660m (5) 24ms? (c) 18.75 sec 
9 (а) 3.3 №; 660 № (Ы) 9.71 ms'!,3237N 10 (а) 6ms' (б) 45m (с)1т'! 

(4) 23 sec ot 


PAPER 17 


1 (а) 2ms? (Ы) 1.4,12 тѕ! (с) $ms?,6$N 2 (a) 163 km in direction 024.89 

(b) 209.69 (с) 41.5 шіп 3 (а) 2 тѕ! (b) 2m s! (c) 22 em 

4 (а) 2m s' (direction В — A), 4 т s' (direction A В); 247 (Бүйі) 2ms? (ii) 2ms"! 
Gii) 20cm (v) 04 тө 5 (ai) 14ш57 (ii) 9.8 т (1) 1.2 ѕес (b) 30; $ 

6 (a). 1 ‚5; 74.75 m (b)2and8sec; 150m 7 (а) 2s (b) 40m (с) 10,20m s"! 

(d) 338 8 (i) 180N (ii) 680N (iii) 16.32 kW (iv) 330 № (v) 31.92 kW 

9 (a) Both E (= 11.6) М (b) 40, 6043 (= 103.9) (c) 3 У34 (= 2.9), 61.9? (cos Ө = $) 

10 15.3 km h`’ from direction 130,99 


PAPER 18 


1219 2271N З (а) бтв! (b 48ms'! (c) 1736 М . 

4 (а) 15.7 km Ir! in direction 262.99 (b) 58km lr! (c) 214 тіп 5 (а) 4m s? 

(b 4ms' (с) 12sec (4) 0.95 т 6 (а) 3Мв (b 125ms! (с) 3(-1.125) N s 
(4) 0.5 m 7 (a) 90? to the bank (Ы) 48.2? upstream to the bank (c) 50 s, 67.1 s 

(d) 5775 8 (a) 39.2? (b) 19.39 (c) 11.4 m horizontally 9 0.4, 20 

10 35 000 №, 5 ms? В 
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